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Abstract

We, Soham Chatterjee, Bsc 2nd Year, Math and Computer Science and Shree Ganesh S J, Msc 2nd Year, Computer
Science students of Chennai Mathematical Institute have created this report for the presentation on the introduction
of Algebraic Geometric Codes to Prof. Amit Kumar Sinhababu for the course Algorithmic Coding Theory. We mainly
followed the survey [BHHW98]. We also followed the course on Algebraic Geometric Codes by Gil Cohen, [Coh22].
He followed the book [Sti08]. Initial works on Algebraic Geometric Codes were done by V. D. Goppa that is why
these codes are also called Goppa Codes. Goppa submitted his seminal paper [Gop77] in June 1975. Goppa also
published more papers on this topic, [Gop81], [Gop84]. Later he published a book on Goppa Codes, [Gop88]. There
are two more books [TV91] and [TVNO07] on Algebraic Geometric Codes.
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CHAPTER 1

Preliminaries

1.1 Introduction

Algebro-geometric codes (or Algebraic geometry codes as referred commonly) has been studied since the publication
of Goppa’s paper describing them [Gop77], [Gop81], [Gop84]. These codes attracted interest in the coding theory
community because they have the ability to surpass the Gilbert-Varshamov bound; at the time this was discovered,
the Gilbert—Varshamov bound had not been broken in the 30 years since its discovery. This was demonstrated by
Tfasman, V1addut, and Zink in the same year as the code construction was published, in their paper [TVZ382]. To
describe the construction of the codes we first need to set up the mathematics. We will define some objects like
divisors, differentials which we need to define the code and also state some theorems. Then we will dive right into
the construction and some bounds of the code.

Where do these come from? Recall how the Reed-Solomon codes were defined. We took an Alphabet IF,
where g is a prime power and we took our codes to be the evaluation of polynomials on some predetermined point
of F?'. This gives us a tuple of evaluations of these polynomials which forms the codeword. How do we generalise
this? A natural way to do so is to think about how we can choose these evaluation points. We can potentially choose
an arbitrary algebraic curve sitting inside ]F;’ and evaluate the polynomials on some points on this curve. Due to
a few complicated reasons, defining such algebraic curves over some projective space defined over an algebraically
closed field makes things easier from a computational perspective and hence we’ll be investigating the same.

1.2 Mathematics

1.2.1 Divisors
Definition 1.2.1 (Divisor). A divisorisa formalsumD = Y n,P withnp € Z andnp = 0 for all but finite number

PeX
of points P.

The support of a divisor is the set of all points with nonzero coefficient. A divisor D is called effective if all
coefficients #p are nonnegative (We denote it by D = 0) The degree deg(D) := Y. np.
PeX

Definition 1.2.2 (Principal Divisor). If f is a rational function on X not identically O the we define the divisor of f to



be
(f) =) op(f)P

PeX
Divisor of a rational function is called a principal divisor.

Two divisors D, D’ are linearly equivalent if and only if D — D’ is a principal divisor

1.2.2 Reimann-Roch Spaces
Definition 1.2.3 (Reimann-Roch Spaces). For any divisor D € ©
L(D) = {f € B(X)" | (f) + D= 0} U{0}
The dimension of L(D) over F is denoted by [(D)
Theorem 1.2.1. (i) Ifdeg(D) < 0 thenl(D) =0
(ii) (D) <1+ deg(D)
Theorem 1.2.2. £(0) = IF. Hencel(0) =1

1.2.3 Differentials

Definition 1.2.4 (Derivation). Let V be a vector space over IF(X'). An F-linear map D : F(X) — V is called a
derivation if it satisfies the product rule
D(fg) = fD(g) +¢D(f)

The set of all derivations D : F(X') — V will be denoted by Der(X.V). Der(X,V) forms a vector space
over IF(X'). We denote Der(X, V) by Der(X) if V = F(X).

Theorem 1.2.3. Let t be a local parameter at a point P. Then there exists a unique derivation D; : F(X) — F(X)
such that Dy(t) = 1 and dimpy)(Der(X')) = 1 and Dy is a basis element for every local parameter t

Definition 1.2.5 (Differential). A rational differential form or differential on X is an F9X)-linear map from Der(X)
toIF(X). The set of all rational differential forms X is denoted by Q(X).

Again Q(X') forms a vector space over IF(X'). The differential df : Der(X) — F(X) is definedby df (D) =
D(f) forall D € Der(X). Then d is a derivation.

Theorem 1.2.4. dimg(y)(Q(X)) = 1 and dt is a basis for every point P with local parameter t.

For every point P and local parameter tp a differential w on X can be represented in a unique way as w =
fpdtp where fp is a rational function. The order or valuation of w at P is defined by vp(w) = vp(fp). A differential
form w is called regular if it has no poles. The regular differentials on X’ form an IF[X']-module which we denote by
Qlx]

Definition 1.2.6 (Canonical Divisor). Let w be a differential then the divisor (w) is defined by

(w) =) op(w)P

Pex
Divisors of differentials are called canonical divisor.

If w’ be another nonzero differential then w’ = fw for some rational function f. Hence canonical divisors
form one equivalence class. Let W denote the divisor of the differential w. Hence L(W) = Q[X]

Definition 1.2.7 (Genus of a Curve). Let X' be a smooth projective curve over IF. The the genus g of X is defined by
I(W).

Theorem 1.2.5. Let X is nonsingular projective curve of degree m in IP2. Then

g = (m—1)(m2)



1.2.4 Reimann-Roch Theorem

Theorem 1.2.6 (Reimann-Roch Theorem). D is a divisor on a smooth projective curve with genus g. Then for any
canonical divisor W

(D) —1(W—D) = deg(D) - (§ = 1)
Corollary 1.2.7. For any canonical divisor W, deg(W) = 2¢g — 2
Proof: Take D = W. Then (W — D) = 1(0) = 1 by Theorem 1.2.2. So we have
I(W) =1 =deg(W) - (g—-1)
By definition /(W) = g. Hence we have g —1 = deg(W) — (g — 1) <= deg(W)=2¢—2. 1

With the help of this corollary we can finally focus on the divisors which we will actually use to define codes. The
following corollary gives the dimension of the Reimann-Roch Spaces of divisors with degree more than 2¢g — 2.

Corollary 1.2.8. Let D be a divisor on a smooth projective curve of genus ¢ and let deg(D) > 2¢g — 2. Then

(D) = deg(D) — (¢ - 1)

Proof: We have deg(W — D) = deg(W) — deg(D). Now by Corollary 1.2.7 deg(W — D) < 0. So (W —D) =
0 by Theorem 1.2.1 part (ii). So We have [(D) = deg(D) — (g —1). B

1.2.5 Index of speciality
Definition 1.2.8 (Index of Specialty). Let D be a divisor on a curve X. We define

QD) = {w € QX) | (w) ~ D > 0}
and we denote the dimension of Q)(D) over IF by §(D) called the index of specialty of D.
Theorem 1.2.9. (D) =I(W — D)
Proof: If W = (w). Define the linear map ¢ : L(W — D) — Q(D) by ¢(f) = fw.
feELW-D) = (f)+W-D >0 < (f)+(w)—D =<+= (fw)—D =0 < feQ(D)

Hence ¢ is an isomorphism. Therefore §(D) = (W — D) B



CHAPTER 2

Codes from Algebraic Curves

We have now came to define the Algebraic Geometric Codes.

2.1 Setting up the System

First we will define the system where we will define the codes.

+ Our alphabet will be F,

« We will consider the functions f € Fy[Xy,..., X,]. Sometimes we will write X to denote (Xq,...,Xy). n
depends on the context

« If the affine curve X’ over IF; is defined by a prime ideal I in IF;[X] then its coordinate ring IF;[X'] = IF;[X]/1
and its function field IF; (') is the quotient field of IF;[X'].

- Itis always assumed that the curve is absolutely irreducible, i.e. the defining ideal is also prime in F[X] where
F := F; ie. IF is the algebraic closure of IFy.

Similar adaptations are made for projective curves.

Observation. Forany F € Fy[X], F(x1,...,x,)7 = F(x1,...,x}). Soif (x1,...,x4) is a zero of F and F is defined
over I, then (x?, .., xZ) is also a zero of F.
We can extend the Frobenius Map, Fr : x — x' coordinate-wise to points in affine and projective space by

Fr(xy,...,xn) = (x],...,x}). If X is a curve defined over IF; and P is a point of X, then Fr(P) is also a point of
X.

Definition 2.1.1 (Rational Divisor). A divisor D on X is called rational if the coefficients of P and Fr(P) is D are the
same for any point P of X .

Remark: Now on the space £(D) will only be considered for rational divisors and as before but with the restric-
tion of the rational functions to IF;(X')

Let JV be an absolutely irreducible nonsingular projective curve over IF;. We will define two kinds of algebraic
geometry codes from X', Geometric Reed Solomon Codes and Geometric Goppa Codes. Let Py, . . ., P, are rational points



on X and D be the divisor D = P; + - - - 4+ P,,. Furthermore G is some other divisor that has support disjoint from
D.
Remark: We will make more restrictions on G, deg(G) > 2¢ —2

2.2 Geometric Reed Solomon Codes

With the setting as above we define

Definition 2.2.1 (Geometric Reed Solomon Codes). The linear code C(D,G) of length n over IF is the image of the
linear map . : L(G) — Fy defined by a(f) = (f(P1), ..., f(Pn))

Theorem 2.2.1. The code C(D, G) has dimension
k= deg(g) — (g —1)

and distance

d>n—deg(g)
Corollary 2.2.2. k+d>n—(g—1)
Proof: k+mn>deg(G)—(g—1)+n—deg(G)=n—(g—1) M

Example 2.2.3. Let X' be the projective line over [Fym. Hence genus g = 0. Letn = g™ — 1. Define Py = (0 : 1),
. n

P = (1:0). Let B be the primitive nth root of unity. Define P; = (B' : 1) for alli € [n]. Define D = Y P; and
i=1

G = aPy + bPe where a,b > 0 are non-negative integers. By Corollary 1.2.8,1(G) = a + b+ 1 and the functions

(%) l for —a < i < b forms a basis of L(G). Consider the code C(D,G). A generator matrix for this code has rows
(B, B%,...,B") with —a < i < b. IT follows that C(D, G) is a Reed-Solomon Code.

2.3 Geometric Goppa Codes

We now come to the second class of algebraic geometry codes.

Definition 2.3.1. The linear code C*(D, G) of length n over IFy is the image of the linear map a* : (G — D) — F}
defined by

a*(w) = (Resp, (17),...,Resp, (1))
Theorem 2.3.1. The code C*(D,G) has dimension
k" =n—deg(g) +(g—1)

and distance

& > deg(G) —2(3— 1)
Corollary 2.3.2. k*+d*>n—(g—1)
Proof: k*+d*>n—deg(G)+(g—1)+deg(G)—2(g—1)=n—(g—1) N



Example 2.3.3. Let L = {ay,..., &y} be a set of n distinct elements of Fym. Let g be a polynomial in Fyn [X] which
is not zero at w; for alli € [n]. The Classical Goppa Code I'(L, g) is defined by

Ci

I'(Lg) = {CEIFg | éX_“i =0 (modg)}

Let P; = (#;:1),Q = (1:0) and D = Py + - - - + Py, If we take for E the divisor of zeros of  on the projective line,
then
I'(L,g)=C"(D,E-Q)

and
Ci
X — 4%

Eer(L,g):)i dXeQ(E-Q-D)
i=1

It is a well-known fact that the parity check matrix of the Goppa CodeI'(L, ) is equal to the following generator
matrix of a generalized RS code

gla)™t o glaw) !
wglan) ™t o ang(an) !
o lglan) ™t g g ()

where 1 is the degree of the Goppa polynomial g.

2.4 Relation between the 2 Codes

Theorem 2.4.1. The codes C(D,G) and C*(D, G) are dual codes.

Theorem 2.4.2. Let X' be a curve defined over IF;. Let Py, ..., Py ben rational points on X. Let D = Py + -+ - + Py.
Then there exists a differential form w with simple poles at the P; such that Resp,(w) =1 for alli € [n]. Furthermore

C*(D,G)=C(D,W+D—-G)

So one can do without differentials and the codes C*(D, G). However it is useful to have both classes when
treating decoding methods. These use parity check, so one needs a generator matrix for the dual codes.



CHAPTER 3

Asymptotically Good Sequences of Codes and Curves

3.1 Introduction to Good Codes

Following the distance and dimension of both the Geometric Reed Solomon Codes and Geometric Goppa Codes we
have the following theorem

Theorem 3.1.1. For any algebraic geometry code with dimension k and distance d on a curve of genus g with n points
that are defined over IFq satisfy

ktd>n—(g—1) < R+5z1—$

This bound feels almost like Singleton Bound but with the genus of the curve involved. First we define what
Asymptotically Good code is

Definition 3.1.1 (Asymptotically Good Codes). A sequence of codes {C,, | m € IN} with parameters [y, ki, dp)
over a fixed finite fields IF)q is called asymptotically good if ny, tends to infinity, % tends to a nonzero constant d and

% tends to a nonzero constant R form — oco.

By Gilbert-Vershamov bound there exists asymptotically good sequences of codes attaining the bound R >
1 — Hy(9).

In order to construct asymptotically good codes we therefore need curves with low genus and many IF;-
rational points.

Definition 3.1.2. Let Ny(g) be the maximal number of IF;-rational points on an absolutely irreducible nonsingular
projective curve over IF; of genus g. Let

N,
A(g) = limsup 18)
g—00 g

3.2 Some Bounds

We know that to find good codes we must find long codes. To use the methods from algebraic geometry it is necessary
to find rational points on a given curve. The number of these is a bound on the length of the codes. A central problem
in algebraic geometry is finding for the number of rational points on a variety. So we mention the Hasse-Weil Bound



Theorem 3.2.1 (Hasse-Weil Bound, [Has36]). Let X' be a curve of genus g over Fy. If Ny (X') denotes the number of

rational points on X then
INg(X) = (g +1)| <827
Which was latter improved by Serre in [Wei48], known as Weil-Serre Bound
Theorem 3.2.2 (Weil-Serre Bound, [Wei48]). Let X' be a curve of genus g over IF. If Ny(X') denotes the number of

rational points on X then
INg(X) = (g + )| < gl2/4)

From this Bound by dividing both side by the genus (provided the genus is not 0) and taking the limit we
obtain

Alq) = 2[q]
This has been improved to the Drinfeld-Viadut

Theorem 3.2.3 (Drinfeld-V1ladut Bound, [VD83]).
Alg) <vq-1
Equality holds if q is a square.
And Thara in [Tha82] has shown that
Theorem 3.2.4 ([Tha82]).

Alg) 2 V-1
when q is a square

The equality is proved by studying the number of rational points of modular curves over finite fields. Applying
this to the algebraic geometric codes we finally get the Tsfasman-Viadut-Zink (TVZ) Bound

Theorem 3.2.5 (Tsfasman-Vladut-Zink (TVZ) Bound, [TVZ82]). Let q be a square. Then for every R there exists an
asymptotically good sequences of codes such that their rate tends to R and relative distance 6 and

1
Va—1

This means that TVZ bound is better than the GV bound when g is a square and g > 49 in a certain range

R+46>1-

of 6.

3.3 Asymptotically Good Curves

First if X is absolutely irreducible then it is called a curve. Now we define what asymptotically good curve is.

Definition 3.3.1 (Asymptotically Good Curves). A sequence of curves { X, | m € IN'} is called asymptotically good
if §(Xom) tends to infinity and the following limit exists

lim Na(Xin)

>0
m—co g(Xm)

where g(X') is the genus of X

In the following we discuss an asymptotically good curve family.

Let F € IF4[X,Y]. Let d = degy (F). Assume that there exists a subset S of IF; such that for any x € S there
exists exactly d distinct y1,...,yy € S such that F(x,y;) = 0 for all i € [d]. Now consider the algebraic set X}, in
A™ defined by the equations

F(X,‘,Xﬂ,l) =0 forie [T’I’l — 1]

We can easily get a lower bound on the number of rational points for Xy;;. X7 has |S| many choices and after words
for all X;,2 < i < m has d choices. So number of rational points is at least |S| - am-1,



Example 3.3.1. Letq = 4. Let F = XY? +Y + X% The F is an example withd = 2 and S = F}. Therefore
this gives a curve with 3 - 2"~ points with nonzero coordinates in F4 and in fact it gives a sequence of curves that is
asymptotically good.

In general let g = r2. Consider F = Z'~1Y" + Y = X’. Then we get an example witha = rand S = ;. The
equation F = 0 has the property that for every given nonzero element x € IF, there are exactly 7 nonzero solutions in
IF; of the equation F(x,Y) = 0in Y. To see this first multiply the equation with X to get XF = X"y" + XY — X+

Then replace z = XY and we get
G — Z}' 4 Z _ XT+]

This defines an hermitian curve U1 4+ V"*1 4-1 = 0 whose homogeneous version is U' 1 + V1 4 W+l = 0,
which is a Fermat curve. Therefore the corresponding sequence of curves X}, satisfies

Ny(X) > (q - 1t

The genus of the curve X}, is computed by induction by applying formula of Hurwitz-Zeuthen, [Har77] to the
covering 7Ty : Xy — X1 where 7Ty (X1, ..., Xm) = (X1,...,Xp_1). It is easier to view this in terms of function
fields. Let F, be the function field of Xy,. Then F; = [F4 (z1) and Fyy, is obtained from F,,,_1 by adjoining a new

element z,, that satisfies the equation
r+1

Zy +Zm = X,

where x,,_1 = ?”—’; € Fpy_1form>2and x; = z1,x0 = 1.
m—.

Theorem 3.3.2. The genus gy, of the curve Xy, or equivalently of the function field F, is equal to

m+1 m—1 .
P =1 B opt g when m is odd

8&m = _ m+2 m m=2 ;
T 1_%7 3 _%72 —r 2 +1 whenm iseven

Thus the Drinfeld-Vlddut Bound is attained.

10
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