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1 Introduction

2 Preliminaries

2.1 Some Linear Algebra
We will first prove the Cauchy’s Interlacing Theorem which will be helpfull in Lemma 3.3

Lemma 2.1 ([HJ13, Lemma 4.2.3]). Let Sq,...,Sx C V are the subspace of the vector space V where dimV = n
such that

k
Y dimS; > (k—1)n+1
i=1
k
Mendim(ﬂ S,-) >1
i=1
Proof: Now
k k k . k
dim(ﬂ Sl-) =n —dim <U5i> zn—ZdimSi:n Z (n —dim S;) —n—kn—b—ZdlmS >1
i=1 i=1 i=1 i=1 i=1

Hence we are done.

We will prove a much generalized version of Cauchy’s Interlacing Theorem, i.e. Corollary 2.3. For that
first we will show the a bounding relation of eigenvalues of A 4 B by eigenvalues of A, B.

Theorem 2.2 ([H]13, Theorem 4.3.1]). Let A, B € C"*" are hermitian. Then
M(A+B) < A (4) +4/(B)

Proof: Let {xi}ie[n]» {yi}ie[n]’ {Zi}ie[n] are the orthonormal eigenbasis for A, B, A + B respectively where
the index follows the eigenvalue ordering. Now define the three subspaces:

. 51 = <Xl‘,]'+1, .. .,xn)
. 52 = <y]/ryn>
« S3=1(z1,...,2i)

Then
dim$; +dimS; +dimSs=[n—(i—j)]+[n—(G—-1)]+i=2n+1

Hence by Lemma 2.1 dim(S1 N Sp N S3) > 1. Hence there exists v € S; N Sy N S3 with v being unit vector.
Now first we need this claim:

Claim. For any hermitian matrix M € C"*",¥ x € V we have

xTMx < max{A; | i € [n]}

n
Proof of Claim :  Let {v; };c[,] be the orthonormal eigenbasis V. Then x = }_ ;0v; for some a; € C. Then
i=1

n n n
x"Mx = <Z“?UI> <Z lxﬂh’)\j) =Y |ai*A; < max{A; | i € [n]}
i=1 i=1

i=1

Hence using the claim we have
Ai(A+B) <0"(A+B)v=0"Av+0"Bu < A;_j11(A) + Aj(B)
And we are done. B

Using this theorem we will prove the general version of the Cauchy’s Interlacing Theorem which is just a simple
corollary of Theorem 2.2:



Corollary 2.3 ([H]13, Corollary 4.3.3]). Let A,B € R"*" are symmetric. Suppose B has k positive eigenvalues
and | negative eigenvalues then

MA+B) <A ((AVielk+1,...,n} and A(A) < A(A+B)Yien—1I]

Proof: B has k positive eigenvalues. Hence Ay 1(B) < 0. Therefore for alli € {k+1,...,n} if we take
j =k + 1 in Theorem 2.2 we have

Ai(A+B) < A (k1)-1(A) + M1 (B) < Ak (A)

Now B has I negative eigenvalues. Hence — B has [ positive eigenvalues. So A;;1(—B) < 0. So foralli € [n — ]
we take j = | + 1 then by Theorem 2.2 we have

Ai(A) = Ai((A+ B) + (=B)) <Ai_(41)-1(A + B) + A1 (B) < Aii(A+ B)

Hence we have proved both the order relations. B

Now we can easiliy see Cauchy’s Interlacing Theorem is just a special case of Corollary 2.3 with k = 1

and/ =0

Theorem 2.4 (Cauchy’s Interlacing Theorem, [H]13, Corollary 4.3.9]). For a symmetric matrix A € R"™*" and
v € R" take B = A +vv” then

A(A) < Ai(B) € A a(A) Vi€ {2, n)

Proof: Here vo! has only 1 positive eigenvalue. Hence we have k = 1 and I = 0 in Corollary 2.3. So

Ai(B) < Ai—1(A) and A;(A) < A;(B). W

With this we will now prove a result Lemma 2.5 with which will prove a helping lemma Lemma 2.6 which
will help us prove Lemma 3.3:

Lemma 2.5. Let A € R" " be a symmetric matrix and let P € R™*". If A has atmost one positive eigenvalue
then PAPT has also one positive eigenvalue.

Proof:  Given A is symmetric. Hence there exists an unitary matrix U sush that A = UDU for some diagonal
matrix by spectral decomposition. Denote the columns of U as v, ..., v, and the i—th diagonal entry as d;. So
n
we can write A = ) diviUiT.
i=1
If A has no positive eigenvalue then A is negative semidefinite. Then so is PAPT since V v € R™,

o' PAPTv = (PT0)A(PTo)T <0

So the lemma is valid for this case.
If A has a positive eigenvalue. Let d; is positive. then forall j # i, j € [n] we have d; < 0. Then we can

write
A=Y dppol + (Vo) (V)"
j#i —
B

So B is negative semidefinite matrix. Therefore PBPT is also negative semidefinite. Now

PAPT = PBPT + ( Pw ) (Pw)T
~~

u

By Cauchy’s Interlacing Theorem we have Ay (PAPT) < A{(PBPT) < A{(PAPT). So we have at most one
eigenvalue of PAPT is positive. B

Lemma 2.6. Let A € R™*" be a symmetric matrix with non negative entries and at most one positive eigenvalue

n
andw(i) = ¥ A;j. Then A < <92
i=1

; i=1 Wi




Proof: The way w is defined we have w = A1 where 1 is the all 1’s vector. Now define W = Diag(w) with
keeping 1’s in the diagonal for the indices with 0 in w. We will assume A # 0 since otherwise the lemma is
true. Since A has non negative entries we have w(i) > 0 for all i € [n]. Hence VW exists. Then take A =

W ZAW-2. By Lemma 2.6 A has at most one positive eigenvalue. Now define the vector v/w(i) = /w(i).
Then
AV = W IAW 2w = WAL = Wtw = Vo

So y/w is the only eigenvector of A with positive eigenvalue, 1.

Now T
T

ww W~/ W

A o = A< YOv©

iy w; Iv/wl?

since multiplying W~2 to both sides to both LHS and RHS we have

T T T

A Y et ww
[Vl vl i1 w(i)
NN
[Vl

T T
orthogonal space of (\/w), A is negative semidefinite and % has eigenvalues 0. Therefore A < % ]

So y/w is the unit vector with positive eigenvalue for both A and

and for all other eigenvectors of in the

Now we will prove another lemma which will be helpfull in Lemma 4.2

Lemma 2.7. Let A € R™ " symmetric with at most one positive eigenvalue. Then for any positive semidefinite
matrix B € R"*", BA has at most one positive eigenvalue.

Proof: We have B = 0. By spectral decomposition B = UT'DU = C® where C € R"*". Then BA =
CTCA = CT(CA). Now CT(CA) has the same eigenvalues (with multiplicity) as (CA)CT = CACT. A has at
most one positive eigenvalue. Then by Lemma 2.5 CACT has at most one positive eigenvalue. Hence BA has at
most one positive eigenvalue. ll

2.2 Log Concave iff At most one poistive eigenvalue

Now we will prove a very important property for a logconcave d-degree homogeneous polynomial

Theorem 2.8 ([AGV18]). A degreed homogeneous polynomial is log concave over a set E, where E C RY ) if and
only if (V2p)(x) has at most one positive eigen value at all x € E .

Proof:  First note the following expression

V2 Vp) - (Vp)T
Vz(log(p)): pp_( p)pg P)

Also recall the Euler’s identity for a degree d homogeneous polynomial p

n 5;9
d-p(xy,x2,--,x0) =) x;- S
i=1 1

Also note that when we apply Euler’s identity on the gradient function slot wise then we get that

n
)
(d=1)- Vp(x, 32, x) = Yo x;- V(50
i=1

1

Let, Q(¥) = V?p(¥) From the above expressions we get that

(d — 1) . vp(xl/le' o /xi’l) = Z'xl : v(él)
i=1



= (d-1)-Vp(¥) =Q(¥) ¥

Similarly, we get that

= d(d—-1) - p(x) = (H)"-Q(%)-
So what we will do is substitute p and Vp in terms of Q in V2(log(p)) to get
(d=1)(=TQx)(Q) — (d)(Q-x-xT- Q")
(xTQx)?

Note that the denominator is always positive so it will not play any role in our analysis. We will first
prove the backward direction that if p is log concave at X then Q(X) has atmost one positive eigen value .
If p is log concave at ¥ then VZ(log(p)) is negative semidefinite. Now note the following that

=U

V2 (log(p)) =d - ( )

Q = p- V(log(p) + VEUVEL

Since we know that p is a polynomial with non negative coefficients and X € IR” ) implies p(X) is positive which
implies
Q=B+u-ul

where B is a negative semidefinite matrix which implies by Cauchy interlacing theorem that Q has atmost one
positive eigenvalue.
Now we will show the forward direction that if Q has at most one positive eigen value at X then V2 (log(p(%)))

is negative semidefinite . Now from previous expression we only need to show that if Q has atmost one positive
(d=1)(x"Qx)(Q)—(d)(Q-x-x"-Q")

(xTQx)?
it reduces to showing N = (d — 1)(xTQx)(Q) — (d)(Q - x - xT - QT) is negative semidefinite . We will in fact
prove a stronger result we will prove that M = ((x7Qx)(Q) — (Q - x - xT - QT)) is negative semidefinte since
N =(d—1)M— (Q-x-xT-QT) and since the set of negative semidefinte matrices is closed under addition
we will be done .

So now we only need to show that if Q has atmost one positive eigenvalue then M = ((xTQx)(Q) —
(Q-x-xT-QT)) is negative semidefinite.
For this take a an arbitrary vector y € R", Now we need to show that (x” Qx)(yTQy) — (yTQx)?> < 0.
For proving this, consider a (1 x 2) matrix P with columns x and y. Then we get that

TAp | xTQx xTQ]/}
PRP= {yTQx yTQy

eigen value then d - ( ) is negative semidefinite. Now the denominator is use less so

So now we need to show det(PTQP) < 0. Now if y”Qy is non positive then we are done because then
(xTQx)(yTQy) — (yTQx)? < 0 will be true as (xTQx) > 0.(Since x is a positive vector and Q has all its
entries positive ).

So now we are restricted to the case where y7Qy > 0. Now note that for a 2 x 2 symmetric matrix if
both of the diagonal entries are non-negative then it has a non-negative eigenvalue . (Note PTQP is symmetric
since Q is symmetric and for proving the above fact just use the forms of root of the characteristic polynomial).
So in the case where yTQy > (0 we have existence of a positive eigenvalue. Now if rank of P was 1 then the
above determinant would be zero and we would be done so we are restricted to the case where rank of P is 2. The
dimension of the vector space over which Q is negative semidefinite is at least (# — 1) which implies that there
exists a vector in the intersection of image of P and the vector space over which Q is negative semidefinite as their
dimensions sum up to (1 + 1) > 1 hence we get that if u = Pv is that vector then u” Qu = v (PTQP)v < 0
which implies that (PTQP) must have a non positive eigenvalue. Now we have existence of a non negative and
a non positive eigen value in the case where (y7Qy) > 0 hence we get that det(PTQP) < 0 in this case hence
we are done. ll



2.3 Matroids

Definition 2.1 (Matroid). A matroid M = ([n],Z) is a set (called ground set [n]), along with a nonempty subset
T of its power set, with the following properties:

« Downward closure: IfS C T,and T € Z, then S € T.
« Extension property: IfS,T € 7, and |S| < |T| then 3i € T\ S such that SU {i} € Z.
The subsets in L are called independent.

The rank of a subset S C [n], (rank(S)), is the size of any maximal independent set of M contained in S.
Thus S € T <= rank(S) = |S|. If rank(M) := rank([n]) = r, then any set S € Z of size r is called a basis of
M.

An element i € [n] is a loop if {i} & Z, thatis, {i} is dependent. Two non-loops i,j € [n] are parallel if
{i,j} ¢ Z, thatis, {i,j} is dependent.

Being parallel defines an equivalence relation on the non-loop elements of [1] and say Sy, - - - , Sy are the
corresponding equivalence classes. The matroid partition property says that for any matroid the non-loops
can be partitioned into sets, such that any two non-loops are parallel iff they belong to the same set.

We define the contraction M/ S for a matroid M = ([n],Z), and S € 7 as the matroid M/S = ([n] \
S,I'),where Z' = {T C [n] \ S|TUS € Z}.

2.4 Simplicial Complexes

Let [1] be the ground set. A simplicial complex X on the ground set is a downward closed family over 21 e,
c€X,1TCo = 1€ X. X={0},0 are called faces in Linear Programming, and simplices in Topology.
The dimension is defined as follows: dim (o) := |c|; dim(¢) = 0. For an integer k,

X(k) := {o € X|dim(c) = k.

dim(X) := max{k|X (k) # ¢}. X is said to be pure if each maximal ¢ € X has dimension equal to dim(X).
This paper only considers pure simplicial complexes.
The link of a face T is defined as

Xr:={c\1lce X, T Co}.

If X is pure, dim(X) = d, and T € X(k), then X7 is a pure simplicial complex of dimension d — k.
For any matroid M = ([n],Z) of rank r, the independent sets Z form a pure r-dimensional simplicial
complex on [1] called its independence (or matroid) complex. For any S € Z, the contraction M /S = ([n],Zs).
We can equip a simplicial complex with a weight function: w : X — R+ ¢. w is said to be balanced if for
all k, for every non maximal face T € X (k),

w(t) = ) w(0).

ceX(k+1):tCo

For a pure simplicial complex X we can define a balanced weight function by assigning arbitrary positive
weights to maximal faces and defining the weight of each lower dimensional face recursively. Indeed, if X is a
pure simplicial complex of dimension d and w is a balanced weight function, then, for any T € X(k),

wit)=@d—k! Y w).

ceX(d):tCo

Any balanced weight function on X induces a weighted graph on the vertices of X as follows. Taking
inspiration by graph theory, we call X(1) vertices, and X(2) edges, and G = ((X(1), X(2)) a 1-skeleton of X.
Then, restricting w to X(1) and X(2) determines a weighted graph, where w(v) gives the weighted degree of
eachv € X(1).

3 Walks on Simplicial Complexes

For a pure d-dimensional complex X, and a balanced weight function w : X — R-g, we define two random
walks called the upper k-walk and lower k-walk. These random walks are defined on Gy, a bipartite graph with

the two partitions as X (k) and X(k + 1). First, define PkT, P]f as follows: PkT € RX()xX(k+1) i5 4 stochastic



matrix for a random walk from X(k + 1) to X(k), where from ¢ € X(k + 1), we drop an element uniformly at

random and go to some T € X(k). Pki e RX(k+1)xX(k) js a stochastic matrix for a random walk from X (k) to
X(k+1), where from T € X(k), we goto T C 0 € X(k+ 1) with probability w(c) /w(T).

Definition 3.1 (Upper k-walk). This is the walk defined by the concatenation of the walks in P‘L, P]j. the stochastic
matrix for this walk is defined by P,é\ = PkTPki.

Definition 3.2 (Lower k-walk). This is the walk defined by the concatenation of the walks in PT, Pki . the stochastic
matrix for this walk is defined by ka = PkiPkT.

Now, let us formally write down the entries of P,é\ and P]y - Given a simplex T € X (k), forl <k<d,

le(l,U /) lfT: T/

A AN o(TUT .

Pk (T,T)f W’ 1fTUT’€X(k+1)
0, otherwise

Note that the upper walk is not defined for k = d, because there is no (d 4 1)-dimensional simplex in X.
Analogously, given o € X(k+1),for1 < k < d,

ZTEX(k)ZTTU’ %, ifo =0’

Pl (o,0) = % ifono e X(k)
0, otherwise

We observe that the corresponding random walks are reversible w.r.t the weight function w, i.e., for all
7,7 € X(k), we have

w(t)P) (t7,7) =w (t")P{ (7,7) w(t)P (v, 7)) =w () p’ (7).

This implies that both chains have the same stationarity distribution where the probability of T € X (k)
is proportional to w(T).

Lemma 3.1. Forany1 < k < d, P,é\ and PI;/H are stochastic, self-adjoint w.r.t. the w-induced inner product, PSD,

and have the same (with multiplicity) non-zero eigenvalues.
Proof:  Let Py be the transition probability matrix of the simple random walk on Gg. Since Gy, is bipartite and
we can write .
P, = OT P
P 0

Note that Py is self-adjoint w.r.t. the weight-induced inner product given by weights of the stationary distribution.
It follows that Py is self-adjoint w.r.t. the inner product

) =) w@e(myp(r)+(k+1) Y} wo)P(o)p(o)

teX(k) ceX(k+1)

Observe that

P =

| pt
BP0 ]
0 PP

P,g is PSD (since squares of eigenvalues are non-negative) and stochastic. Since P,é\ and P,;/ 11 correspond
to two step walks on Gy, indeed we can write

B = B[P
ka+1:Pk¢PkT

It follows that both matrices are self-adjoint w.r.t. the w-induced inner product, are PSD, and stochastic,
and have the same eigenvalues (since AB and BA have the same nonzero eigenvalues with multiplicity). B



Observe that Pl/\ is the transition probability matrix of the simple (1/2)-lazy random walk on the weighted 1
-skeleton of X where the weight of each edge e € X(2) is w(e). We also need to consider the non-lazy variant
of this random walk, given by the transition matrix

P =2(P)—1/2)

Similarly, for any face T € X(k), we define the upper random walk on the faces of the link X;. Specifically,
let P?l denote the transition matrix of the upper walk, as above, on the 1-dimensional faces of X+, and

P} =2(P)—1/2)
be the transition matrix for the non-lazy version.

Definition 3.3 (Local Spectral Expanders). For A > 0, a pure d-dimensional weighted complex (X, w) is a A-
local-spectral-expander if for every 0 < k < d — 1, and for every T € X (k), we have A ( " 1) <A

Now we state the main theorem of this section. P,é\ has very few “big” eigenvalues. For example, PkA has
exactly one eigenvalue strictly larger than HLI corresponding to the maximum eigenvalue (which has value 1)

and at most n = |X(1)| eigenvalues strictly larger than ]I: _& Hence, P} has at most 11 — 1 eigenvalues between
k-1
k+1
of P]é\. Formally:

and % Note that the significance of this theorem is that we can establish an estimate on all eigenvalues

Theorem 3.2. Let (X, w) be a pure d-dimensional weighted 0 -local spectral expander and let 0 < k < d. Then,

forall =1 < i < k, P} has at most | X(i)| < () eigenvalues of value > 1 — %, where for convenience, we set

X(—1) = @ and (")) = 0. In particular, the second largest eigenvalue ofP,?\ is at most %

For the proof, we will need the following lemma. We recall that the inner product on the space RX(K) i
given by (¢, ) = Lrex (k) w(T)¢(T) (7). and that being self-adjoint, PSD, and the Loewner order are defined
w.r.t. this inner product.

Lemma 3.3. P/ < k Pv+k+11forallo k<d.

™ k+1

Proof: For convenience, let M = PkA — (kilp\/ + k}_—ll) Fix# € X(k —1). We will first consider submatri-

ces M, whose entries are given by the following:

M(t,0), iftr#o,n=1tN0o
My (t,0) = —k%zg%, ift=0,727
0, otherwise

Note that M =}, c x(x—1) My and hence, it suffices to prove that M, <0 for every 17 € X(k—1). Fix
n € X(k—1).Let t,0 € X(k) with T # ¢ and TN ¢ = 7. Then

1 (w(TUO')_ w(o) )_ 1 (w(TUU)w(TﬁU)—w(T)w(a))

Mero(T,0) =M(T,0) = =3 =5 “wleno) ) ~ k41 w(t)w(tNo)

—). A matrix calculation

Furthermore, by definition, if T € X(k) with T D #, then M (7, 7) = —k_%l : ZZ(U)

reveals that

1 . —
My = W diag (w,?) 1 (w(iy) Ay — wnw;]r)

where wy, is the | X (k)|-dimensional vector whose non-zero entries are w(7) for T O #, and Ay is the |X (k)| x
| X (k)| matrix whose non-zero entries are w (T U¢) for 7,0 € X(k) satisfyingtUc € X(k+1)andTtNo = 1.
Note that M is NSD w.r.t. the inner product defined by w, if and only if diag (w,?) M, is NSD in the usual sense,
because for any v

(v, Myv) = v diag (wy) Myv = v diag (w,) My,

where wy is the vector of w values on X (k) and for the last equality we used that wy is the same as w; on all
o7,



wyw

Thus, it suffices to prove that A, < w(q) We view Ay as the welghted adjacency matrix of the 1 -
skeleton (which we recall is a graph) of the link Xj,. Then PWA1 = k +1 diag (w”) Ay gives its non-lazy simple

random walk matrix. As (X, w) is a 0 -local spectral expander, P ,7 1 has at most one positive eigenvalue, whence
Ay = (k+1) diag (wy) - 13,;\’1 has at most one positive eigenvalue.
Finally, observe that the weights being balanced enforces that w(7) = ¥, ¢ x(k):rucex(k+1) W(TU ) and

°
w(n) = YrexX(k)toq W w(T). That A, < % then follows immediately from Lemma 2.6. ll

Proof:  [Proof of the Theorem] We go by induction on k. The case k = 0 is trivial, as Pj' is 1 X 1. Whenk =1,
we have Pl/\ = % (131A +1 ) As (X, w) is a 0 -local spectral expander, 151/\ has exactly one positive eigenvalue,
with value 1. Hence, Pl/\ has eigenvalue 1 with multiplicity 1. All other eigenvalues of PlA are less than or equal
to 1/2, of which, there are | X(1)| — 1 many. Thus, the base case holds.

Assume the claim holds for some d — 1 > k > 0. Recall by Lemma 3.1, P]y 1 has the same non-zero

eigenvalues as P{. By Lemma 3.5,

k+1 1

Pk+l k—|—2pk+1+k+21

For —1 < i < k, P}/ as at most | X(i)| eigenvalues > 1 — ;{i—ll Hence, P}, ; has at most |X(i)| eigenval-

ues > % . ( — ;{i—ll) + klﬂ =1- ;{ié For i = k + 1, we trivially have that Pk+1 has at most |X(k + 1)
eigenvalues > 0, as P/, ; is [X(k+1)| x | X(k+1)|. B

4 From Strongly Log-Concave Polynomials to Local Spectral Expander

4.1 Logconcave polynomial to 0-local Expander

Suppose we have a d—homogeneous strongly log concave polynomial p(xy,...,x,) = Y csxS €
SC[n],|S|=d

R>o[x1, ..., %,] withcg > 0. We can construct a pure d —dimensional simplicial complex (X?, w) with a weight

assignment w where the XP(d) = {S C [n]: |S| = d,cs # 0} then taking all possible subsets of elements in

XP(d). Here for any S € XF(d), the weight assignment is w(S) = cg then for any subset of the elements in

XP(d) the weight assignment is defined following the weight scheme.

Now define V 7 € X” denote p; = (H 8i> p

icT
Lemma 4.1. Forall0 <k <d,V 1 € XP(k) we havew(t) = (d — k)!p-(1)

Proof: We will prove this using induction on d — k. For base case, K = d. Then pr = ¢ thenw(7) = Oler = ¢¢
For inductive step let T € XP (k) then

wt)= Y w)= ) w(t+i)
ceXP(k+1) ie€XP(1)
= ) ([@d—(k+1)lpeyi(1)
iexP(1)
=(d—(k+1))t ) 9ipe(1)
ieXP(1)
=(@d—(k+1))t ) (x0ip<)(1)
ieXP(1)
=(d—(k+1))(d—k)p(1) [Euler’s Identity]
= (d —k)!p=(1)

Now we will show that the simplicial complex generated by the strongly logconcave polynomial is a good ex-
pander.

10



Proposition 4.2. p € R>q[xy,...,Xy]| be multilinear d—homogeneous strongly logconcave polynomial then the
simplicial complex generated by p, (X?,w) is a 0—local expander.

Proof:  p is strongly logconcave. Hence by Theorem 2.8 we have V2p. (1) has at most one positive eigenvalue.
Now denote

1 . _
Vipr = TP (Vp(1) 'V2pe(1)

Now we claim:

Claim. V?p, = P/

Proof: We have that ISTA,1 (i,j) = welbf) _ wthit) qpep using Lemma 4.1 we have for

we(i) — w(t+i)
9:9;p<(1) M ( )
SR i9jpr _ d—k—2)! :wr—i-i—i-j
V) S @G T,y mED (it
d—k—1)!

Hence we have Isél =VZ?p.. 1

Now Vp + 7(1) has non-negative entries. Hence we have Diag(V p:(1)) 3= 0and therefore Diag(Vp.(1))~! 3=

0. We also have V2p (1) has at most one positive eigenvalue. Therefore by Lemma 2.7 we have Diag(Vp. (1)) 1 V?p.(1)
has at most one eigenvalue. Hence V2p; = PA has at most one positive eigenvalue and therefore A, (PA ) <0.

Now since T here arbitrary we have X? is a 0- local expander. B

Hence if we have a d—homogeneous multilinear strongly logconcave polynomial then we have a 0—local ex-
pander.
4.2 Distribution to Markov Chain on Bases with Good Spectral Gap

Suppose we have a probability distribution y : 20 R>( on subsets of [#]. Then from y. we can construct a

multilinear polynomial
Su(x1,..., xp) = Z u(S)x®
SC[n]

Here g, is called the generating polynomial of . Then we call i is d—homogeneous if g, is d—homogeneous
ie u(S) >0 = |S| < d. Also we call y to be strongly logconcave if g, is strongly logconcave

So suppose we have a d—homogeneous probability distribution. Then we have a natural Monte Carlo
Markov Chain M, on the support of y where

« State space of ./\/ly = Supp(p)

« For T € Supp(u) we first drom on elemetn i € T choosen uniformly at random from T then among all
0 2 T — i in support of 4 we choose ¢ with the probability proportional to (¢ i.e we do a PV)d at the
top layer of the generated simplicial complex of g,.

- M u is reversible.

Definition 4.1 (Total Variation Mixing Time). For a markov chain M with state T and € > 0 total variation
mixing time of M started at T with transition probability matrix P and stationary distribution 7t

tr(€) = min{t € Z>q | |P'(7,-) — 7| < e
where P!(7,-) is the distribution of chain started at T at time t.

Then we have a bound on total variation of mixing time with the following theorem:

Theorem 4.3 ([DS91]). For a reversible markov chain M = (Q, P, ), € > 0 and any starting state T € () we

have
1 1
()< 13557 5 (o))

where A* = max{|Az], |An|}
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Now we will show one of the main theorem that if we have a d-homogeneous strongly logconcave prob-
ability distribution y then the markov chain M, has good spectral gap

Theorem 4.4. Let i : 2 R>( be ad—homogeneous strongly logconcave probability distribution. If P, denotes
the transition probability matrix of My, and X,, be the generated simplicial complex. The for every 0 < k < d, P,

has atmost | X, (k)| < (}) eigenvalues of value > 1 — %
In particular M, has spectral gap at least% and if T € Supp(u) and0 < € < 1 then

tr(e) < dlog (enl(r))

Proof: 1 is d—homogeoneous strongly logconcave. Hence Gy, is d—homogeneous strongly logconcave poly-
nomial. Then by Proposition 4.2, Xy, is a 0-local expander.

Now we have P, = P[;/ . Pdv and PdA71 have same eigenvalues with multiplicities by Lemma 3.1. Now by
Theorem 3.2 P} | has at most | X, (k)| < (}) eigenvalues of value > 1 — (di% =1- k'le Hence if we take
k = 0 then at most 1 eigenvalue has value > 1 — % Therefore the rest of the eigenvalues are < 1 — % Hence

the spectral gap of M, is at least % and

* \ 1 1 L : -
V) S1- 4 o Ty 4 = 10 < g8 () <418 ()

blah blah blah testing

5 Proof of theorem 2.16

Theorem 5.1. Take p € R[xq,- - - x,| be a d—homogeneous polynomial such that:

1 forany0 <k <d-—2andany(iy, - ,ix € [n]k, 0, - - - 9;,p) is indecomposable.

2. forany (i, - -ig_) € [n]?72, the quadratic d;, - - - 9;, ,p is either identically zero or log-concave at 1.
Then p is strongly log-concave at 1.
We use the following theorems and propositions to prove this result.
Theorem 5.2 (Cheeger’s inequality ). For any d-regular weighted graph G = (V,E, w)

d— A (Ag)

> < cond(G) < 1/2(d — A2(Ag))

where A is the weighted adjacency matrix of G given by (Ag);;j = w({i,j}).

Corollary 5.1. A € R"*" js a stochastic matrix corresponding to a reversible Markov chain with the property that
Z|{i,j}ﬁ5\:1 Ai,]' > 0 for all subsets p C S C [n], then Ap(A) < 1.

Proposition 5.1. A degree-d homogeneous polynomial p € R[xq,- - - x,| with nonnegative coefficients is log-
concave over R" ; <= (V2p)(x) has at most one positive eigenvalue at all x € R" ,.

Proof:  The proof proceeds by induction on the degree of p. For the case deg(p) < 2 the theorem clearly holds,
hence it serves as the base case. So for deg(p) =: d > 3 we prove that if the theorem holds for d then the
theorem also holds for the case d 4 1. For notational convenience we denote p; = 9;p. So we assume as the
induction hypothesis that for all i, p; is strongly log-concave at 1.

Now note that V2p(1) = 0d — 2y ; V2p;(1) (from Euler’s identity: d - p(x) = Y}_; x:9;p(x)). By
induction and proposition 5.1, each matrix V2p; (1) has at most one positive eigenvalue.

We work with the normalized Hessian matrix Vp = dlj diag(Vp(1))~1V2p(1). Since the normalized
Hessian matrix is stochastic, its top eigenvector is the all-ones vector. We change the inner product to work with
the normalized Hessian now. For a d-homogeneous polynomial p with nonnegative coefficients and d > 1 and
vectors ¢, P € R” define:

1=

(@), =(d=1) 2 0()v()(@p(1))

j=1
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giving us the norm ||[|| cp]% = ([) ¢, ¢]p. It quite easily follows that:

(., (Vp)p) = (9, V2p()p) = (Vp)p,9),

In particular, V2p is self-adjoint with respect to (-, '>p Moreover we have that:

(0. (Vp)y) = (0, 9p0)y) = dlzkz (9. V2pi(Wy) = i@» V)

Note: The Hessian V2p(1) can be viewed as the weighted adjacency matrix of a graph with edge weights
aiajp(]l). Thus, the normalized Hessian can be viewed as the associated random walk matrix and the inner
product (-, -) can be viewed as a change of basis converting the random walk matrix into normalized adjacency
matrix.

Take y = eigenvalue of V2p with eigenvector ¢. It is sufficient to show that u < u? for the inductive step
since: First as V2p is stochastic we have that ¢ < 1, which implies that 4 = 1 or y < 0. Thus to prove that V2p
has exactly one positive eigenvalue, it is enough to show that A (V2 p) < 1. But, since p is indecomposable, the
underlying (weighted) graph of V2p is connected, so by 5.1, A(V?p) < 1

So we are just left to prove that u < u?. Note

2 2 1 v 2
= , V - 7 V
Hliglls = (9, (Vp9) ) dle;(qb( P9)
Decomposing ¢ orthogonally along 1 write it as:

=i + 9

1),
HIlHZ

where ¢ = . k] and 4) are orthogonal to 1. This implies that

(o (Ppogit) <0

since V2 Pk has exactly one positive eigenvalue with corresponding eigenvector of 1. Therefore:

2
ol < 5 2 (0 (e, = 555 iﬁiz 0
Rewriting the numerator and denominator of each ratio in the right hand side, we have:
), = (@-2) L @r1) = @ -2 1) p(d)
since d - p(x) = Y }_; xx0,p(x)(Euler’s identity). Moreover we get:
(#.1)y, = (@-2) Lo 0,0) = (@ -2)- (Fpa))®
Thus putting the above identities together, we obtain:
iﬁi: — 1y (TP = (F2p))6) = - (8

since ¢ is the eigenvector of & p corresponding to y. Plugging in the values in equation 1 we get

n

plIpIR < 22 ﬂ*"‘*d 22¢

k=1 Pk

= 1Y pO(T2p)P)(K) = <¢, (V2p(W)g) = 1 (¢, (V2p)g) = 1lI9l13
k=1 P

This implies that y < ]/12 thus completing the induction and thereby proving the theorem. B
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