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Preface

Character sums of polynomials over finite fields give rise to error-correcting codes of remarkable parameters. For a
multiplicative character 𝜓 of F𝑞 and polynomials 𝑓 ∈ F𝑞 [𝑋 ] of small degree, the codeword (𝜓 (𝑓 (𝛼)))𝛼∈F𝑞 has length
𝑞 and, by the Weil bound, relative distance approaching 1/2. Two specific families exhibit this behavior: the quadratic
residue character codes obtained by applying 𝜂 (𝛽) = 𝛽 (𝑞−1)/2 to squarefree monic polynomials of degree 𝑂 (√𝑞), and the
dual BCH codes obtained over F2𝑏 by composing the absolute trace with polynomials supported on odd-degree monomials.
For both families, the distance analysis reduces entirely to the Weil bound; in the case of dual BCH codes, to such an
extent that, absent the Weil bound, the existence of binary codes with these parameters is not known by any other means.
Until recently the decoding problem for these codes was open even for non-constant degree; the situation was resolved
by [Kop26], whose algorithm combines the Berlekamp–Welch like framework with the Stepanov polynomial method and
introduces a class of high-degree polynomials, pseudopolynomials, as the right algebraic object for capturing the structure
of character evaluations. The Stepanov method is also the elementary route to the Weil bound itself; the same machinery
that proves the bound thus also decodes the codes it gives rise to. This report develops both threads in a unified, self-
contained way.

The polynomial method of Stepanov and Bombieri works directly via auxiliary polynomials on two specific curves:
𝑌𝑑 = 𝑓 (𝑋 ) for multiplicative character sums and 𝑌𝑞 −𝑌 = 𝑓 (𝑋 ) for additive character sums. The primary references are
[Sch76, Chapter I-II] and [LN96, Chapter 2,5,6]. The report is organized as follows. Chapter 1 develops the theory of finite
fields: field extensions, the Frobenius automorphism, and trace and norm maps. Chapter 2 treats characters of finite abelian
groups and finite fields, Gaussian and Jacobi sums, and develops the analytic infrastructure of 𝐿-functions: the Riemann
zeta function and its function-field analogue over F𝑞 [𝑋 ], the Dirichlet 𝐿-function 𝐿(𝑠 , 𝜒), which is then used to prove
the Davenport–Hasse lifting theorem relating Gaussian and Jacobi sums over F𝑞 to those over its extensions. Chapter 3
addresses the problem of counting solutions to equations over finite fields and derives Weil-type bounds for additive,
multiplicative, and quadratic character sums, together with the corresponding estimates for quadratic forms and diagonal
equations. Chapter 4 gives the two principal elementary proofs of the Weil bound: Stepanov’s proof for multiplicative
character sums via the curve 𝑌𝑑 = 𝑓 (𝑋 ), and Bombieri’s proof for additive character sums via the Artin–Schreier curve
𝑌𝑞 −𝑌 = 𝑓 (𝑋 ), together with an alternate argument for the latter using Bézout’s theorem. Chapter 5 develops the theory of
pseudopolynomials and the polynomial-time decoding algorithms for the quadratic character and dual BCH code families,
following Kopparty. Appendices A–D collect supporting material: algebraic and analytic prerequisites, modulus bounds
from power sum estimates, continued fractions over polynomial rings, and Hasse derivatives.

The report assumes familiarity with algebra at the level of groups, rings, and fields, and with linear algebra. No
prior exposure to algebraic geometry or analytic number theory is required.

Soham Chatterjee
School of Technology and Computer Science

Tata Institute of Fundamental Research, Mumbai
May 2026
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List of Notations

The following table lists the notation used throughout this report, organized by topic.

Symbol Meaning

General

N Set of all natural numbers i.e., positive integers
Z Set of all integers
Z0 Set of all non-negative integers
R Set of real numbers
C Set of complex numbers
[𝑛] The set {1, 2, . . . ,𝑛} for 𝑛 ∈ N

𝑖 Imaginary unit: 𝑖2 = −1
𝑆1 {𝑧 ∈ C : |𝑧 | = 1}, the multiplicative group of unit complex numbers
𝜁𝑚 A primitive𝑚-th root of unity
[𝑥] Floor function: largest integer ≤ 𝑥 ; also written ⌊𝑥⌋

Finite Fields

F𝑞 Finite field with 𝑞 elements
F∗𝑞 Multiplicative group of nonzero elements of F𝑞

F𝑝 Prime field with 𝑝 elements, 𝑝 = char(F𝑞)
F∗𝑞
(𝑑 ) Subgroup of 𝑑-th powers in F∗𝑞

𝐸, 𝐹 ,𝐿,𝐾 Generic notation for finite fields or finite extensions of F𝑞

[𝐸 : F𝑞] Degree of the extension 𝐸/F𝑞
F𝑞 [𝑋1, . . . ,𝑋𝑛] Polynomial ring in 𝑛 variables over F𝑞

F≤𝑑𝑞 [𝑋1, . . . ,𝑋𝑛] Polynomials in F𝑞 [𝑋1, . . . ,𝑋𝑛] of total degree at most 𝑑

Characters of Finite Abelian Groups

𝐺 A finite Abelian group with identity element 1𝐺
𝑍𝑘 Cyclic multiplicative group of order 𝑘
𝜒

0 Trivial character of 𝐺 : 𝜒0 (𝑔) = 1 for all 𝑔 ∈ 𝐺
𝜒 Conjugate (and inverse) character of 𝜒 : 𝜒 (𝑔) = 𝜒 (𝑔)
Hom(𝐴,𝐵) Set of all group homomorphisms from 𝐴 to 𝐵
𝐺 = Hom(𝐺 ,𝑆1) Dual group of 𝐺 ; the group of all characters of 𝐺
Ann(𝜒) Annihilator of character 𝜒 : {𝑔 ∈ 𝐺 : 𝜒 (𝑔) = 1}, a subgroup of 𝐺
Ann(𝐻 ) Annihilator of subgroup 𝐻 ≤ 𝐺 : {𝜒 ∈ 𝐺 : 𝜒 (ℎ) = 1 ∀ℎ ∈ 𝐻 }

continued on next page
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Symbol Meaning

ev𝑔 Evaluation character of 𝐺 defined by ev𝑔 (𝜒) = 𝜒 (𝑔)

Maps on Finite Fields

Tr : F𝑞 → F𝑝 Absolute trace function
𝑁 : F𝑞 → F𝑝 Absolute norm function
Tr𝐸/F𝑞 Trace function from 𝐸 to F𝑞

N𝐸/F𝑞 Norm function from 𝐸 to F𝑞

𝜎 : F𝑞 → F𝑞 Frobenius automorphism: 𝜎 (𝛼) = 𝛼𝑝

Additive Characters of F𝑞

𝜒 ,𝜏 Generic notation for additive characters
𝜒

1 Canonical additive character of F𝑞 : 𝜒1 (𝛼) = 𝑒2𝜋𝑖 Tr(𝛼 )/𝑝

𝜒
𝛽

Additive character defined by 𝜒
𝛽
(𝛼) = 𝜒

1 (𝛽𝛼), for 𝛽 ∈ F𝑞

X𝑞 Set of all additive characters of F𝑞
𝜒 (𝑟 ) Additive character of F𝑞 lifted to 𝐸 via 𝜒 (𝑟 ) = 𝜒 ◦ Tr𝐸/F𝑞 , [𝐸 : F𝑞] = 𝑟

Multiplicative Characters of F𝑞

𝜓 , 𝜆 Generic notation for multiplicative characters
𝜓0 Trivial multiplicative character of F𝑞

𝜂 Quadratic character of F𝑞 (for odd 𝑞): 𝜂 (𝛼) = ±1 according as 𝛼 is a square
M𝑞 Set of all multiplicative characters of F∗𝑞
M
(𝑒 )
𝑞 Set of multiplicative characters of F𝑞 of exponent 𝑒

ord(𝜓 ) Order of𝜓 : smallest positive integer 𝑑 with𝜓𝑑 =𝜓0(
𝛼

𝑞

)
Legendre symbol; equals 𝜂 (𝛼) for 𝛼 ∈ F𝑞

𝜓 (𝑟 ) Multiplicative character of F𝑞 lifted to 𝐸 via𝜓 (𝑟 ) =𝜓 ◦N𝐸/F𝑞 , [𝐸 : F𝑞] = 𝑟

Gaussian and Jacobi Sums

𝐺 (𝜓 , 𝜒) Gaussian sum:
∑
𝛼∈F∗𝑞 𝜓 (𝛼) 𝜒 (𝛼), for𝜓 ∈M𝑞 , 𝜒 ∈ X𝑞

𝐽𝛼 (𝜆1, . . . , 𝜆𝑘 ) Generalized Jacobi sum:
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞
𝛼1+···+𝛼𝑘=𝛼

𝜆1 (𝛼1) · · · 𝜆𝑘 (𝛼𝑘 )

𝐽 (𝜆1, . . . , 𝜆𝑘 ) Jacobi sum; special case 𝛼 = 1 of 𝐽𝛼
𝐽0 (𝜆1, . . . , 𝜆𝑘 ) Jacobi sum at zero; special case 𝛼 = 0 of 𝐽𝛼

Kloosterman Sums

𝐾 (𝜒 ;𝑎,𝑏) Kloosterman sum:
∑
𝛾 ∈F∗𝑞

𝜒 (𝑎𝛾 +𝑏𝛾−1), for 𝜒 ∈ X𝑞 , 𝑎,𝑏 ∈ F𝑞

𝐾 (𝜒 (𝑟 ) ;𝑎,𝑏) Kloosterman sum lifted to the degree-𝑟 extension of F𝑞

𝑤1,𝑤2 Reciprocal roots of the 𝐿-function associated to a Kloosterman sum

Salié and Jacobsthal Sums

𝑆 (𝜒 ,𝜏) Salié sum:
∑
𝛾 ∈F∗𝑞 𝜂 (𝛾) 𝜒 (𝛾) 𝜏 (𝛾

−1), for 𝜒 ,𝜏 ∈ X𝑞 , 𝑞 odd

𝐻𝑛 (𝛼) Jacobsthal sum:
∑
𝛾 ∈F𝑞

𝜂 (𝛾𝑛+1 + 𝛼𝛾), for 𝛼 ∈ F∗𝑞
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Symbol Meaning

𝐼𝑛 (𝛼) Associated Jacobsthal sum:
∑
𝛾 ∈F𝑞

𝜂 (𝛾𝑛 + 𝛼), for 𝛼 ∈ F∗𝑞

Classical Riemann Zeta Function

𝜁 (𝑠) Riemann zeta function:
∑∞
𝑛=1 𝑛

−𝑠 , forℜ(𝑠) > 1

𝜉 (𝑠) Completed zeta function: 1
2𝑠 (𝑠 − 1) Γ(𝑠/2) 𝜋−𝑠/2 𝜁 (𝑠)

Γ(𝑠) Gamma function:
∫ ∞

0 𝑒−𝑡𝑡𝑠−1 𝑑𝑡

Λ(𝑛) Von Mangoldt function: log 𝑝 if 𝑛 = 𝑝𝑘 , else 0
𝜌 Non-trivial zero of 𝜉 (𝑠)

Dirichlet 𝐿-functions over F𝑞 [𝑋 ]
Φ Set of all monic polynomials in F𝑞 [𝑋 ]
Φ𝑑 Monic polynomials in F𝑞 [𝑋 ] of degree exactly 𝑑
Irr(Φ) Set of irreducible monic polynomials in Φ

𝔫(𝑓 ) = 𝑞deg(𝑓 ) Norm of the polynomial 𝑓 ∈ F𝑞 [𝑋 ]
𝐺 Group of rational functions 𝑟 = ℎ1/ℎ2 in F𝑞 (𝑋 ) with ℎ1,ℎ2 ∈ Φ monic
𝐺 Subgroup of 𝐺 on which a given character is defined; extended to 𝐺 by zero
𝐿(𝑠 , 𝜒) Dirichlet 𝐿-function:

∑
ℎ∈Φ 𝜒 (ℎ) 𝔫(ℎ)−𝑠 , for a multiplicative character 𝜒

𝐿(𝑧, 𝜒) Power series satisfying 𝐿(𝑧, 𝜒) = ∑
ℎ∈Φ 𝜒 (ℎ) 𝑧deg(ℎ) and 𝐿(𝑞−𝑠 , 𝜒) = 𝐿(𝑠 , 𝜒)

𝐿𝑘 𝑘-th log-derivative coefficient:
∑︁

ℎ∈Irr(Φ)
deg(ℎ) |𝑘

deg(ℎ) 𝜒 (ℎ)𝑘/deg(ℎ)

Equations over F𝑞 — Solution Sets

V(𝑓 ) Solution set of 𝑓 (𝑋1, . . . ,𝑋𝑛) = 0 in F𝑛𝑞

𝑍 (𝑓 ) Number of solutions: |V(𝑓 ) |
V(𝑓 ) Set of non-trivial solutions (excluding (0, . . . , 0) if it’s a zero) of 𝑓 = 0
𝑍 (𝑓 ) Number of non-trivial solutions: |V(𝑓 ) |
V(𝑓1, . . . , 𝑓𝑘 ) Common solution set: V(𝑓1) ∩ · · · ∩V(𝑓𝑘 )
𝑍 (𝑓1, . . . , 𝑓𝑘 ) Count of common solutions: |V(𝑓1, . . . , 𝑓𝑘 ) |
𝑍𝐸 (𝑃 = 0) Number of solutions of 𝑃 (𝑋1, . . . ,𝑋𝑛) = 0 in 𝐸 where 𝑃 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛],

[𝐸 : F𝑞] > 1
Ω𝑑 Space F≤𝑑𝑞 [𝑋1, . . . ,𝑋𝑛] of polynomials of total degree at most 𝑑
𝜔 (𝑑) Set of 𝑛-tuples (𝑖1, . . . , 𝑖𝑛) ∈ Z𝑛

0 with 𝑖1 + · · · + 𝑖𝑛 ≤ 𝑑

Quadratic Forms

𝐶𝑓 Coefficient matrix of a quadratic form 𝑓 : (𝐶𝑓 )𝑖 𝑗 = 𝑎𝑖 𝑗 where 𝑓 = 𝑋⊤𝐶𝑓𝑋

det(𝑓 ) Determinant of the coefficient matrix 𝐶𝑓
𝜗 : F𝑞 → Z Auxiliary function: 𝜗 (0) = 𝑞 − 1 and 𝜗 (𝛼) = −1 for 𝛼 ≠ 0

Diagonal Equations

𝑑𝑖 = gcd(𝑘𝑖 ,𝑞 − 1) Exponent reduced modulo the order of F∗𝑞 , for 𝑎𝑖𝑋𝑘𝑖𝑖 in a diagonal equation
𝑀 (𝑑1, . . . ,𝑑𝑛) #

{
(𝑡1, . . . , 𝑡𝑛) ∈

∏
𝑖 [𝑑𝑖 − 1] : 𝑡1

𝑑1
+ · · · + 𝑡𝑛

𝑑𝑛
∈ Z

}
𝐷 = lcm(𝑑1, . . . ,𝑑𝑛) LCM of exponents; appears in the closed-form formula for 𝑀 (𝑑1, . . . ,𝑑𝑛)

Character Sums with Polynomials (Weil Sums)

continued on next page
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Symbol Meaning

𝑊 (𝜒 ; 𝑓 ) Additive Weil sum:
∑
𝛼∈F𝑞

𝜒 (𝑓 (𝛼)), for 𝜒 ∈ X𝑞 , 𝑓 ∈ F𝑞 [𝑋 ]

𝑊 (𝜓 ; 𝑓 ) Multiplicative Weil sum:
∑
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)), for𝜓 ∈M𝑞 , 𝑓 ∈ F𝑞 [𝑋 ]

𝑊 (𝜓 , 𝜒 ; 𝑓 ,𝑔) Mixed Weil sum:
∑
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)) 𝜒 (𝑔(𝛼)), for 𝜓 ∈ M𝑞 , 𝜒 ∈ X𝑞 , 𝑓 ,𝑔 ∈
F𝑞 [𝑋 ]

Lifted Weil Sums (over Extension Fields)

𝐸 = F𝑞𝑘 Degree-𝑘 extension of F𝑞 ; [𝐸 : F𝑞] = 𝑘
𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) Lifted multiplicative Weil sum:

∑
𝛼∈𝐸 𝜓

(𝑘 ) (𝑓 (𝛼))

𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔) Lifted additive Weil sum:
∑
𝛼∈𝐸 𝜒

(𝑘 ) (𝑔(𝛼))

𝑊 (𝑘 ) (𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔) Lifted mixed Weil sum:
∑
𝛼∈𝐸 𝜓

(𝑘 ) (𝑓 (𝛼)) 𝜒 (𝑘 ) (𝑔(𝛼))

Special 𝐿-functions (Weil chapter)

𝐺 (Weil context) The specific subgroup {𝑟 ∈ 𝐺 : ℎ1 (𝛾𝑖 ) · ℎ2 (𝛾𝑖 ) ≠ 0 ∀𝑖} for roots 𝛾𝑖 of a fixed 𝑓
𝜍 : 𝐺 → F𝑞 Multiplicative map 𝜍 (𝑟 ) = ∏

𝑖 𝑓 (𝛼𝑖 ) ·
∏

𝑗 𝑓 (𝛽 𝑗 )−1 for 𝑟 =
∏(𝑋 − 𝛼𝑖 )/∏(𝑋 −

𝛽 𝑗 )
𝜚 : 𝐺 → F𝑞 Additive map 𝜚 (𝑟 ) = ∑

𝑖 𝑔(𝛼𝑖 ) −
∑
𝑗 𝑔(𝛽 𝑗 ) for a fixed polynomial 𝑔

𝜉 : 𝐺 → C Combined character: 𝜉 (𝑟 ) = (𝜓 ◦ 𝜍) (𝑟 ) · (𝜒 ◦ 𝜚 ) (𝑟 )
𝐿(𝑠 , 𝜉) 𝐿-function on 𝜉 :

∑
ℎ∈Φ 𝜉 (ℎ) 𝔫(ℎ)−𝑠

𝐿(𝑧, 𝜉) Power series:
∑
ℎ∈Φ 𝜉 (ℎ) 𝑧deg(ℎ) , related by 𝐿(𝑞−𝑠 , 𝜉) = 𝐿(𝑠 , 𝜉)

𝐿 (𝑘 ) (𝑠 , 𝜉 (𝑘 ) ) 𝐿-function on the lifted character 𝜉 (𝑘 ) over F𝑞𝑘

𝐿
(𝑘 ) (𝑧, 𝜉 (𝑘 ) ) Power series form of the lifted 𝐿-function

Φ(𝑘 ) Set of monic polynomials over 𝐸 = F𝑞𝑘

𝔫 (𝑘 ) (ℎ) = 𝑞𝑘 ·deg(ℎ) Norm of ℎ ∈ Φ(𝑘 ) over 𝐸; analog of 𝔫(ℎ) = 𝑞deg(ℎ) for F𝑞

Absolute Varieties

A Variety defined over F𝑞

𝑍𝑘 (A) Number of F𝑞𝑘 -rational points of A: |{(𝛼1, . . . ,𝛼𝑛) ∈ A : 𝛼𝑖 ∈ F𝑞𝑘 }|

Hasse Derivatives

𝐹 (ℓ ) (𝑋 ) ℓ-th Hasse derivative of 𝐹 (𝑋 ): coefficient of 𝑍 ℓ in 𝐹 (𝑋 +𝑍 )
mult(𝐹 ,𝛼) Multiplicity of vanishing of 𝐹 at 𝛼 : largest 𝑟 with (𝑋 − 𝛼)𝑟 | 𝐹 (𝑋 )

Pseudopolynomials

Λ(𝑋 ) The polynomial 𝑋𝑞 −𝑋 over F𝑞

𝐹⟨ℓ ⟩ (𝑋 ) ℓ-th pseudoderivative of 𝐹 : unique polynomial of degree < 𝑞 agreeing with
𝐹 (ℓ ) on F𝑞

pdeg(𝐹 ) Pseudodegree of 𝐹 : maxℓ≥0 deg(𝐹⟨ℓ ⟩)
𝐹𝑖 (𝑋 ) Coefficient polynomials in the base-Λ expansion 𝐹 =

∑
𝑖 𝐹𝑖Λ

𝑖 , with deg(𝐹𝑖 ) <
𝑞

Decoding from Character Evaluations

𝑟 : F𝑞 → {0,±1} Received (noisy) word; approximates𝜓 ◦𝑔 or Tr ◦𝑔

continued on next page
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Symbol Meaning

𝑒 Number of errors: |{𝛼 ∈ F𝑞 : 𝑟 (𝛼) ≠ (𝜓 ◦𝑔) (𝛼)}|
𝑆 Error set: {𝛼 ∈ F𝑞 : 𝑟 (𝛼) ≠ (𝜓 ◦𝑔) (𝛼)}
𝑍𝑆 (𝑋 ) Error locator polynomial:

∏
𝛼∈𝑆 (𝑋 − 𝛼)

Δ(𝑟1, 𝑟2) Hamming distance: |{𝛼 ∈ F𝑞 : 𝑟1 (𝛼) ≠ 𝑟2 (𝛼)}|
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Chapter 1
Finite Fields

Fields are the most fundamental algebraic structures in which one can add, subtract, multiply, and divide (by nonzero
elements) without leaving the set. Commonly known examples of fields are set of rationals Q, or real numbers R, or
complex numbers C. But the set of integers Z form a ring but not a field, since most elements have no multiplicative
inverse. A finite field is a field that contains only finitely many elements. We assume the reader is familiar with basic ring
theory; for a thorough treatment see [Art11]. Before proceeding, we recall the definitions of rings and fields.

Definition 1.1: Rings and Fields

(i) A ring 𝑅 is an abelian group with a multiplication operation such that the ring is closed under the multiplication
operation. We assume the ring has a multiplicative identity 𝑒 ∈ 𝑅 such that for all element 𝑎 ∈ 𝑅, 𝑒𝑎 = 𝑎𝑒 = 𝑎.

(ii) A ring is called commutative if the multiplication operation is commutative.

(iii) A ring is called an integral domain if it is a commutative ring with identity 𝑒 ≠ 0 in which 𝑎𝑏 = 0 implies 𝑎 = 0
or 𝑏 = 0.

(iv) A ring is called a division ring (or skew field) if the nonzero elements of 𝑅 form a group under the multiplication
operation.

(v) A commutative division ring is called a field.

For any ring 𝑅 with identity, the characteristic, char(𝑅) is the smallest positive integer 𝑛 such that 𝑛 · 1 = 0, or 0 if
no such 𝑛 exists. One can show that the characteristic of an integral domain is always either 0 or a prime; see [Art11] for
a proof. Since every field is an integral domain, the characteristic of a field is always 0 or a prime 𝑝 .

§ 1.1 Field Extensions

The study of field theory is primarily the study of field extensions. The classical problems of ruler-and-compass construc-
tions and the solvability of polynomial equations by radicals were settled by analyzing appropriate field extensions. The
central idea is to associate a the Galois group to a field extension, converting field-theoretic questions into group-theoretic
ones. Since the Galois group of a finite extension is finite, the rich structure theory of finite groups becomes available.
In this section we build the foundational vocabulary: degrees, algebraic elements, minimal polynomials, and the key
structural results about simple and algebraic extensions.
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1.1.1 Degrees and Generated Subfields

Let 𝐹 ⊆ 𝐾 are fields. Then 𝐾 is called a field extension of 𝐹 . We denote it by 𝐾/𝐹 . Here 𝐹 is called the base field. We
can think of 𝐾 as a vector space over 𝐹 where the addition of two vectors follows the addition operation of 𝐾 and the
multiplication of any 𝛼 ∈ 𝐾 and 𝑐 ∈ 𝐹 follows the multiplication operation of 𝐾 , 𝑐 · 𝛼 = 𝑐𝛼 . Then we denote the dimension
of 𝐾 over 𝐹 by

[𝐾 : 𝐹 ] := dim𝐹 (𝐾)

This dimension is called the degree of field extension of 𝐹 or simply degree of [𝐾 : 𝐹 ]. If [𝐾 : 𝐹 ] < ∞ we call it by a
special name, finite extension. Finite extensions of finite fields are very important to us and in this report we will work on
finite fields and their finite extensions. Let 𝛼 ∈ 𝐾 . Then we denote 𝐹 (𝛼) to be the field generated by 𝐹 and 𝛼 following
the multiplication and addition operations of 𝐾 . We will define what it means to be the field generated by 𝐹 and 𝛼 in
Definition 1.1.1. It is very easy to see 𝐹 (𝛼) is also a field, and it contains 𝐹 but also contained in 𝐾 .

Let 𝐹 be any field and suppose 𝑋 be a formal variable. Then 𝐹 [𝑋 ] denotes the polynomial ring over 𝐹 . We define
the rational function field 𝐹 (𝑋 ) to be the fraction ring of 𝐹 [𝑋 ] which consists of all quotients 𝑓/𝑔 where 𝑓 ,𝑔 ∈ 𝐹 [𝑋 ] with
𝑔(𝑋 ) . 0. Similarly, we can define the polynomial ring 𝐹 [𝑋1, . . . ,𝑋𝑛] over multiple formal variables and their fraction
field 𝐹 (𝑋1, . . . ,𝑋𝑛).

Look at the following example. R ⊆ C are both fields. But C is a 2-dimensional vector space over R as we can
take the basis {1, 𝑖}. So C/R is a finite extension of degree 2. But Q/R is an infinite field extension. On the other hand
let 𝛼 ∈ R. Then consider the field Q(𝛼). Now degree of [Q(𝛼) : Q] depends on what kind of element 𝛼 is. If 𝛼 =

√
2 then

[Q(
√

2) : Q] = 2 but if 𝛼 = 𝜋 then [Q(𝜋) : Q] =∞.

Definition 1.1.1: Generated Subfields

Let 𝐾/𝐹 be a field extension and 𝑆 ⊆ 𝐾 .

(i) The ring generated by 𝐹 and 𝑆 , written 𝐹 [𝑆], is the intersection of all subrings of 𝐾 containing 𝐹 and 𝑆 .

(ii) The field generated by 𝐹 and 𝑆 , written 𝐹 (𝑆), is the intersection of all subfields of 𝐾 containing 𝐹 and 𝑆 .

If 𝑆 = {𝑎1, . . . ,𝑎𝑛} is finite we write 𝐹 [𝑎1, . . . ,𝑎𝑛] and 𝐹 (𝑎1, . . . ,𝑎𝑛). We call 𝐹 (𝛼1, . . . ,𝛼𝑛) finitely generated field.
For any field extension 𝐾/𝐹 if there exists an element 𝛼 ∈ 𝐾 such that 𝐾 = 𝐹 (𝛼) then such extension is called simple
extension.

From this definition it easily follows that for any 𝑆 ⊆ 𝐾 , 𝐹 (𝑆) is the smallest subfield of 𝐾 containing 𝐹 and 𝛼 .
Let 𝐾/𝐹 be a field extension. For any 𝛼 ∈ 𝐾 consider the map ev𝛼 : 𝐹 [𝑋 ] → 𝐾 defined by 𝑓 (𝑋 ) ↦→ 𝑓 (𝛼). Hence,

ev𝛼 is a ring homomorphism.

Observation 1.1. For any 𝛼 ∈ 𝐾 , Im(ev𝛼 ) is a subring of 𝐾 and ev𝛼 is 𝐹 -vector space homomorphism.

Now we can use this map ev𝛼 to give descriptions of the elements of 𝐹 [𝛼] and 𝐹 (𝛼).

Lemma 1.1.1

Let 𝐾 be a field extension of 𝐹 and let 𝑎 ∈ 𝐾 . Then

𝐹 [𝑎] = {𝑓 (𝑎) : 𝑓 (𝑥) ∈ 𝐹 [𝑥]} and 𝐹 (𝑎) =
{
𝑓 (𝑎)
𝑔(𝑎) : 𝑓 ,𝑔 ∈ 𝐹 [𝑥], 𝑔(𝑎) ≠ 0

}
.

Moreover, 𝐹 (𝑎) is the quotient field of 𝐹 [𝑎].

Proof: The evaluation map ev𝑎 is a ring homomorphism with image {𝑓 (𝑎) : 𝑓 ∈ 𝐹 [𝑥]}. So this set is a subring of 𝐾 .
Any subring of 𝐾 containing 𝐹 and 𝑎 must contain 𝑓 (𝑎), for all 𝑓 ∈ 𝐹 [𝑋 ]. Therefore, 𝐹 [𝑎] = {𝑓 (𝑎) : 𝑓 ∈ 𝐹 [𝑥]}. The
fraction field of 𝐹 [𝑎] is {𝑓 (𝑎)/𝑔(𝑎) : 𝑔(𝑎) ≠ 0}; it is contained in any subfield of 𝐾 containing 𝐹 [𝑎], hence equals 𝐹 (𝑎). ■
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We call this procedure adjoining 𝛼 to 𝐹 . Using similar arguments we can describe the ring 𝐹 [𝑎1, . . . ,𝑎𝑛] and the
field 𝐹 (𝑎1, . . . ,𝑎𝑛) where 𝐾/𝐹 is a field extension and 𝑎1, . . . ,𝑎𝑛 ∈ 𝐾 . So we have the following theorem.

Theorem 1.1.2

Let 𝐾 be a field extension of 𝐹 and let 𝑎1, . . . ,𝑎𝑛 ∈ 𝐾 . Then

𝐹 [𝑎1, . . . ,𝑎𝑛] = {𝑓 (𝑎1, . . . ,𝑎𝑛) : 𝑓 ∈ 𝐹 [𝑥1, . . . ,𝑥𝑛]},

𝐹 (𝑎1, . . . ,𝑎𝑛) =
{
𝑓 (𝑎1, . . . ,𝑎𝑛)
𝑔(𝑎1, . . . ,𝑎𝑛)

: 𝑓 ,𝑔 ∈ 𝐹 [𝑥1, . . . ,𝑥𝑛], 𝑔(𝑎1, . . . ,𝑎𝑛) ≠ 0
}

.

Moreover, 𝐹 (𝑎1, . . . ,𝑎𝑛) is the quotient field of 𝐹 [𝑎1, . . . ,𝑎𝑛].

Now we can also define fields generated by adjoining arbitrary number of elements. In this case we can give the
description of the new field in terms of all finite extensions of fields created by adjoining finitely many elements.

Theorem 1.1.3

Let 𝐾 be a field extension of 𝐹 and let 𝑆 ⊆ 𝐾 be any subset. If 𝛼 ∈ 𝐹 (𝑆), then 𝛼 ∈ 𝐹 (𝑎1, . . . ,𝑎𝑛) for some 𝑎1, . . . ,𝑎𝑛 ∈ 𝑆 .
Therefore,

𝐹 (𝑆) =
⋃
{𝐹 (𝑎1, . . . ,𝑎𝑛) : 𝑎1, . . . ,𝑎𝑛 ∈ 𝑆},

where the union is over all finite subsets of 𝑆 .

Proof: Let𝑈 := ∪ {𝐹 (𝑎1, . . . ,𝑎𝑛) : 𝑎1, . . . ,𝑎𝑛 ∈ 𝑆}. Each 𝐹 (𝑎1, . . . ,𝑎𝑛) contains 𝐹 and lies in 𝐹 (𝑆) where 𝑎1, . . . ,𝑎𝑛 ∈ 𝑆 . So
the union𝑈 satisfies𝑈 ⊆ 𝐹 (𝑆). The set𝑈 contains 𝐹 and 𝑆 . If 𝛼 ∈ 𝐹 (𝑎1, . . . ,𝑎𝑛) and 𝛽 ∈ 𝐹 (𝑏1, . . . ,𝑏𝑚), then 𝛼 ± 𝛽 , 𝛼𝛽 , 𝛼/𝛽
(if 𝛽 ≠ 0) are all in 𝐹 (𝑎1, . . . ,𝑎𝑛 ,𝑏1, . . . ,𝑏𝑚) ⊆ 𝑈 . Therefore, 𝑈 is a field. Being the smallest subfield containing 𝐹 and 𝑆 , it
equals 𝐹 (𝑆). ■

1.1.2 Algebraic Elements and Minimal Polynomials

Definition 1.1.2: Algebraic and Transcendental Elements

Let 𝐾 be a field extension of 𝐹 . An element 𝛼 ∈ 𝐾 is algebraic over 𝐹 if there is a nonzero polynomial 𝑓 (𝑋 ) ∈ 𝐹 [𝑋 ]
with 𝑓 (𝛼) = 0. If 𝛼 is not algebraic over 𝐹 , then 𝛼 is called transcendental over 𝐹 . If every element of 𝐾 is algebraic
over 𝐹 , then 𝐾 is said to be algebraic over 𝐹 , and 𝐾/𝐹 is called an algebraic extension.

Hermite (1873) proved that 𝑒 is transcendental over Q and Lindemann (1882) proved the same for 𝜋 . On the other
hand, 𝑛

√
𝑟 ∈ R is algebraic over Q for any 𝑟 ∈ Q (root of 𝑥𝑛 − 𝑟 ), as is 𝑖 =

√
−1 (root of 𝑥2 + 1).

Definition 1.1.3: Minimal Polynomial

If 𝛼 is algebraic over a field 𝐹 , the minimal polynomial of 𝛼 over 𝐹 is the monic polynomial 𝑝 (𝑋 ) of least degree in
𝐹 [𝑋 ] for which 𝑝 (𝛼) = 0; it is denoted min(𝐹 ,𝛼). Equivalently, min(𝐹 ,𝛼) is the monic generator of the kernel of the
evaluation homomorphism ev𝛼 .

The minimal polynomial depends on the base field. For instance, min(Q, 𝑖) = 𝑥2 + 1 while min(C, 𝑖) = 𝑥 − 𝑖 , since
𝑖 ∈ C is already in the base field.

The minimal polynomial of an element and the degree of a field extension are two of the most basic tools we shall
use. The following proposition gives a relation between these objects.
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Theorem 1.1.4

Let 𝐾/𝐹 be a field extension and let 𝛼 ∈ 𝐾 be algebraic over 𝐹 . If 𝑝 (𝑋 ) = min(𝐹 ,𝛼), then:

(i) 𝑝 (𝑋 ) is irreducible over 𝐹 .

(ii) If 𝑔(𝑋 ) ∈ 𝐹 [𝑋 ], then 𝑔(𝛼) = 0 if and only if 𝑝 (𝑋 ) | 𝑔(𝑋 ).

(iii) If 𝑛 = deg(min(𝐹 ,𝛼)), then the elements 1,𝛼 , . . . ,𝛼𝑛−1 form a basis for 𝐹 (𝛼) over 𝐹 . So [𝐹 (𝛼) : 𝐹 ] =

deg(min(𝐹 ,𝛼)) < ∞. Moreover, 𝐹 (𝛼) = 𝐹 [𝛼].

(iv) 𝐹 (𝛼) � 𝐹 [𝑋 ] / ⟨𝑝 (𝑋 )⟩.

Proof: The first isomorphism theorem gives 𝐹 [𝛼] � 𝐹 [𝑋 ] / ⟨𝑝 (𝑋 )⟩. Since 𝐹 [𝛼] ⊆ 𝐾 is an integral domain, ⟨𝑝 (𝑋 )⟩ is a
prime ideal. Now in an PID every nonzero prime is maximal, so 𝐹 [𝑋 ] / ⟨𝑝 (𝑋 )⟩ is a field and 𝐹 [𝛼] = 𝐹 (𝛼). This gives (i)
and (iv). Part (ii) follows from ker(ev𝛼 ) = ⟨𝑝 (𝑋 )⟩.

For (iii): any 𝑏 ∈ 𝐹 (𝛼) = 𝐹 [𝛼] satisfies 𝑏 = 𝑔(𝛼). Dividing gives 𝑔 = 𝑞𝑝 + 𝑟 with deg 𝑟 < 𝑛 and 𝑞, 𝑟 ∈ 𝐹 [𝑋 ].
So 𝑏 = 𝑟 (𝛼) lies in the span of {1,𝛼 , . . . ,𝛼𝑛−1}. Therefore, the set {1,𝛼 , . . . ,𝛼𝑛−1} spans 𝐹 (𝛼) as a vector space. If
𝑎0 + 𝑎1 · 𝛼 + · · · + 𝑎𝑛−1 · 𝛼𝑛−1 = 0 where 𝑎0, . . . ,𝑎𝑛−1 ∈ 𝐹 then the polynomial 𝑓 (𝑋 ) = ∑𝑛−1

𝑖=0 𝑎𝑖𝑋
𝑖 is in ker(ev𝛼 ). Hence,

either 𝑓 ≡ 0 or 𝑝 | 𝑓 by part (ii). But deg(𝑓 ) < 𝑛. So 𝑓 ≡ 0. Thus, 1,𝛼 , . . . ,𝛼𝑛−1 forms a basis of 𝐹 (𝛼) over 𝐹 . ■

The part (iii) of above theorem gives us a basis of 𝐹 (𝛼) over 𝐹 using only 𝛼 . So we get the following observation:

Observation 1.2. If 𝐾/𝐹 is a field extension and 𝛼 ∈ 𝐾 is algebraic over 𝐹 where 𝑝 = min(𝐹 ,𝛼) then [𝐹 (𝛼) : 𝐹 ] = deg(𝑝).

Notice that if 𝛼 , 𝛽 ∈ 𝐾 are both algebraic over 𝐹 and min(𝐹 ,𝛼) = min(𝐹 , 𝛽) = 𝑝 i.e., their minimal polynomials are
same then by the above theorem

𝐹 (𝛼) � 𝐹 [𝑋 ]
/
⟨𝑝⟩ � 𝐹 (𝛽)

Therefore we have the observation:

Observation 1.3. If 𝐾/𝐹 is a field extension and 𝛼 , 𝛽 ∈ 𝐾 are both algebraic over 𝐹 , and they have the same minimal
polynomials then 𝐹 (𝛼) � 𝐹 (𝛽) with the isomorphism 𝜑 : 𝛼 ↦→ 𝛽 .

1.1.3 Finite and Algebraic Extensions

Lemma 1.1.5

If [𝐾 : 𝐹 ] < ∞, then 𝐾 is algebraic and finitely generated over 𝐹 .

Proof: Let {𝛼1, . . . ,𝛼𝑛} be an 𝐹 -basis of 𝐾 . Then for any element 𝛼 ∈ 𝐾 , there exists 𝑎1, . . . ,𝑎𝑛 such that 𝛼 = 𝑎1 · 𝛼1 +
· · · + 𝑎𝑛 · 𝛼𝑛 . So certainly we have 𝐾 = 𝐹 (𝛼1, . . . ,𝛼𝑛) and hence 𝐾 is finitely generated over 𝐹 . Since [𝐾 : 𝐹 ] = 𝑛, for any
𝛼 ∈ 𝐾 , the 𝑛 + 1 elements 1,𝛼 , . . . ,𝛼𝑛 span only an 𝑛-dimensional space. So they are 𝐹 -linearly dependent. Thus, there
exists 𝛽0, . . . , 𝛽𝑛 ∈ 𝐹 such that

∑𝑛
𝑖=0 𝛽𝑖 · 𝛼𝑖 = 0. So we get a polynomial 𝑓 (𝑋 ) = ∑𝑛

𝑖=0 𝛽𝑖 ·𝑋 𝑖 and 𝑓 (𝛼) = 0. Therefore, 𝛼 is
algebraic over 𝐹 . ■

Let 𝐾/𝐹 be a finite extension and 𝐾 = 𝐹 (𝛼1, . . . ,𝛼𝑛). Then we can break up the extension 𝐾/𝐹 into collection of
subextensions. Let 𝐿𝑖 = 𝐹 (𝛼1, . . . ,𝛼𝑖 ). Set 𝐿0 = 𝐹 . Then basically 𝐿𝑖+1 = 𝐿𝑖 (𝛼𝑖+1). And we have

𝐹 = 𝐿0 ⊆ 𝐿1 ⊆ · · · ⊆ 𝐿𝑛−1 ⊆ 𝐿𝑛 = 𝐾

We will show a theorem which relates the degree of the extension 𝐾/𝐹 and each subextensions.
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Theorem 1.1.6

Let 𝐹 ⊆ 𝐿 ⊆ 𝐾 be fields. Then [𝐾 : 𝐹 ] = [𝐾 : 𝐿] · [𝐿 : 𝐹 ].

Proof: Let {𝑎𝑖 }𝑖∈𝐼 be an 𝐹 -basis of 𝐿 and {𝑏 𝑗 } 𝑗∈ 𝐽 an 𝐿-basis of 𝐾 . We show {𝑎𝑖 ·𝑏 𝑗 }𝐼× 𝐽 is an 𝐹 -basis of 𝐾 . For any 𝛾 ∈ 𝐾 ,
write 𝛾 =

∑
𝑗 𝛼 𝑗𝑏 𝑗 with 𝛼 𝑗 ∈ 𝐿. Now each 𝛼 𝑗 =

∑
𝑖 𝛽𝑖 𝑗𝑎𝑖 with 𝛽𝑖 𝑗 ∈ 𝐹 ; then 𝛾 =

∑
𝑖 ,𝑗 𝛽𝑖 𝑗𝑎𝑖𝑏 𝑗 . Therefore, the set {𝑎𝑖 · 𝑏 𝑗 }𝐼× 𝐽

spans 𝐾 over 𝐹 .
If

∑
𝑖 ,𝑗 𝛽𝑖 𝑗𝑎𝑖𝑏 𝑗 = 0 for some non-trivial linear combinations where 𝛽𝑖 ,𝑗 ∈ 𝐹 for all 𝑖 ∈ 𝐼 , 𝑗 ∈ 𝐽 . Now∑︁

𝑖 ,𝑗
𝛽𝑖 𝑗𝑎𝑖𝑏 𝑗 =

∑︁
𝑗

(∑︁
𝑖

𝛽𝑖 𝑗𝑎𝑖
)
𝑏 𝑗 = 0.

Since {𝑏 𝑗 } 𝑗∈ 𝐽 is a basis of 𝐾 over 𝐿, each
∑
𝑖 𝛽𝑖 𝑗𝑎𝑖 = 0. And by 𝐹 -independence of {𝑎𝑖 }, each 𝛽𝑖 𝑗 = 0. So {𝑎𝑖 · 𝑏 𝑗 }𝐼× 𝐽 form

an 𝐹 -basis of 𝐾 . Therefore,

[𝐾 : 𝐹 ] = |{𝑎𝑖 · 𝑏 𝑗 }𝐼× 𝐽 | = |{𝑎𝑖 : 𝑖 ∈ 𝐼 }| · |{𝑏 𝑗 : 𝑗 ∈ 𝐽 }| = [𝐾 : 𝐿] · [𝐿 : 𝐹 ]

So we have the theorem. ■

Lemma 1.1.7

Let 𝐾 = 𝐹 (𝑋 ) be the field of rational functions in 𝑋 over 𝐹 . If 𝑢 ∈ 𝐾 with 𝑢 ∉ 𝐹 let 𝑢 = 𝑓/𝑔 where 𝑓 ,𝑔 ∈ 𝐹 [𝑋 ] and
gcd(𝑓 ,𝑔) = 1. Let 𝐿 = 𝐹 (𝑢). Then

[𝐾 : 𝐿] = max{deg(𝑓 ), deg(𝑔)}

Proof: By Theorem 1.1.4 we need to find the minimal polynomial of 𝑋 over 𝐿 to determine [𝐾 : 𝐿]. Consider the
polynomial 𝑝 (𝑌 ) = 𝑢 ·𝑔(𝑌 ) − 𝑓 (𝑌 ) ∈ 𝐿[𝑌 ]. Then 𝑋 is a root of 𝑝 . Therefore, 𝑋 is algebraic over 𝐿 and so [𝐾 : 𝐿] < ∞ and
𝐾 = 𝐿(𝑋 ).

Notice that deg(𝑝) = max{deg(𝑓 ), deg(𝑔)}. Let 𝑓 =
∑𝑛
𝑖=0 𝑎𝑖𝑋

𝑖 and 𝑔 =
∑𝑚
𝑗=0 𝑏𝑖 · 𝑋 𝑖 . We will show that 𝑝

is irreducible over 𝐿. Now the element 𝑢 cannot be algebraic over 𝑘 otherwise by Theorem 1.1.6 we have [𝐾 : 𝐹 ] =

[𝐾 : 𝐿] · [𝐿 : 𝐹 ] < ∞, and we know 𝐹 (𝑋 ) is an infinite extension of 𝐹 . So𝑢 is transcendental over 𝐹 and hence 𝐹 [𝑢] � 𝐹 [𝑋 ].
Now observe that the polynomial 𝑝 ∈ 𝐹 [𝑌 ] [𝑢] ⊆ 𝐹 (𝑌 ) [𝑢] which is of degree 1. Hence, 𝑝 is irreducible over 𝑘 (𝑌 ). Now
𝑝 ∈ 𝑘 [𝑌 ] [𝑢] = 𝑘 [𝑢] [𝑌 ] and therefore 𝑝 is irreducible over 𝑘 (𝑢). Hence, 𝑝 is the minimal polynomial of 𝑋 over 𝐹 . So we
have the lemma. ■

Note:-
In the proof of Theorem 1.1.6 the proof does not assume that the field extensions needs to be finite.

We will now prove a converse theorem of Lemma 1.1.5.

Theorem 1.1.8

Let 𝐾/𝐹 be a field extension. If 𝛼1, . . . ,𝛼𝑛 ∈ 𝐾 are algebraic over 𝐹 , then

[𝐹 (𝛼1, . . . ,𝛼𝑛) : 𝐹 ] ≤
𝑛∏
𝑖=1
[𝐹 (𝛼𝑖 ) : 𝐹 ].

Proof: We will prove this by induction on 𝑛. The base case, 𝑛 = 1 follows from the Theorem 1.1.6. So suppose this
is true for 𝑛 − 1. Take 𝐿 = 𝐹 (𝛼1, . . . ,𝛼𝑛−1). Then by induction hypothesis [𝐿 : 𝐹 ] ≤ ∏𝑛−1

𝑖=1 [𝐹 (𝛼𝑖 ) : 𝐹 ]. Since 𝛼𝑛 is
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algebraic over 𝐹 and hence over 𝐿, with min(𝐿,𝛼𝑛) | min(𝐹 ,𝛼𝑛) in 𝐿[𝑋 ], we have [𝐿(𝛼𝑛) : 𝐿] ≤ [𝐹 (𝛼𝑛) : 𝐹 ]. Therefore,
[𝐹 (𝛼1, . . . ,𝛼𝑛) : 𝐿] ≤ [𝐹 (𝛼𝑛) : 𝐹 ]. So by Theorem 1.1.6 we have

[𝐹 (𝛼1, . . . ,𝛼𝑛) : 𝐹 ] = [𝐿(𝛼𝑛) : 𝐿] · [𝐿 : 𝐹 ] ≤ [𝐹 (𝛼𝑛) : 𝐹 ] ·
𝑛−1∏
𝑖=1
[𝐹 (𝛼𝑖 ) : 𝐹 ].

So we have the theorem. ■

The inequality above can be strict in some cases. For example let 𝑎 =
4√2 and 𝑏 =

4√18. Then both [Q(𝑎) : Q] =
[Q(𝑏) : Q] = 4 as 𝑋 4 − 2 and 𝑋 4 − 18 are both irreducible polynomials over Q. But [Q( 4√2,

√
3) : Q] = 8 and 4√18 ∈

Q( 4√2,
√

3). Hence, in this the inequality doesn’t follow.
So from Theorem 1.1.8 we have the following criterion for an element being algebraic over a field.

Corollary 1.1.9

Let 𝐾/𝐹 be a field extension and 𝛼 ∈ 𝐾 . Then 𝛼 is algebraic over 𝐹 if and only if [𝐹 (𝛼) : 𝐹 ] < ∞. Moreover, 𝐾 is
algebraic over 𝐹 if [𝐾 : 𝐹 ] < ∞.

Now we can extend Theorem 1.1.8 to the case of fields generated by arbitrary number of elements or extending
field.

Theorem 1.1.10

Let 𝐾 be a field extension of 𝐹 and 𝑆 ⊆ 𝐾 such that each element of 𝑆 is algebraic over 𝐹 . Then 𝐹 (𝑆)/𝐹 is algebraic. If
|𝑆 | < ∞, then [𝐹 (𝑆) : 𝐹 ] < ∞.

Proof: For any𝛼 ∈ 𝐹 (𝑆). Theorem 1.1.3 gives𝛼 ∈ 𝐹 (𝑎1, . . . ,𝑎𝑚) for some𝑎1, . . . ,𝑎𝑚 ∈ 𝑆 . By Theorem 1.1.8, 𝐹 (𝑎1, . . . ,𝑎𝑚)
is algebraic over 𝐹 . So 𝛼 is algebraic over 𝐹 by Theorem 1.1.5. Since 𝛼 is any arbitrary element of 𝐹 (𝑆), 𝐹 (𝑆) is algebraic
over 𝐹 . If 𝑆 is finite, then [𝐹 (𝑆) : 𝐹 ] < ∞ by Theorem 1.1.8. ■

We will now show that the property of being algebraic is a transitive property. In the finite extensions case this
property easily follows from Theorem 1.1.6 and Corollary 1.1.9. We will show this for general extensions below.

Theorem 1.1.11 Transitivity of Algebraic Extensions

Let 𝐹 ⊆ 𝐿 ⊆ 𝐾 be fields. If 𝐿/𝐹 and 𝐾/𝐿 are algebraic, then 𝐾/𝐹 is algebraic.

Proof: Let 𝛼 ∈ 𝐾 . Since 𝐾/𝐿 is algebraic, let 𝑓 (𝑋 ) = ∑𝑑
𝑖=0 𝑎𝑖𝑋

𝑖 where each 𝑎𝑖 ∈ 𝐿 is the minimal polynomial of 𝛼
over 𝐿. Since 𝐿/𝐹 is algebraic and 𝑓 ∈ 𝐿[𝑋 ], each 𝑎𝑖 is algebraic over 𝐹 . Consider the field 𝐿′ = 𝐹 (𝑎0, . . . ,𝑎𝑑 ). So by
Theorem 1.1.8 the extension 𝐿′/𝐹 is finite i.e., [𝐿′ : 𝐹 ] < ∞. Since 𝑓 ∈ 𝐿′ [𝑋 ] and 𝑝 (𝛼) = 0, the element 𝛼 is algebraic over
𝐿′ and [𝐿′ (𝛼) : 𝐿′] < ∞. By the tower law,

[𝐿′ (𝛼) : 𝐹 ] = [𝐿′ (𝛼) : 𝐿′] · [𝐿′ : 𝐹 ] < ∞,

Since 𝐹 (𝛼) ⊆ 𝐿′ (𝛼), 𝛼 is algebraic over 𝐹 . Since 𝛼 is any arbitrary element of 𝐾 , 𝐾/𝐹 is algebraic. ■
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Definition 1.1.4: Algebraic Closure in 𝐾

Let 𝐾 be a field extension of 𝐹 . The set

{ 𝑎 ∈ 𝐾 : 𝑎 is algebraic over 𝐹 }

is called the algebraic closure of 𝐹 in 𝐾 .

Corollary 1.1.12

Let 𝐾 be a field extension of 𝐹 and let 𝐿 be the algebraic closure of 𝐹 in 𝐾 . Then 𝐿 is a field, and therefore is the largest
algebraic extension of 𝐹 contained in 𝐾 .

Proof: Let𝑎,𝑏 ∈ 𝐿. Then both are algebraic over 𝐹 by Theorem 1.1.8 and hence 𝐹 (𝑎,𝑏) is algebraic over 𝐹 and 𝐹 (𝑎,𝑏) ⊆ 𝐿.
Since 𝑎 ±𝑏,𝑎 ·𝑏, 𝑎/𝑏 (if 𝑏 ≠ 0) all are in 𝐹 (𝑎,𝑏) ⊆ 𝐿, 𝐿 is closed under the field operation. So 𝐿 is a subfield of 𝐾 . Since each
element of 𝐾 which is algebraic over 𝐹 is contained in 𝐿, 𝐿 is the largest algebraic extension of 𝐹 contained in 𝐾 . ■

1.1.4 Splitting Field

Definition 1.1.5: Splits over 𝐾

If 𝐾 is an extension field of 𝐹 and if 𝑓 (𝑋 ) ∈ 𝐹 [𝑋 ], then 𝑓 splits over 𝐾 if 𝑓 (𝑋 ) = 𝑎
∏
𝑖 (𝑋 − 𝛼𝑖 ) ∈ 𝐾 [𝑋 ] for some

𝛼1, . . . ,𝛼𝑛 ∈ 𝐾 and 𝑎 ∈ 𝐹 . In other words, 𝑓 splits over 𝐾 if 𝑓 factors completely into linear factors in 𝐾 [𝑋 ].

In order to talk about roots of a given polynomial, we need to have extension fields that contain the roots of the
polynomial. The next theorem shows that for any 𝑓 ∈ 𝐹 [𝑋 ], there is a finite extension of 𝐹 over which 𝑓 splits.

Theorem 1.1.13

Let 𝑓 (𝑥) ∈ 𝐹 [𝑥] have degree 𝑛. There is an extension field 𝐾 of 𝐹 with [𝐾 : 𝐹 ] ≤ 𝑛 such that 𝐾 contains a root of 𝑓 . In
addition, there is a field 𝐿 containing 𝐹 with [𝐿 : 𝐹 ] ≤ 𝑛! such that 𝑓 splits over 𝐿.

Proof: Let 𝑝 (𝑋 ) is an irreducible factor of 𝑓 (𝑋 ) in 𝐹 [𝑋 ] and let 𝐾 = 𝐹 [𝑋 ] / ⟨𝑝 (𝑋 )⟩. Thus, 𝐾 contains a root of 𝑝 (𝑋 )
say 𝛼 . Therefore, 𝛼 is also a root of 𝑓 (𝑋 ). Since [𝐾 : 𝐹 ] = deg(𝑝) ≤ 𝑛 we have the first part.

For the second part we will use induction on 𝑛. From the first part now we have a field 𝐾 ⊇ 𝐹 such that 𝐾 contains
a root 𝛼 of 𝑓 . So 𝑓 factors into 𝑓 (𝑋 ) = (𝑋 − 𝛼)𝑔(𝑋 ) in 𝐾 [𝑋 ] where 𝑔(𝑋 ) ∈ 𝐾 [𝑋 ]. Now deg(𝑔) = 𝑛 − 1. So by induction
hypothesis there exists a finite extension 𝐿 of 𝐾 such that [𝐿 : 𝐾] ≤ (𝑛 − 1)! and 𝑔 splits over 𝐿. That means 𝑓 splits over
𝐿 and [𝐿 : 𝐹 ] = [𝐿 : 𝐾] · [𝐾 : 𝐹 ] ≤ 𝑛!. So we have the theorem. ■

Definition 1.1.6: Splitting Field

Let 𝐾 be an extension of 𝐹 and let 𝑓 ∈ 𝐹 [𝑋 ].

(i) 𝐾 is called the splitting field of 𝑓 over 𝐹 if and only if 𝑓 splits over 𝐾 and 𝐾 = 𝐹 (𝛼1, . . . ,𝛼𝑛) where 𝛼1, . . . ,𝛼𝑛
are exactly the roots of 𝑓 .

(ii) If 𝑆 is a set of non-constant polynomials over 𝐹 then 𝐾 is the splitting field of 𝑆 over 𝐹 if and only if each 𝑓 ∈ 𝑆
splits over 𝐾 and 𝐾 = 𝐹 (𝑆𝑅) where 𝑆𝑅 is the set of all roots of all 𝑓 ∈ 𝑆 .
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So Theorem 1.1.13 yields immediately the existence of splitting fields for a finite set of polynomials. We have proved
the existence of splitting fields for finite sets of polynomials. What about infinite sets? Suppose that 𝐾 is a splitting field
over 𝐹 of the set of all non-constant polynomials over 𝐹 . We do not know yet that such a field exists or not.

Lemma 1.1.14

If 𝐾 is a field, then the following statements are equivalent:

(i) There are no algebraic extensions of 𝐾 other than 𝐾 itself.

(ii) There are no finite extensions of 𝐾 other than 𝐾 itself.

(iii) If 𝐿 is a field extension of 𝐾 , then 𝐾 = {𝑎 ∈ 𝐿 : 𝑎 is algebraic over 𝐾}.

(iv) Every 𝑓 (𝑥) ∈ 𝐾 [𝑥] splits over 𝐾 .

(v) Every 𝑓 (𝑥) ∈ 𝐾 [𝑥] has a root in 𝐾 .

(vi) Every irreducible polynomial over 𝐾 has degree 1.

Proof: We will show the implications in a circular order, (i) =⇒ (ii) =⇒ (iii) =⇒ (iv) =⇒ (v) =⇒ (vi) =⇒ (i).

(i) =⇒ (ii): This is clear since any finite extension is algebraic.

(ii) =⇒ (iii): Let 𝑎 ∈ 𝐿 be algebraic over 𝐾 . Then 𝐾 (𝑎) is a finite extension of 𝐾 . But there are no finite extensions of 𝐾
other than itself. So 𝐾 (𝑎) = 𝐾 . Thus, 𝑎 ∈ 𝐾 .

(iii) =⇒ (iv): Let 𝑓 ∈ 𝐾 [𝑋 ] and 𝐿 be the splitting field of 𝑓 over 𝐾 . Since 𝐿 is algebraic over 𝐾 we have 𝐿 = 𝐾 i.e., 𝑓
splits over 𝐾 .

(iv) =⇒ (v): This is obviously true.

(v) =⇒ (vi): Let 𝑓 ∈ 𝐾 [𝑋 ] be irreducible. Therefore, 𝑓 has a root in 𝐾 , so 𝑓 has a linear factor. But 𝑓 is irreducible.
Hence, deg(𝑓 ) = 1.

(vi) =⇒ (i): Let 𝐿 be an algebraic extension of 𝐾 . Let 𝑎 ∈ 𝐿 and 𝑝 = min(𝐾 ,𝑎). Then deg(𝑝) = 1. So [𝐾 (𝑎) : 𝐾] = 1 and
hence 𝑎 ∈ 𝐾 . So 𝐿 = 𝐾 . ■

Definition 1.1.7: Algebraically Closed Field

If any field 𝐾 satisfies the equivalent conditions of Lemma 1.1.14 then 𝐾 is said to be algebraically closed. If 𝐾 is an
algebraic extension of 𝐹 then 𝐾 is said to be algebraic closure of 𝐹 .

We haven’t shown the existence of such a theorem or even that every field has an algebraic closure. Consider the
field C. This field is algebraically closed. But we will not prove if every field has an algebraic closure. We will just state
the theorem and move on.

Theorem 1.1.15

Let 𝐹 be a field. Then 𝐹 has an algebraic closure.
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The existence of an algebraic closure yields immediately the existence of a splitting field for an arbitrary set of
non-constant polynomials.

Corollary 1.1.16

Let 𝐹 be a field and 𝑆 be a set of non-constant polynomials over 𝐹 . Then 𝑆 has a splitting field over 𝐹 .

Proof: Let 𝐾 be an algebraic closure of 𝐹 . Then each 𝑓 (𝑥) ∈ 𝑆 splits over 𝐾 . Let 𝑋 be the set of roots of all 𝑓 ∈ 𝑆 . Then
𝐹 (𝑋 ) ⊆ 𝐾 is a splitting field for 𝑆 over 𝐹 , since each 𝑓 splits over 𝐹 (𝑋 ) and this field is generated by the roots of all the
polynomials from 𝑆 . ■

So using the corollary we can immediately relate algebraic closure with splitting fields.

Corollary 1.1.17

If 𝐹 is a field then the splitting field of the set of all non-constant polynomials over 𝐹 is an algebraic closure of 𝐹 .

But now comes another question. Can one field have multiple algebraic closures of same field? Or even can we
have more than one splitting fields for same set of polynomials over a field? The answer is splitting fields are unique,
and hence algebraic closures are also unique. Below we share the theorem which proves the above. We will not prove it
because its beyond our scope of study. But for further reading and understanding the reader can look [Mor96].

Theorem 1.1.18 Isomorphism Extension Theorem, [Mor96, Chapter 1]

Let 𝜎 : 𝐹 → 𝐹 ′ be a field isomorphism. Let 𝑆 = {𝑓𝑖 (𝑥)} be a set of polynomials over 𝐹 , and let 𝑆 ′ = {𝜎 (𝑓𝑖 )} be the
corresponding set over 𝐹 ′. Let 𝐾 be a splitting field for 𝑆 over 𝐹 , and let 𝐾 ′ be a splitting field for 𝑆 ′ over 𝐹 ′. Then there
is an isomorphism 𝜏 : 𝐾 → 𝐾 ′ with 𝜏 |𝐹 = 𝜎 . Furthermore, if 𝛼 ∈ 𝐾 and 𝛼 ′ is any root of 𝜎 (min(𝐹 ,𝛼)) in 𝐾 ′, then 𝜏
can be chosen so that 𝜏 (𝛼) = 𝛼 ′.

The isomorphism extension theorem immediately settles the question of uniqueness of splitting fields and algebraic
closures: any two splitting fields of the same set of polynomials over 𝐹 must be isomorphic, since the identity on 𝐹 extends
to an isomorphism between them. As a special case, algebraic closures are unique up to 𝐹 -isomorphism.

Corollary 1.1.19

Let 𝐹 be a field, and let 𝑆 be a subset of 𝐹 [𝑥]. Any two splitting fields of 𝑆 over 𝐹 are 𝐹 -isomorphic. In particular, any
two algebraic closures of 𝐹 are 𝐹 -isomorphic.

Proof: For the proof of the first statement, the isomorphism extension theorem gives an isomorphism extending id on
𝐹 between any two splitting fields of 𝑆 . The second statement follows from the first, since any algebraic closure of 𝐹 is a
splitting field of the set of all non-constant polynomials in 𝐹 [𝑥]. ■

As a corollary to the existence and uniqueness of algebraic closures, we can prove that any algebraic extension of
a field 𝐹 can be viewed as living inside a fixed algebraic closure of 𝐹 .

Corollary 1.1.20

Let 𝐹 be a field, and let 𝑁 be an algebraic closure of 𝐹 . If 𝐾 is an algebraic extension of 𝐹 , then 𝐾 is isomorphic to a
subfield of 𝑁 .
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Proof: Let 𝑀 be an algebraic closure of 𝐾 . By Theorem 1.1.11, 𝑀 is algebraic over 𝐹 ; hence, 𝑀 is also an algebraic
closure of 𝐹 . Therefore, by the previous corollary, 𝑀 � 𝑁 . If 𝑓 : 𝑀 → 𝑁 is an 𝐹 -isomorphism, then 𝑓 (𝐾) is a subfield of
𝑁 isomorphic to 𝐾 . ■

§ 1.2 Some Properties of Finite Fields

In this section we describe fields of finite order. The characteristic of a finite field cannot be zero so it is a prime number.
Therefore, if 𝐾 is a finite field and char(𝐾) = 𝑝 then F𝑝 ⊆ 𝐾 . Since 𝐾 is finite it will be a finite dimensional vector space
over F𝑝 . So 𝐾 is isomorphic to F𝑟𝑝 where 𝑟 = [𝐾 : F𝑝 ] as a F𝑝 -vector space which contains 𝑝𝑟 elements. So order of a
finite field is always a prime power. We write F𝑞 := 𝐾 where 𝑞 = 𝑝𝑟 . Below we list the main facts of finite fields without
proof. If the reader is interested he can look into the books [Art11, LN96].

Theorem 1.2.1 Properties of Finite Field

Let 𝑝 be a prime integer, and let 𝑞 = 𝑝𝑟 be a positive power of 𝑝 .

(i) Let 𝐾 be a field of order 𝑞. The elements of 𝐾 are roots of the polynomial 𝑋𝑞 −𝑋 .

(ii) The irreducible factors of the polynomial 𝑋𝑞 − 𝑋 over the field F𝑝 are the irreducible polynomials in F𝑝 [𝑋 ]
whose degrees divide 𝑟 .

(iii) Let 𝐾 be a field of order 𝑞. The multiplicative group 𝐾∗ of nonzero elements of 𝐾 is a cyclic group of order 𝑞 − 1.

(iv) There exists a field of order 𝑞, and all fields of order 𝑞 are isomorphic.

(v) A field of order 𝑝𝑟 contains a subfield of order 𝑝𝑘 if and only if 𝑘 divides 𝑟 .

Observation 1.4. Since for every 𝑟 ∈ N there exists an element 𝛼 ∈ F𝑞𝑟 such that F∗𝑞𝑟 is generated by 𝛼 then F𝑞𝑟 = F𝑞 (𝛼).
Hence, every finite extensions of finite fields are simple extensions.

Since finite fields are finite extensions of the base prime field F𝑝 we can obtain irreducible polynomials for every
positive integer degree.

Corollary 1.2.2

For every 𝑑 ∈ N there exists an irreducible polynomial of degree 𝑑 over the finite field F𝑝 .

Proof: By part (iv) of the above theorem there is a field 𝐾 of order 𝑝𝑑 . Its degree [𝐾 : F𝑝 ] = 𝑑 . By part (iii) there is an
element 𝛼 ∈ 𝐾 such that 𝛼 generates the cyclic group 𝐾∗. So 𝐾 = F𝑝 (𝛼). Therefore, 𝛼 is a root of a 𝑑-degree irreducible
polynomial over F𝑝 . ■

Definition 1.2.1: Primitive Element

Let 𝐾 be finite field over F𝑝 . Then 𝐾 has an element 𝛼 which generates 𝐾/𝐹 i.e., 𝐾 = F𝑝 (𝛼). Then 𝛼 is called the
primitive element of 𝐾 .

Let 𝑓 be an irreducible polynomial over the finite field F𝑞 and let 𝛼 be a root of 𝑓 in the splitting field of 𝑓 over F𝑞 .
Therefore, 𝑓 = min(F𝑞 ,𝛼). Now suppose ℎ ∈ F𝑞 [𝑋 ] such that ℎ(𝛼) = 0. So by Theorem 1.1.4, 𝑓 | ℎ. Like Theorem 1.2.1(ii)
we will show that we can similar result for any general finite field.



§1.2 Some Properties of Finite Fields Page 22

Lemma 1.2.3

Let 𝑓 ∈ F𝑞 [𝑋 ] be an irreducible polynomial of degree 𝑑 . Then 𝑓 (𝑋 ) divides 𝑋𝑞
𝑛 −𝑋 if and only if 𝑑 | 𝑛.

Proof: Suppose 𝑓 | 𝑋𝑞𝑛 −𝑋 . Let 𝛼 be a root of 𝑓 in the splitting field. Then 𝛼𝑞𝑛 = 𝛼 and so 𝛼 ∈ F𝑞𝑛 . Now F𝑞 ⊆ F𝑞 (𝛼) ⊆
F𝑞𝑛 . Since [F𝑞 (𝛼) : F𝑞] = 𝑑 and [F𝑞𝑛 : F𝑞] = 𝑛. So by Theorem 1.1.6, 𝑑 | 𝑛.

Let 𝑑 | 𝑛. Then F𝑞𝑑 ⊆ F𝑞𝑛 . If 𝛼 is a root of 𝑓 in the splitting field of 𝑓 over F𝑞 then F𝑞 (𝛼) = F𝑞𝑑 ⊆ F𝑞𝑛 . Therefore,
𝛼 is a root of 𝑋𝑞𝑛 −𝑋 . Since 𝑓 is the minimal polynomial of 𝛼 and 𝑋𝑞𝑛 −𝑋 ∈ F𝑞 , 𝑓 | 𝑋𝑞𝑛 −𝑋 . ■

Theorem 1.2.4

If 𝑓 is an irreducible polynomial of F𝑞 [𝑋 ] of degree 𝑑 then 𝑓 has a root 𝛼 ∈ F𝑞𝑑 . Furthermore, all roots of 𝑓 are given
by 𝑑 distinct elements 𝛼 ,𝛼𝑞 ,𝛼𝑞2 , . . . ,𝛼𝑞𝑑−1

of F𝑞𝑑 .

Proof: Let 𝑓 (𝑋 ) = ∑𝑑
𝑖=0 𝑎𝑖𝑋

𝑖 . Then

𝑓

(
𝛼𝑞

𝑗
)
=

𝑑∑︁
𝑖=0

𝑎𝑖 ·
(
𝛼𝑞

𝑗
)𝑖

=

𝑑∑︁
𝑖=0

𝑎
𝑞 𝑗

𝑖
·
(
𝛼𝑖

)𝑞 𝑗
=

(
𝑑∑︁
𝑖=0

𝑎𝑖 · 𝛼𝑖
)𝑞 𝑗

= 𝑓 𝑞
𝑗 (𝛼) = 0

Since 𝛼𝑞𝑑 = 𝛼 the roots of 𝑓 are 𝛼 ,𝛼𝑞 , . . . ,𝛼𝑞𝑑−1 . ■

This leads us to look at roots and field automorphisms in a new way. Let 𝐹 , 𝐹 ′ be two fields and 𝜑 : 𝐹 → 𝐹 ′ a
homomorphism. Then there is an induced homomorphism 𝜑 : 𝐹 [𝑋 ] → 𝐹 ′ [𝑋 ] given by

𝜑

(
𝑛∑︁
𝑖=0

𝑎𝑖 ·𝑋 𝑖
)
=

𝑛∑︁
𝑖=0

𝜑 (𝑎𝑖 ) ·𝑋 𝑖

So if 𝑓 =
∑𝑛
𝑖=0 𝑎𝑖𝑋

𝑖 factors into 𝑎(𝑋 − 𝛼1) · · · (𝑋 − 𝛼𝑛) then 𝜑 (𝑓 ) = 𝜑 (𝑎) (𝑋 − 𝜑 (𝛼1)) · · · (𝑋 − 𝜑 (𝛼𝑛)). The Frobenius map,
𝜎 : 𝛼 ↦→ 𝛼𝑞 for any element of the extended field F𝑞𝑑 over F𝑞 is a F𝑞-automorphism meaning that automorphism fixes
the elements of F𝑞 . The above theorem tells us if 𝛼 is a root of 𝑓 which is an irreducible polynomial over F𝑞 then 𝜎 (𝛼) is
also a root.

Now by the above theorem if 𝑓 is irreducible over F𝑞 of degree𝑑 then F𝑞𝑑 contains a root𝛼 of 𝑓 . Then𝛼 ,𝛼𝑞 , . . . ,𝛼𝑞𝑑−1

all are in F𝑞𝑑 . Therefore, 𝑓 splits in F𝑞𝑑 . Since 𝑓 is the minimal polynomial of 𝛼 , F𝑞𝑑 = F𝑞 [𝑋 ] / ⟨𝑓 ⟩. So F𝑞𝑑 is the splitting
field of 𝑓 . Since all finite fields of size 𝑞𝑑 are isomorphic for any other degree 𝑑 irreducible polynomial 𝑔 ∈ F𝑞 [𝑋 ], if 𝛽 is
a root of 𝑔 then

F𝑞 (𝛼) � F𝑞 [𝑋 ]
/
⟨𝑓 ⟩ � F𝑞𝑑 �

F𝑞 [𝑋 ]
/
⟨𝑔⟩ � F𝑞 (𝛽)

So the splitting fields of 𝑓 and 𝑔 are isomorphic. So we have the following corollary.

Corollary 1.2.5

Let 𝑓 is an irreducible polynomial of F𝑞 [𝑋 ] of degree 𝑑 . Then the splitting field of 𝑓 over F𝑞 is given by F𝑞𝑑 . Moreover,
any two irreducible polynomials 𝑓 ,𝑔 ∈ F𝑞 [𝑋 ] of same degree has isomorphic splitting fields.

Now we have heard the term conjugate of an element in complex numbers. The notion of conjugates is more
general than just in complex numbers.

Definition 1.2.2

Let F𝑞𝑑 be an extension of F𝑞 and 𝛼 ∈ F𝑞𝑑 . Then the elements 𝛼 ,𝛼𝑞 , . . . ,𝛼𝑞𝑑−1
are called the conjugates of 𝛼 .
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The conjugates of 𝛼 ∈ F𝑞𝑚 with respect to F𝑞 are distinct if and only if the minimal polynomial of 𝛼 over F𝑞 has
degree𝑚. Otherwise, the degree 𝑑 of this minimal polynomial is a proper divisor of𝑚, and then the conjugates of 𝛼 with
respect to F𝑞 are the distinct elements 𝛼 ,𝛼𝑞 , . . . ,𝛼𝑞𝑑−1 , each repeated 𝑚/𝑑 times.

Lemma 1.2.6

For any 𝛼 ∈ F∗𝑞 the conjugates with respect to any subfield of F𝑞 have the same order in the group F∗𝑞 .

Proof: Let F𝑞′ be a subfield of F𝑞 where 𝑞′𝑟 = 𝑞. Since F∗𝑞 is a cyclic group of order 𝑞 − 1 and gcd(𝑞′𝑖 ,𝑞 − 1) = 1 for all
0 ≤ 𝑖 ≤ 𝑟 − 1. Therefore, the order of the conjugates of 𝛼 has the same order as 𝛼 in the group F∗𝑞 . ■

§ 1.3 Trace and Norm

Let 𝑉 be an 𝑛-dimensional vector space over 𝐾 where 𝐾 is a field. Let 𝜑 : 𝑉 → 𝑉 be any linear operator. For any basis of
𝑉 we can generate the matrix of 𝜑 with respect to that basis. This is called the matrix representation of 𝜑 and denoted by
[𝜑].

We now turn to field extensions. For a finite extension of field 𝐿/𝐾 we associate each element 𝛼 of 𝐿 the 𝐾-linear
transformation𝑚𝛼 : 𝐿 → 𝐿 where𝑚𝛼 (𝑥) = 𝛼 · 𝑥 for any 𝑥 ∈ 𝐿. Now𝑚𝛼 is indeed a linear transformation from 𝐿 to 𝐿 as

𝑚𝛼 (𝑥 +𝑦) = 𝛼 (𝑥 +𝑦) = 𝛼 · 𝑥 + 𝛼 ·𝑦 =𝑚𝛼 (𝑥) +𝑚𝛼 (𝑦) 𝑚𝛼 (𝑐 · 𝑥) = 𝛼 (𝑐 · 𝑥) = 𝑐 (𝛼 · 𝑥) = 𝑐 ·𝑚𝛼 (𝑥)

for all 𝑥 ,𝑦 ∈ 𝐿 and 𝑐 ∈ 𝐾 . Now by choosing a 𝐾-basis of 𝐿 we can create a matrix representation for𝑚𝛼 which is denoted
by [𝑚𝛼 ]. So for any 𝑐 ∈ 𝐾 the matrix [𝑚𝑐 ] is 𝑐𝐼𝑘 where [𝐿 : 𝐾] = 𝑛.

Definition 1.3.1: Trace and Norm of 𝛼

For any 𝛼 ∈ 𝐿 where 𝐿/𝐾 be a finite extension the trace and norm of 𝛼 from 𝐿 to 𝐾 are the trace and determinant of
a matrix representation of the 𝐾-linear map𝑚𝛼 and denoted as

Tr𝐿/𝐾 (𝛼) = Tr( [𝑚𝛼 ]) ∈ 𝐾 , N𝐿/𝐾 (𝛼) = det( [𝑚𝛼 ])

For any finite field F𝑞 if F𝑝 is the base prime field of F𝑞 then for any 𝛼 ∈ F𝑞 we denote the trace and norm of 𝛼
from F𝑞 to F𝑝 by TrF𝑞 (𝛼) and NF𝑞 (𝛼), and we call it the absolute trace and absolute norm of 𝛼 respectively.

Observation 1.5. For any 𝛼 ∈ 𝐾 , where [𝐿 : 𝐾] = 𝑛, Tr𝐿/𝐾 (𝛼) = 𝑛 · 𝛼 and N𝐿/𝐾 (𝛼) = 𝛼𝑛 . In particular Tr𝐿/𝐾 (1) = [𝐿 : 𝐾]
and N𝐿/𝐾 (1) = 1.

Note:-
There is an alternate definition of trace and norm in terms of sum and product of field embeddings of 𝐿 into an algebraic
closure of 𝐾 . But those definitions is hard to work with and also beyond our scope. So interested readers can look into
[Lan02, Chapter 1]

Lemma 1.3.1

Let 𝛼 , 𝛽 ∈ 𝐿.

(i) If 𝛼 ≠ 𝛽 then𝑚𝛼 ≠𝑚𝛽 .

(ii) As functions from 𝐿 → 𝐿

𝑚𝛼+𝛽 =𝑚𝛼 +𝑚𝛽 and 𝑚𝛼𝛽 =𝑚𝛼 ◦𝑚𝛽

and𝑚1 is the identity map 𝐿 → 𝐿.
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Proof: Since 𝑚𝛼 (1) = 𝛼 we can recover the element 𝛼 uniquely from the mapping 𝑚𝛼 . Therefore, the map, 𝜑 : 𝐿 →
{𝑚𝛼 : 𝛼 ∈ 𝐿} where 𝜑 (𝛼) =𝑚𝛼 is a bijection. And hence if 𝛼 , 𝛽 ∈ 𝐿 and 𝛼 ≠ 𝛽 then𝑚𝛼 ≠𝑚𝛽 .

Now for any 𝑥 ∈ 𝐿 we have

𝑚𝛼+𝛽 (𝑥) = (𝛼 + 𝛽)𝑥 = 𝛼 · 𝑥 + 𝛽 · 𝑥 =𝑚𝛼 (𝑥) +𝑚𝛽 (𝑥)

and
𝑚𝛼 ◦𝑚𝛽 (𝑥) =𝑚𝛼 (𝛽 · 𝑥) = (𝛼𝛽)𝑥 =𝑚𝛼𝛽 (𝑥)

Since 𝑥 is an arbitrary element of 𝐿 we have𝑚𝛼+𝛽 =𝑚𝛼 +𝑚𝛽 and𝑚𝛼𝛽 =𝑚𝛼 ◦𝑚𝛽 . Easily𝑚1 is the identity mapping since
1 · 𝛼 = 𝛼 and therefore𝑚1 ◦𝑚𝛼 =𝑚𝛼 . ■

Theorem 1.3.2

The trace Tr𝐿/𝐾 : 𝐿 → 𝐾 is a 𝐾-linear and the norm N𝐿/𝐾 : 𝐿 → 𝐾 is multiplicative. Moreover, N𝐿/𝐾 (𝐿∗) ⊆ 𝐾∗.

Proof: By Lemma 1.3.1 for any 𝛼 , 𝛽 ∈ 𝐿 we have𝑚𝛼+𝛽 =𝑚𝛼 +𝑚𝛽 and𝑚𝛼𝛽 =𝑚𝛼 ◦𝑚𝛽 . Therefore, if we look into the
matrix representation of𝑚𝛼 and𝑚𝛽 then we get

[𝑚𝛼+𝛽 ] = [𝑚𝛼 ] + [𝑚𝛽 ], [𝑚𝛼𝛽 ] = [𝑚𝛼 ◦𝑚𝛽 ] = [𝑚𝛼 ] · [𝑚𝛽 ]

So
Tr𝐿/𝐾 (𝛼 + 𝛽) = Tr( [𝑚𝛼+𝛽 ]) = Tr( [𝑚𝛼 ]) + Tr( [𝑚𝛽 ]) = Tr𝐿/𝐾 (𝛼) + Tr𝐿/𝐾 (𝛽)

and
N𝐿/𝐾 (𝛼𝛽) = det( [𝑚𝛼𝛽 ]) = det( [𝑚𝛼 ]) · det( [𝑚𝛽 ]) = N𝐿/𝐾 (𝛼) ·N𝐿/𝐾 (𝛽)

So Tr𝐿/𝐾 is additive and N𝐿/𝐾 is multiplicative.
Now to show Tr𝐿/𝐾 is 𝐾-linear we need to show for any 𝑐 ∈ 𝐾 and 𝛼 ∈ 𝐿 we have Tr𝐿/𝐾 (𝑐 · 𝛼) = 𝑐 · Tr𝐿/𝐾 (𝛼) which

is true since
Tr𝐿/𝐾 (𝑐 · 𝛼) = Tr( [𝑚𝑐𝛼 ]) = Tr(𝑐 [𝑚𝛼 ]) = 𝑐 · Tr( [𝑚𝛼 ]) = 𝑐 · Tr𝐿/𝐾 (𝛼)

Now N𝐿/𝐾 (1) = 1. So for any non-zero 𝛼 ∈ 𝐿∗, N𝐿/𝐾 (𝛼) · N𝐿/𝐾 (𝛼−1) = 1 and hence N𝐿/𝐾 (𝛼) ≠ 0. Therefore,
N𝐿/𝐾 (𝐿∗) ⊆ 𝐾∗. ■

Now the elements Tr𝐿/𝐾 (𝛼) and N𝐿/𝐾 (𝛼) can be expressed in terms of the coefficients or the roots of the minimal
polynomial of 𝛼 over 𝐾 . To explain this we need another polynomial in 𝐾 [𝑋 ] which is very similar to the characteristic
polynomial of any square matrix.

Definition 1.3.2: Characteristic Polynomial of 𝛼 ∈ 𝐿

For 𝛼 ∈ 𝐿 where 𝐿/𝐾 is a finite extension the characteristic polynomial of 𝛼 relative to the extension 𝐿/𝐾 is the
characteristic polynomial of the matrix representation [𝑚𝛼 ]:

𝑃𝛼 ,𝐿/𝐾 (𝑋 ) = det(𝑋 · 𝐼𝑛 − [𝑚𝛼 ]) ∈ 𝐾 [𝑋 ]

where 𝑛 = [𝐿 : 𝐾]. Therefore, deg(𝑃𝛼 ,𝐿/𝐾 ) = [𝐿 : 𝐾].

Note that here we defined the characteristic polynomial to be of the form det(𝑋 · 𝐼𝑛 −𝐴) instead of det(𝐴 −𝑋 · 𝐼𝑛)
which we typically do in linear algebra. This is because we want our polynomials to monic.
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If𝐴 is a square matrix then the trace of𝐴 and the determinant of𝐴 appears as signed coefficients in its characteristic
polynomial.

det(𝑋 · 𝐼𝑛 −𝐴) = 𝑋𝑛 − Tr(𝐴)𝑋𝑛−1 + · · · + (−1)𝑛 det(𝐴)

Therefore
𝑃𝛼 ,𝐿/𝐾 (𝑋 ) = 𝑋𝑛 − Tr𝐿/𝐾 (𝛼)𝑋𝑛−1 + · · · + (−1)𝑛 N𝐿/𝐾 (𝛼) (1.1)

Below we show a Cayley-Hamilton like theorem for characteristic polynomial of field elements.

Theorem 1.3.3

For every 𝛼 ∈ 𝐿, 𝑃𝛼 ,𝐿/𝐾 (𝛼) = 0.

Proof: By the consequence of Cayley-Hamilton theorem we have 𝑃𝛼 ,𝐿/𝐾 ( [𝑚𝛼 ]) =𝑂 . Now for any polynomial 𝑓 ∈ 𝐾 [𝑋 ]
where 𝑓 (𝑋 ) = 𝑋𝑛 +∑𝑛−1

𝑖=0 𝑎𝑖𝑋
𝑖 then

𝑓 ( [𝑚𝛼 ]) = [𝑚𝛼 ]𝑛 +
𝑛−1∑︁
𝑖=0

𝑎𝑖 [𝑚𝛼 ]𝑖 = [𝑚𝛼𝑛 ] +
𝑛−1∑︁
𝑖=0
[𝑚𝑎𝑖𝛼

𝑖 ] =𝑚𝛼𝑛+𝑎𝑛−1𝛼𝑛−1+···+𝑐0 =𝑚𝑓 (𝛼 )

Therefore 𝑃𝛼 ,𝐿/𝐾 ( [𝑚𝛼 ]) = 𝑚𝑃𝛼 ,𝐿/𝐾 (𝛼 ) . Since 𝑃𝛼 ,𝐿/𝐾 ( [𝑚𝛼 ]) = 𝑂 and by Lemma 1.3.1 all 𝑚𝛼 maps are distinct we have
𝑃𝛼 ,𝐿/𝐾 (𝛼) = 0. ■

Now for any 𝛼 ∈ 𝐿 let 𝑓 = min(𝐾 ,𝛼). Let deg(𝑓 ) = 𝑑 . Hence, [𝐾 (𝛼) : 𝐾] = 𝑑 . Therefore, 𝑃𝛼 ,𝐾 (𝛼 )/𝐾 is a monic
degree 𝑑 polynomial over 𝐾 . Since both 𝑓 and 𝑃𝛼 ,𝐾 (𝛼 )/𝐾 are monic and have same degree and shares a common root we
have 𝑓 = 𝑃𝛼 ,𝐾 (𝛼 )/𝐾 . So we have the following theorem.

Theorem 1.3.4

For any 𝛼 ∈ 𝐿, where 𝐿/𝐾 is a finite extension. Let 𝑓 = min(𝐾 ,𝛼) is the minimal polynomial of 𝛼 in𝐾 [𝑋 ]. If 𝐿 = 𝐾 (𝛼)
then 𝑃𝛼 ,𝐿/𝐾 (𝑋 ) = 𝑓 (𝑋 ).

More generally, 𝑃𝛼 ,𝐿/𝐾 (𝑋 ) = 𝑓 𝑛/𝑑 where 𝑑 = deg(𝑓 ) = [𝐾 (𝛼) : 𝐾].

Proof: We already prove the first part in the discussion before the theorem. So we will show the second part here.
Let [𝐿 : 𝐾 (𝛼)] = 𝑚 and {𝛽1, . . . , 𝛽𝑚} is a basis of 𝐿 over 𝐾 (𝛼). 1,𝛼 , . . . ,𝛼𝑑−1 is a basis of 𝐾 (𝛼) over 𝐾 . Therefore,
{𝛼𝑖𝛽 𝑗 : 0 ≤ 𝑖 ≤ 𝑑 − 1, 𝑗 ∈ [𝑛]} is a basis of 𝐿 over 𝐾 . So for all 𝑖 ∈ {0, 1, . . . ,𝑑 − 1} there exists 𝑐𝑖 ,𝑗 ∈ F𝑞 such that
𝛼 · 𝛼𝑖 = ∑𝑑−1

𝑗=0 𝑐𝑖 𝑗𝛼
𝑗 . Therefore for any 𝑡 ∈ [𝑛] and 𝑖 ∈ {0, 1, . . . ,𝑑 − 1}, 𝛼 · 𝛼𝑖𝛽𝑡 =

∑𝑑−1
𝑗=0 𝑐𝑖 𝑗𝛼

𝑗 · 𝛽𝑡 . Hence, the matrix [𝑚𝛼 ]
is a repeated diagonal 𝑑 ×𝑑 block matrix of𝑚𝛼 for 𝐾 (𝛼) over 𝐾 created by 𝑐𝑖 𝑗 . Therefore, 𝑃𝛼 ,𝐿/𝐾 = (𝑃𝛼 ,𝐾 (𝛼 )/𝐾 )𝑛/𝑑 . ■

Corollary 1.3.5

Let the minimal polynomial of 𝛼 over 𝐾 be 𝑋𝑑 + 𝑐𝑑−1𝑋
𝑑−1 + · · · 𝑐1𝑋 + 𝑐0. Then

Tr𝐾 (𝛼 )/𝐾 (𝛼) = −𝑐𝑑−1 and N𝐾 (𝛼 )/𝑘 (𝛼) = (−1)𝑑𝑐0

and more generally when 𝐾 ⊆ 𝐾 (𝛼) ⊆ 𝐿 and [𝐿 : 𝐾] = 𝑛,

Tr𝐿/𝐾 (𝛼) = −
𝑛

𝑑
𝑐𝑑−1 = −[𝐿 : 𝐾 (𝛼)] · 𝑐𝑑−1, and N𝐿/𝐾 (𝛼) = (−1)𝑛 · 𝑐𝑛/𝑑0 = (−1)𝑛 · 𝑐 [𝐿 : 𝐾 (𝛼 ) ]

0
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Proof: Let 𝑓 is the minimal polynomial of 𝛼 over 𝐾 . Hence by Theorem 1.3.4, 𝑃𝛼 ,𝐾 (𝛼 )/𝐾 = 𝑓 (𝑋 ). So we have the first
part. Now

𝑃𝛼 ,𝐿/𝐾 (𝑋 ) = 𝑓 𝑛/𝑑 (𝑋 ) =
(
𝑋𝑑 + 𝑐𝑑−1𝑋

𝑑−1 + · · · + 𝑐1𝑋 + 𝑐0
)𝑛/𝑑

= 𝑋𝑛 + 𝑛
𝑑
𝑐𝑑−1𝑋

𝑛−1 + · · · + 𝑐𝑛/𝑑𝑜

Therefore by comparing with (1.1) we have the result. ■

Observation 1.6. We can rewrite the above formulas for Tr𝐿/𝐾 (𝛼) and N𝐿/𝐾 (𝛼) in terms of Tr𝐾 (𝛼 )/𝐾 and N𝐾 (𝛼 )/𝐾 in the
following way

Tr𝐿/𝐾 (𝛼) = [𝐿 : 𝐾 (𝛼)] Tr𝐾 (𝛼 )/𝐾 (𝛼), N𝐿/𝐾 (𝛼) = N𝐾 (𝛼 ) : 𝐾 (𝛼) [𝐿 : 𝐾 (𝛼 ) ]

From Corollary 1.3.5 we can draw a relation between the coefficients of the trace and the norm with the roots of
the minimum polynomial of 𝛼 . For any 𝛼 ∈ 𝐿 if 𝑓 is the minimum polynomial of 𝛼 over 𝐾 then 𝑃𝛼 ,𝐾 (𝛼 )/𝐾 = 𝑓 (𝑋 ). Now let
𝑓 (𝑋 ) = 𝑋𝑑 + 𝑐𝑑−1𝑋

𝑑−1 + · · · 𝑐1𝑋 + 𝑐0 and 𝑓 splits into linear factors 𝑓 (𝑋 ) = (𝑋 −𝛼1) · · · (𝑋 −𝛼𝑑 ) in the splitting field of 𝑓
over 𝐾 . Then −𝑐𝑑−1 = 𝛼1 + · · · + 𝛼𝑑 and (−1)𝑑𝑐0 = 𝛼1 · · ·𝛼𝑑 . Therefore, by rewriting Corollary 1.3.5 we get the following
corollary.

Corollary 1.3.6

Let the minimal polynomial for𝛼 over𝐾 splits completely over a large enough field extension 𝐿 of𝐾 as (𝑋 −𝛼1) · · · (𝑋 −
𝛼𝑑 ). Then

Tr𝐾 (𝛼 )/𝐾 (𝛼) = 𝛼1 + · · · + 𝛼𝑑 and N𝐾 (𝛼 )/𝐾 (𝛼) = 𝛼1 · · ·𝛼𝑑

More generally, if 𝐾 ⊆ 𝐾 (𝛼) ⊆ 𝐿, then

Tr𝐿/𝐾 (𝛼) =
𝑛

𝑑
(𝛼1 + · · · + 𝛼𝑑 ) and N𝐿/𝐾 (𝛼) = (𝛼1 · 𝛼𝑑 )𝑛/𝑑

where [𝐿 : 𝐾] = 𝑛 and [𝐾 (𝛼) : 𝐾] = 𝑑 , so 𝑛/𝑑 = [𝐿 : 𝐾 (𝛼)].

Now for finite fields for any 𝛼 ∈ F𝑞𝑑 let 𝑓 is the minimal polynomial of 𝛼 over F𝑞 . Then by Theorem 1.2.4 we know
the roots of 𝑓 are 𝛼 ,𝛼𝑞 , . . . ,𝛼deg(𝑓 )−1. Hence, rewriting Corollary 1.3.6 in terms of conjugates of 𝛼 we get the following
corollary.

Corollary 1.3.7 Formula of Trace and Norm in Finite Fields

Let 𝐾/F𝑞 be finite extension with [𝐾 : F𝑞] = 𝑛. Then for any 𝛼 ∈ 𝐾 ,

Tr𝐾/F𝑞 (𝛼) = 𝛼 + 𝛼𝑞 + · · · + 𝛼𝑞
𝑛−1

and N𝐾/F𝑞 (𝛼) = 𝛼 · 𝛼𝑞 · · ·𝛼𝑞
𝑛−1

In particular, the trace and norm are invariant under the Frobenius automorphism 𝛼 ↦→ 𝛼𝑞 : replacing 𝛼 by 𝛼𝑞

merely cycles the summands (respectively, the factors) in the expressions above, leaving the total unchanged.

Theorem 1.3.8

Let 𝐾 be a finite extension of 𝐹 = F𝑞 . The 𝐹 -linear transformations from 𝐾 into 𝐹 are exactly the mappings 𝐿𝛽 , 𝛽 ∈ 𝐾 ,
where 𝐿𝛽 (𝛼) = Tr𝐾/𝐹 (𝛽𝛼) for all 𝛼 ∈ 𝐾 . Furthermore, 𝐿𝛽 ≠ 𝐿𝛾 whenever 𝛽 and 𝛾 are distinct elements of 𝐾 .

Proof: For any 𝛼1,𝛼2 ∈ 𝐾 and 𝑐 ∈ 𝐹 ,

𝐿𝛽 (𝛼1 + 𝑐𝛼2) = Tr𝐾/𝐹 (𝛽 (𝛼1 + 𝑐𝛼2)) = Tr𝐾/𝐹 (𝛽𝛼1) + 𝑐 Tr𝐾/𝐹 (𝛽𝛼2) = 𝐿𝛽 (𝛼1) + 𝑐 𝐿𝛽 (𝛼2),

using the 𝐹 -linearity of Tr𝐾/𝐹 from Theorem 1.3.2.
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Let 𝛽 ,𝛾 ∈ 𝐾 with 𝛽 ≠ 𝛾 . For any 𝛼 ∈ 𝐾 ,

𝐿𝛽 (𝛼) − 𝐿𝛾 (𝛼) = Tr𝐾/𝐹 (𝛽𝛼) − Tr𝐾/𝐹 (𝛾𝛼) = Tr𝐾/𝐹 ((𝛽 −𝛾)𝛼).

Since 𝛽 −𝛾 ≠ 0, the map 𝛼 ↦→ (𝛽 −𝛾)𝛼 is a 𝐾-linear bijection on 𝐹 , so the image of 𝛼 ↦→ Tr𝐹/𝐾 ((𝛽 −𝛾)𝛼) equals the image
of Tr𝐹/𝐾 itself. As Tr𝐹/𝐾 : 𝐹 → 𝐾 is a non-zero 𝐾-linear map onto 𝐾 , since Tr𝐾/𝐹 (1) = [𝐾 : 𝐹 ] > 0, there exists 𝛼 ∈ 𝐹
such that Tr𝐹/𝐾 ((𝛽 −𝛾)𝛼) ≠ 0. Hence, 𝐿𝛽 ≠ 𝐿𝛾 .

Write 𝐹 = F𝑞 and 𝐾 = F𝑞𝑚 , so [𝐾 : 𝐹 ] =𝑚. Since the 𝐿𝛽 are pairwise distinct as 𝛽 ranges over 𝐾 = F𝑞𝑚 , they yield
𝑞𝑚 distinct 𝐹 -linear maps from 𝐾 to 𝐹 . On the other hand, any 𝐹 -linear map 𝐾 → 𝐹 is determined by its values on a fixed
𝐹 -basis of 𝐾 , which has 𝑚 elements; each value can be assigned arbitrarily in 𝐹 = F𝑞 . So the total number of 𝐹 -linear
maps 𝐾 → 𝐹 is 𝑞𝑚 . Therefore, the maps {𝐿𝛽 : 𝛽 ∈ 𝐾} exhaust all 𝐹 -linear transformations from 𝐾 into 𝐹 .

■

Theorem 1.3.9

Let 𝐾 be a finite extension of 𝐹 = F𝑞 . Then for 𝛼 ∈ 𝐾 we have Tr𝐾/𝐹 (𝛼) = 0 if and only if 𝛼 = 𝛽𝑞 − 𝛽 for some 𝛽 ∈ 𝐾 .

Proof: The sufficiency of the condition is obvious. To prove the necessity, suppose 𝛼 ∈ 𝐾 = F𝑞𝑚 with Tr𝐾/𝐹 (𝛼) = 0 and
let 𝛽 be a root of 𝑋𝑞 −𝑋 − 𝛼 in some extension field of 𝐾 . Then 𝛽𝑞 − 𝛽 = 𝛼 and

0 = Tr𝐾/𝐹 (𝛼) = 𝛼 + 𝛼𝑞 + · · · + 𝛼𝑞
𝑚−1

= (𝛽𝑞 − 𝛽) + (𝛽𝑞 − 𝛽)𝑞 + · · · + (𝛽𝑞 − 𝛽)𝑞𝑚−1

= (𝛽𝑞 − 𝛽) + (𝛽𝑞2 − 𝛽𝑞) + · · · + (𝛽𝑞𝑚 − 𝛽𝑞𝑚−1 )
= 𝛽𝑞

𝑚 − 𝛽 ,

so that 𝛽 ∈ 𝐾 . ■

Theorem 1.3.10 Transitive Property of Trace and Norm

Let 𝐿/𝐾/𝐹 be finite extensions. Then for any 𝛼 ∈ 𝐿

Tr𝐿/𝐹 (𝛼) = Tr𝐾/𝐹 ◦Tr𝐿/𝐾 (𝛼) and N𝐿/𝐹 (𝛼) = N𝐾/𝐹 ◦N𝐿/𝐾 (𝛼)

Proof: Let [𝐿 : 𝐾] =𝑚 and [𝐾 : 𝐹 ] = 𝑛. Suppose {𝑎1, . . . ,𝑎𝑛} is a 𝐹 -basis of 𝐾 and {𝑏1, . . . ,𝑏𝑚} is a 𝐾-basis of 𝐿. Then
{𝑎𝑖 · 𝑏 𝑗 : 𝑖 ∈ [𝑛], 𝑗 ∈ [𝑚]} is a 𝐹 -basis of 𝐿.

For any 𝛼 ∈ 𝐿 let

𝛼 · 𝑏 𝑗 =
𝑚∑︁
𝑖=1

𝑐𝑖 𝑗 · 𝑏𝑖 , 𝑐𝑖 𝑗𝑎𝑠 =

𝑛∑︁
𝑟=1

𝑑𝑖 𝑗𝑟𝑠 · 𝑎𝑟 (1.2)

where 𝑐𝑖 𝑗 ∈ 𝐾 and 𝑑𝑖 𝑗𝑟𝑠 ∈ 𝐹 . Therefore,

𝛼 (𝑎𝑠𝑏 𝑗 ) =
𝑚∑︁
𝑖=1

𝑐𝑖 𝑗 · 𝑎𝑠 · 𝑏𝑖 =
𝑚∑︁
𝑖=1

𝑛∑︁
𝑟=1

𝑏𝑖 𝑗𝑟𝑠 · 𝑎𝑟𝑏 𝑗

So now if we look into the matrix representation of [𝑚𝛼 ]𝐿/𝐾 and [𝑚𝛼 ]𝐿/𝐹 then we have

[𝑚𝛼 ]𝐿/𝐾 =
(
𝑐𝑖 𝑗

)
1≤𝑖 ,𝑗≤𝑛 , [𝑚𝑐𝑖 𝑗 ]𝐾/𝐹 =

(
𝑏𝑖 𝑗𝑟𝑠

)
1≤𝑟 ,𝑠≤𝑛 , [𝑚𝛼 ]𝐿/𝐹 =

(
[𝑚𝑐𝑖 𝑗 ]𝐾/𝐹

)
1≤𝑖 ,𝑗≤𝑛
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where the field extension in the subscript indicates what extension is being used for that matrix. The last matrix is a block
matrix. So using all these three matrices we get

Tr𝐾/𝐹 ◦Tr𝐿/𝐾 (𝛼) = Tr𝐾/𝐹

(
𝑚∑︁
𝑖=1

𝑐𝑖𝑖

)
=

𝑚∑︁
𝑖=1

Tr𝐾/𝐹 (𝑐𝑖𝑖 ) =
𝑚∑︁
𝑖=1

Tr
(
[𝑚𝑐𝑖𝑖 ]𝐾/𝐹

)
=

𝑚∑︁
𝑖=1

𝑛∑︁
𝑟=1

𝑏𝑖𝑖𝑟𝑟 = Tr𝐿/𝐹 (𝛼)

So we have the transitivity of the trace function. Now we will show for the norm function. For norm it is very delicate
and harder to show. We will show a proof from [Sch05]. Again assume [𝐿 : 𝐾] =𝑚 and [𝐾 : 𝐹 ] = 𝑛. We will prove this by
dividing it into 3 cases.

Case I 𝛼 ∈ 𝐾 : Suppose the transitivity formula already holds. Then N𝐿/𝐾 (𝛼) = 𝛼 [𝐿 : 𝐾 ] and hence N𝐾/𝐹 ◦N𝐿/𝐾 (𝛼) =
N𝐾/𝐹 (𝛼 [𝐿 : 𝐾 ]) = N𝐾/𝐹 (𝛼) [𝐿 : 𝐾 ] . So in this case we will try to show that this expression is true.

In this case 𝐹 ⊆ 𝐹 (𝛼) ⊆ 𝐾 ⊆ 𝐿. Let 𝑓 − min(𝐹 ,𝛼) and deg(𝑓 ) = 𝑑 . Therefore, by Theorem 1.3.4 we have
𝑃𝛼 ,𝐹 (𝛼 )/𝐹 (𝑋 ) = 𝑓 (𝑋 ) and 𝑃𝛼 ,𝐾/𝐹 (𝑋 ) = 𝑃𝛼 ,𝐹 (𝛼 )/𝐹 (𝑋 ) [𝐾 : 𝐹 (𝛼 ) ] and 𝑃𝛼 ,𝐿/𝐹 (𝑋 ) = 𝑃𝛼 ,𝐹 (𝛼 )/𝐹 (𝑋 ) [𝐿 : 𝐹 (𝛼 ) ] . Since 𝐹 ⊆ 𝐹 (𝛼) ⊆ 𝐾 ⊆
𝐿 we have by Theorem 1.1.6, [𝐿 : 𝐹 (𝛼)] = [𝐿 : 𝐾] · [𝐾 : 𝐹 (𝛼)]. Therefore,

𝑃𝛼 ,𝐿/𝐹 (𝑋 ) = 𝑃𝛼 ,𝐹 (𝛼 )/𝐹 (𝑋 ) [𝐿 : 𝐹 (𝛼 ) ] =
(
𝑃𝛼 ,𝐹 (𝛼 )/𝐹 (𝑋 ) [𝐾 : 𝐹 (𝛼 ) ]

) [𝐿 : 𝐾 ]
= 𝑃𝛼 ,𝐾/𝐹 (𝑋 ) [𝐿 : 𝐾 ]

So if we compare the constant terms we get

(−1) [𝐿 : 𝐹 ] N𝐿/𝐹 (𝛼) =
(
(−1) [𝐾 : 𝐹 ] N𝐾/𝐹 (𝛼)

) [𝐿 : 𝐾 ]
=⇒ N𝐿/𝐹 (𝛼) = N𝐾/𝐹 (𝛼) [𝐿 : 𝐾 ]

Hence we have settled this case.

Case II 𝐿 = 𝐾 (𝛼): Let 𝑓 is the minimal polynomial of 𝛼 over𝐾 . Then deg(𝑓 ) =𝑚. Let 𝑓 (𝑋 ) = 𝑋𝑚 +𝑐𝑚−1𝑋
𝑚−1 + · · · +𝑐0.

Then
N𝐾/𝐹 ◦N𝐾 (𝛼 )/𝐾 (𝛼) = N𝐾/𝐹 ((−1)𝑚𝑐0) = (−1)𝑚𝑛 N𝐾/𝐹 (𝑐0)

So now we will compute N𝐾/𝐹 (𝑐0).
Let {𝑏1, . . . ,𝑏𝑛} is an 𝐹 -basis of 𝐾 . So an 𝐹 -basis of 𝐾 (𝛼) is {𝛼𝑖 · 𝑏 𝑗 : 0 ≤ 𝑖 ≤ 𝑚 − 1, 1 ≤ 𝑗 ≤ 𝑛}. By definition

N𝐾 (𝛼 )/𝐹 (𝛼) is the determinant of the matrix for multiplication by 𝛼 on 𝐾 (𝛼) as an 𝐹 -linear map. Now for all 𝑗 ∈ [𝑛],
𝛼 · (𝛼𝑖𝑏 𝑗 ) = 𝛼𝑖+1𝑏 𝑗 where 0 ≤ 𝑖 ≤𝑚 − 2 but

𝛼 · (𝛼𝑚−1𝑏 𝑗 ) = 𝛼𝑚𝑏 𝑗 = −𝛼𝑚−1 (𝑐𝑚−1𝑏 𝑗 ) − · · · − 𝛼 (𝑐1𝑏 𝑗 ) − 𝑐0𝑏 𝑗

Let 𝐶𝑖 be the matrix of expressing 𝑐𝑖𝑏 𝑗 for all 𝑗 ∈ [𝑛] as 𝐹 -linear combinations of 𝑏1, . . . ,𝑏𝑛 . Hence, using the above basis
we have the matrix to be

[𝑚𝛼 ]𝐾 (𝛼 )/𝐹 =



𝑂 𝑂 · · · 𝑂 −𝐶0

𝐼𝑛 𝑂 · · · 𝑂 −𝐶1

𝑂 𝐼𝑛 · · · 𝑂 −𝐶2
...

...
. . .

...
...

𝑂 𝑂 · · · 𝐼𝑛 −𝐶𝑚=1


=

[
𝑂 −𝐶0

𝐼 (𝑚−1)𝑛 𝐵

]

where 𝑂 is the zero matrix of dimension 𝑛 × (𝑚 − 1)𝑛 and 𝐵 is the (𝑚 − 1)𝑛 × 𝑛 matrix gathering all the 𝐶1, . . . ,𝐶𝑚−1.
Therefore,

det
[

𝑂 −𝐶0

𝐼 (𝑚−1)𝑛 𝐵

]
= (−1) (𝑚−1)𝑛2 det(−𝐶0) = (−1) (𝑚−1)𝑛 · (−1)𝑛 det(𝐶0) = (−1)𝑚𝑛 det(𝐶0)

Now 𝐶0 is the matrix for multiplication by 𝑐0 and therefore, det(𝑐0) = N𝐾/𝐹 (𝑐0). So, N𝐾 (𝛼 )/𝐹 (𝛼) = (−1)𝑚𝑛 N𝐾/𝐹 (𝑐0) and
previously we prove that (−1)𝑚𝑛 N𝐾/𝐹 (𝑐0) = N𝐾/𝐹 ◦N𝐾 (𝛼 )/𝐾 (𝛼). So we have settled case II.
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Case III General Situation: Therefore in this case 𝐹 ⊆ 𝐾 ⊆ 𝐹 (𝛼) ⊆ 𝐿. Then we have

N𝐿/𝐹 (𝛼) = N𝐹 (𝛼 )/𝐹 (𝛼) [𝐿 : 𝐹 (𝛼 ) ] [By Case I for 𝐿/𝐹 (𝛼)/𝐹 ]

=
(
N𝐾/𝐹 ◦N𝐹 (𝛼 )/𝐾 (𝛼)

) [𝐿 : 𝐹 (𝛼 ) ] [By Case II for 𝐹 (𝛼)/𝐾/𝐹 ]

= N𝐾/𝐹
(
N𝐹 (𝛼 )/𝐾 (𝛼) [𝐿 : 𝐹 (𝛼 ) ]

)
= N𝐾/𝐹 ◦N𝐿/𝐾 (𝛼) [By Case I for 𝐿/𝐹 (𝛼)/𝐹 ]

This settles case III too. And hence the proof is complete. ■

This concludes our discussion on finite fields and their basic theory, including field extensions, the structure of
F𝑞 , and the trace and norm maps. In the next chapter we turn to the theory of characters of finite fields, which will be
the primary tool in our study of equations over finite fields. For a thorough and self-contained treatment of finite fields
beyond what is covered here, the reader is referred to [LN96].



Chapter 2
Exponential Sums over Finite Fields

An exponential sum over F𝑞 is a finite sum of the form
∑
𝛼∈F𝑞

𝑓 (𝛼), where 𝑓 takes values on the unit circle in C. Because
F𝑞 carries two group structures simultaneously, the additive group (F𝑞 ,+) and the multiplicative group (F∗𝑞 ,×), there
are two natural families of unit-circle-valued homomorphisms, called additive and multiplicative characters, and expo-
nential sums arise by combining them in various ways. These sums encode deep arithmetic about F𝑞 : the absolute value
|∑𝛼 𝑓 (𝛼) | measures how uniformly distributed the values of 𝑓 are, and proving that it is small (typically𝑂 (√𝑞)) has direct
consequences for counting solutions to polynomial equations, the distribution of quadratic residues, and the structure of
Gauss and Kloosterman sums.

Two Types of Characters. A finite field F𝑞 has two natural families of characters. Additive characters 𝜒 : F𝑞 → 𝑆1 are
group homomorphisms from (F𝑞 ,+); every one is of the form 𝜒

𝛽
(𝛼) = 𝑒2𝜋𝑖 Tr(𝛽𝛼 )/𝑝 for some 𝛽 ∈ F𝑞 , where Tr : F𝑞 → F𝑝

is the absolute trace. Multiplicative characters 𝜓 : F∗𝑞 → 𝑆1 are group homomorphisms from the cyclic group (F∗𝑞 ,×) of
order𝑞 − 1; a particularly important special case is the quadratic character 𝜂, the finite-field analog of the Legendre symbol.
The interplay between these two families, their orthogonality, their products, and their behavior under field extensions,
is the engine driving all the results in this chapter.

§ 2.1 Characters of Finite Abelian Groups

Let 𝐺 be a finite abelian group with the identity element 1𝐺 . Let 𝑆1 be the set of complex numbers with absolute value 1.
Then consider the multiplicative group 𝑆1 with the operation of multiplication.

Definition 2.1.1: Character 𝜒 of 𝐺

A character 𝜒 of 𝐺 is a group homomorphism 𝜒 : 𝐺 → 𝑆1 to the multiplicative group 𝑆1 i.e. for all 𝑔1,𝑔2 ∈ 𝐺

𝜒 (𝑔1 · 𝑔2) = 𝜒 (𝑔1) · 𝜒 (𝑔2)

So if 𝜒 is any character of 𝐺 then 𝜒 (1𝐺 ) = 1. Since by definition for all 𝑔 ∈ 𝐺 ,

𝜒 (𝑔) |𝐺 | = 𝜒 (𝑔 |𝐺 | ) = 𝜒 (1𝐺 ) = 1

the values of 𝜒 are |𝐺 |𝑡ℎ roots of unity. Also we have for any 𝑔 ∈ 𝐺 ,

𝜒 (𝑔)𝜒 (𝑔−1) = 𝜒 (𝑔 · 𝑔−1) = 𝜒 (1𝐺 ) = 1

so 𝜒 (𝑔−1) = 𝜒 (𝑔)−1 = 𝜒 (𝑔).
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There are some special characters of 𝐺 which have specific name. The character 𝜒0 defined by 𝜒
0 (𝑔) = 1 for all

𝑔 ∈ 𝐺 is called the trivial character . For any character 𝜒 of𝐺 , the character 𝜒 defined by 𝜒 (𝑔) = 𝜒 (𝑔) for all 𝑔 ∈ 𝐺 is called
the conjugate character of 𝜒 .

Given any finitely many characters of 𝐺 , 𝜒1, . . . , 𝜒𝑛 we can define the product character 𝜒 = 𝜒
1 · 𝜒2 · · · 𝜒𝑛 such

that for all 𝑔 ∈ 𝐺 ,
𝜒 (𝑔) = 𝜒1 (𝑔) · 𝜒2 (𝑔) · · · 𝜒𝑛 (𝑔)

Hence for all 𝑔 ∈ 𝐺 ,
𝜒 (𝑔) · 𝜒 (𝑔) = |𝜒 (𝑔) |2 = 1

Hence the 𝜒 is also the inverse character of 𝜒 . Hence the set of all characters of 𝐺 forms a group, Hom(𝐺 , 𝑆1) under
multiplication whose identity element is the trivial character 𝜒0.

Definition 2.1.2: Dual Group to 𝐺

For a finite abelian group 𝐺 , the group of all characters of 𝐺 with the identity element 𝜒0 is called the dual group to
𝐺 and is denoted by 𝐺 i.e. 𝐺 := Hom(𝐺 , 𝑆1).

Observation 2.1. The dual group 𝐺 is a finite abelian group. So we can talk about characters of 𝐺 too.

Since the values of characters of 𝐺 can only be |𝐺 |𝑡ℎ roots of unity, the dual group 𝐺 is a finite abelian group.

Lemma 2.1.1 Characters of Cyclic Group

If𝐺 is a finite cyclic group of order 𝑛 and let 𝑔 be the generator of𝐺 , then for all 𝑗 ∈ {0, 1, . . . ,𝑛 − 1} define the function

𝜒
𝑗 (𝑔𝑘 ) = 𝑒2𝜋𝑖 𝑗 ·𝑘

𝑛 ∀ 𝑘 ∈ {0, 1, . . . ,𝑛 − 1}

Then 𝐺 = {𝜒 𝑗 : 𝑗 ∈ {0, 1, . . . ,𝑛 − 1}.

Proof: Certainly for all 𝑗 ∈ {0, 1, . . . ,𝑛 − 1} defines a character of 𝐺 . On the other hand suppose, 𝜒 ∈ 𝐺 . Then 𝜒 (𝑔)
must be an 𝑛𝑡ℎ root of unity. Hence there exists 𝑗 ∈ {0, 1, . . . ,𝑛 − 1} such that 𝜒 (𝑔) = 𝑒 ( 𝑗/𝑛). Therefore 𝜒 = 𝜒

𝑗 . Hence
𝐺 = {𝜒 𝑗 : 0 ≤ 𝑗 ≤ 𝑛 − 1}. ■

Observation 2.2. The characters defined in above lemma forms a cyclic group with 𝜒1 being the generator of 𝐺 .

Note:-

When 𝐺 = (Z/𝑛Z)∗, the characters of 𝐺 described by 𝜒 𝑗 (𝛼) = 𝑒2𝜋𝑖 𝛼 · 𝑗
𝑛 like in Lemma 2.1.1 are precisely the classical

Dirichlet characters modulo 𝑛, which are of fundamental importance in analytic number theory.

Corollary 2.1.2 Isomorphism of a Cyclic Group with its Dual

If 𝐺 is a finite cyclic group of order 𝑛 with 𝑔 being the generator then 𝐺 � 𝐺 by the isomorphism 𝜑 : 𝑔 𝑗 ↦→ 𝜒
𝑗 for all

𝑗 ∈ {0, 1, . . . ,𝑛 − 1}.

Now we will show that we can extend a character of any subgroup to a character of the group.

Theorem 2.1.3 Extending Characters from Subgroup to Group

Let 𝐻 be a subgroup of the finite abelian group 𝐺 and let 𝜒
𝐻

be a character of 𝐻 . Then 𝜒
𝐻

can be extended to a
character of 𝐺 that is there exists a character 𝜒 ∈ 𝐺 with 𝜒 (ℎ) = 𝜒

𝐻
(ℎ) for all ℎ ∈ 𝐻 .
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Proof: Let 𝐻 be a proper subgroup of𝐺 . Let 𝛼 ∈ 𝐺 \𝐻 . Then let 𝐻1 be the group generated by 𝐻 and 𝛼 i.e. 𝐻1 = ⟨𝐻 ,𝑎⟩.
Let𝑚 be the smallest positive integer such that 𝛼𝑚 ∈ 𝐻 . Then for all 𝑔 ∈ 𝐻1, 𝑔 can be written uniquely as 𝑔 = 𝛼 𝑗 ·ℎ where
0 ≤ 𝑗 < 𝑚 and ℎ ∈ 𝐻 .

Let 𝜔 be a complex number such that 𝜔𝑚 = 𝜒
𝐻
(𝛼𝑚). Then for all 𝑔 ∈ 𝐻1 where 𝑔 = 𝛼 𝑗 · ℎ, ℎ ∈ 𝐻 define the

function 𝜒
1 (𝑔) = 𝜔 𝑗 𝜒

𝐻
(ℎ). Then for any 𝑔1,𝑔2 ∈ 𝐻1 where 𝑔1 = 𝛼𝑖 · ℎ1, 𝑔2 = 𝛼 𝑗 · ℎ2, we have 𝑔1 · 𝑔2 = 𝛼 𝑗+𝑘 · ℎ1 · ℎ2 =

𝛼 𝑗+𝑘 mod𝑚 · ℎ1 · ℎ2. Hence

𝜒1 (𝑔1 · 𝜒2) = 𝜔 𝑗+𝑘 mod𝑚𝜒
𝐻 (ℎ1) · 𝜒𝐻 (ℎ2) = 𝛼 𝑗 𝜒𝐻 (ℎ1) ·𝜔𝑘 𝜒𝐻 (ℎ2) = 𝜒1 (𝑔1) · 𝜒1 (𝑔2)

Hence 𝜒1 is a character of 𝐻1. And also for all ℎ ∈ 𝐻 we have 𝜒1 (ℎ) = 𝜒
𝐻
(ℎ).

So if 𝐻1 = 𝐺 we are done. Otherwise we can continue this process above until we get 𝐺 . This process we have to
do finitely many times as 𝐺 is a finite group. ■

Therefore if we have two distinct elements 𝑔1,𝑔2 ∈ 𝐺 , 𝑔1 ≠ 𝑔2 then take the subgroup generated by the element
ℎ = 𝑔1 · 𝑔−1

2 ≠ 1. Since this subgroup is a cyclic subgroup generated by ℎ, by Lemma 2.1.1 we get a character 𝜒 ′ of the
cyclic subgroup such that 𝜒 ′ (ℎ) ≠ 1. Then by Theorem 2.1.3 we get a character 𝜒 of 𝐺 such that 𝜒 (ℎ) = 𝜒 ′ (ℎ) ≠ 1 and
hence 𝜒 (𝑔1) ≠ 𝜒 (𝑔2). Therefore we have the following observation

Observation 2.3. For any two distinct elements 𝑔1,𝑔2 ∈ 𝐺 , 𝑔1 ≠ 𝑔2 we can get a character 𝜒 ∈ 𝐺 such that 𝜒 (𝑔1) ≠ 𝜒 (𝑔2).

Now consider any character 𝜒 of 𝐺 . If 𝑔 ∈ 𝐺 such that 𝜒 (𝑔) = 1 then 𝜒 (𝑔−1) = 1. Hence the set of all elements
𝑔 ∈ 𝐺 such that 𝜒 (𝑔) forms a group. This group is called the annihilator of 𝜒 and is denoted by Ann(𝜒).

Similarly suppose 𝐻 is a subgroup of 𝐺 . Then if 𝜒 ∈ 𝐺 is a character of 𝐺 such that 𝜒 (ℎ) = 1 for all ℎ ∈ 𝐻 then
𝜒 (ℎ) = 1 for all ℎ ∈ 𝐻 . Hence the set of all characters 𝜒 ∈ 𝐺 such that 𝜒 (ℎ) = 1 for all ℎ ∈ 𝐻 forms a group. This group
is called the annihilator of 𝐻 and is denoted by Ann(𝐻 ). Since in both cases the notation Ann is used usually the context
will make it clear whether we are talking about the annihilator of a character or the annihilator of a subgroup.

Definition 2.1.3: Annihilator

Let 𝐺 be a finite abelian group. For any character 𝜒 ∈ 𝐺 , the annihilator of 𝜒 , Ann(𝜒) = {𝑔 ∈ 𝐺 : 𝜒 (𝑔) = 1} which
is a subgroup of 𝐺 .

For any subgroup 𝐻 of 𝐺 , the annihilator of 𝐻 , Ann(𝐻 ) = {𝜒 ∈ 𝐺 : 𝜒 (ℎ) = 1 for all ℎ ∈ 𝐻 } which is a subgroup
of 𝐺 .

Now every element of𝐺 is a function 𝜒 which takes an element of𝐺 and maps to a complex number in 𝑆1. Similarly
we can think of every element of as a function from 𝐺 to 𝑆1. In fact for every element 𝑔 ∈ 𝐺 define the homomorphism
ev𝑔 : 𝐺 → 𝑆1 where ev𝑔 (𝜒) = 𝜒 (𝑔). Hence ev𝑔 is a character of 𝐺 for all 𝑔 ∈ 𝐺 .

Theorem 2.1.4

Let 𝐺 be a finite abelian group.

(i) If 𝜒 ∈ 𝐺 be any nontrivial character then ∑︁
𝑔∈𝐺

𝜒 (𝑔) = 0 (2.1)

(ii) If 𝑔 ∈ 𝐺 with 𝑔 ≠ 1𝐺 then ∑︁
𝜒∈𝐺

𝜒 (𝑔) = 0 (2.2)
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Proof: Since 𝜒 is nontrivial there exists ℎ ∈ 𝐺 such that 𝜒 (ℎ) ≠ 1. Then

𝜒 (ℎ)
∑︁
𝑔∈𝐺

𝜒 (𝑔) =
∑︁
𝑔∈𝐺

𝜒 (ℎ · 𝑔) =
∑︁
𝑔∈𝐺

𝜒 (𝑔)

Hence we have
(𝜒 (ℎ) − 1)

∑︁
𝑔∈𝐺

𝜒 (𝑔) = 0

Since we know 𝜒 (ℎ) ≠ 1 we have
∑
𝑔∈𝐺 𝜒 (𝑔) = 0.

Now from the discussion above for any 𝑔 ∈ 𝐺 and 𝜒 ∈ ℎ𝐺 we have 𝜒 (𝑔) = ev𝑔 (𝜒). Hence∑︁
𝜒∈𝐺

𝜒 (𝑔) =
∑︁
𝜒∈𝐺

ev𝑔 (𝜒)

Since 𝑔 ≠ 1𝐺 , there is a 𝜒 ∈ 𝐺 such that 𝜒 (𝑔) ≠ 1. Hence ev𝑔 is a nontrivial character of 𝐺 . Hence by the first part of the
theorem we have

∑
𝜒∈𝐺 ev𝑔 (𝜒) = 0. ■

The above theorem leaves the case when 𝜒 is the trivial character. Then for all 𝑔 ∈ 𝐺 , 𝜒 (𝑔) = 1. Hence we have∑
𝑔∈𝐺 𝜒 (𝑔) = |𝐺 |. Hence we have the following corollary

Observation 2.4. For any finite abelian group 𝐺 . Then

(i) Let 𝜒 is a character of 𝐺 . ∑︁
𝑔∈𝐺

𝜒 (𝑔) =

|𝐺 | if 𝜒 = 𝜒

0

0 otherwise
(2.3)

(ii) |𝐺 | = ∑
𝜒∈𝐺

∑
𝑔∈𝐺 𝜒 (𝑔)

So now by counting in two ways for the sum
∑
𝜒∈𝐺

∑
𝑔∈𝐺 𝜒 (𝑔) we get the following theorem:

Theorem 2.1.5

For any finite abelian group 𝐺 , we have |𝐺 | = |𝐺 |.

Proof: From Observation 2.4(ii) we have

|𝐺 | =
∑︁
𝜒∈𝐺

∑︁
𝑔∈𝐺

𝜒 (𝑔) =
∑︁
𝑔∈𝐺

∑︁
𝜒∈𝐺

𝜒 (𝑔) = |𝐺 |

Hence we have the result. ■

From above theorem and Observation 2.4(i) we get the orthogonality relations for characters.

Observation 2.5. Let 𝐺 be a finite abelian group.

(i) Let 𝜒 ,𝜏 are characters of 𝐺 . Then

1
|𝐺 |

∑︁
𝑔∈𝐺

𝜒 (𝑔) · 𝜏 (𝑔) =


1 if 𝜒 = 𝜏

0 otherwise

(ii) If 𝑔,ℎ ∈ 𝐺 are any two elements then

1
|𝐺 |

∑︁
𝜒∈𝐺

𝜒 (𝑔) · 𝜒 (ℎ) =


1 if 𝑔 = ℎ

0 otherwise
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Since we already showed that for every element𝑔 ∈ 𝐺 , ev𝑔 is a character of𝐺 . Theorem 2.1.5 gives us the possibility
that 𝐺 and 𝐺 are isomorphic. In Lemma 2.1.1 we already showed that for cyclic groups 𝐺 and 𝐺 are isomorphic. In the
next few results we will show that this is the case for all finite abelian groups.

By Fundamental Theory of Finite Abelian Groups every finite abelian group𝐺 can be written as a direct product of
finitely many cyclic groups. Hence it is enough to show that if 𝐺1 and 𝐺2 are two finite abelian groups and 𝐺 = 𝐺1 ×𝐺2

then 𝐺 is isomorphic to the direct product of 𝐺1 and 𝐺2.

Theorem 2.1.6 Isomorphism of Product of Dual Groups with Dual of Their Product

Let 𝐺1 and 𝐺2 be two finite abelian groups and let 𝐺 =𝐺1 ×𝐺2. Then 𝐺 � 𝐺1 ×𝐺2.

Proof: Since𝐺 is the direct product of𝐺1 and𝐺2,𝐺 consists of pairs (𝑔1,𝑔2) where 𝑔1 ∈ 𝐺1 and 𝑔2 ∈ 𝐺2. So consider the
map 𝜑 : 𝐺1 ×𝐺2 → 𝐺 where for any 𝜒1 ∈ 𝐺1 and 𝜒2 ∈ 𝐺2, 𝜒 := 𝜑 (𝜒1, 𝜒2) is the character of 𝐺 defined by the following:

for all (𝑔1,𝑔2) ∈ 𝐺 𝜒 (𝑔1,𝑔2) = 𝜒 (𝑔1, 1) · 𝜒 (1,𝑔2) = 𝜒1 (𝑔1) · 𝜒2 (𝑔2)

Hence 𝜑 is a homomorphism. Now we will show that 𝜑 is an isomorphism.
Let 𝜒 ∈ 𝐺 . Then define 𝜒1 (𝑔1) := 𝜒 (𝑔1, 1) for all 𝑔1 ∈ 𝐺1 and similarly define 𝜒2 (𝑔2) := 𝜒 (1,𝑔2) for all 𝑔2 ∈ 𝐺2.

Then 𝜒1 is a character of 𝐺1 and 𝜒2 is a character of 𝐺2. And also for any (𝑔1,𝑔2) ∈ 𝐺 we have

𝜒1 (𝑔1) · 𝜒2 (𝑔2) = 𝜒 (𝑔1, 1) · 𝜒 (1,𝑔2) = 𝜒 (𝑔1,𝑔2)

Hence 𝜑 (𝜒1, 𝜒2) = 𝜒 . Hence 𝜑 is an isomorphism. Therefore 𝐺 � 𝐺1 ×𝐺2. ■

Theorem 2.1.7 Isomorphism of Group with its Dual

For any finite abelian group 𝐺 , 𝐺 is isomorphic to 𝐺 .

Proof: By Fundamental Theorem of Finite Abelian Groups,𝐺 can be written as a direct product of finitely many cyclic
groups i.e. there exists cyclic groups 𝑍𝑛1 ,𝑍𝑛2 , . . . ,𝑍𝑛𝑘 such that

𝐺 � 𝑍𝑛1 ×𝑍𝑛2 × · · · ×𝑍𝑛𝑘

Hence by repeated use of Theorem 2.1.6 we have 𝐺 � 𝑍𝑛1 ×𝑍𝑛2 × · · · ×𝑍𝑛𝑘 . Since by Lemma 2.1.1 for all 𝑖 ∈ {1, 2, . . . ,𝑘},
𝑍𝑛𝑖 � 𝑍𝑛𝑖 we have 𝐺 � 𝑍𝑛1 ×𝑍𝑛2 × · · · ×𝑍𝑛𝑘 � 𝐺 Hence we have the result. ■

§ 2.2 Characters of Finite Fields

In a finite field F𝑞 there are two inherent group structures–namely, the additive group and the multiplicative group. The
nonzero elements of F𝑞 forms a cyclic group of 𝑞 − 1 elements under multiplication and the whole F𝑞 forms a group of 𝑞
elements under addition.

2.2.1 Additive Characters of F𝑞

We first turn to the additive group of F𝑞 . Characters of the additive group F𝑞 are called additive characters of F𝑞 . We
denote the set of all additive characters of F𝑞 by X𝑞 .



Page 35 Chapter 2 | Exponential Sums over Finite Fields

Suppose 𝑝 be the characteristic of F𝑞 . Then the prime field contained in F𝑞 is F𝑝 . Let Tr : F𝑞 → F𝑝 be the absolute
trace function from F𝑞 to F𝑝 . Then define the function 𝜒1 by

𝜒1 (𝛼) = 𝑒
2𝜋𝑖 Tr(𝛼 )

𝑝 ∀ 𝛼 ∈ F𝑞

Then 𝜒
1 is an additive character of F𝑞 since for all 𝛼1,𝛼2 ∈ F𝑞 , Tr(𝛼1 + 𝛼2) = Tr(𝛼1) + Tr(𝛼2) and hence 𝜒1 (𝛼1 + 𝛼2) =

𝜒
1 (𝛼1) · 𝜒1 (𝛼2). This character 𝜒1 is called the canonical additive character of F𝑞 .

Theorem 2.2.1 Structure of Additive Characters

For 𝛽 ∈ F𝑞 , define 𝜒
𝛽

with 𝜒
𝛽
(𝛼) = 𝜒

1 (𝛽 ·𝛼) for all 𝛼 ∈ F𝑞 . Then 𝜒
𝛽

is an additive character of F𝑞 and every additive
character of F𝑞 is obtained this way i.e. ∀ 𝜒 ∈ X𝑞 , there exists 𝛽 ∈ F𝑞 such that ∀ 𝛼 ∈ F𝑞 , 𝜒 (𝛼) = 𝜒

𝛽
(𝛼).

Proof: Now for any 𝛼1,𝛼2 ∈ F𝑞 , we have

𝜒
𝛽
(𝛼1 + 𝛼2) = 𝜒1 (𝛽 (𝛼1 + 𝛼2)) = 𝜒1 (𝛽 · 𝛼1) · 𝜒1 (𝛽 · 𝛼2) = 𝜒

𝛽
(𝛼1) · 𝜒𝛽 (𝛼2)

Hence 𝜒
𝛽

is an additive character of F𝑞 .
Now we will show that for any two distinct 𝛽1, 𝛽2 ∈ F𝑞 with 𝛽1 ≠ 𝛽2 there exists an 𝛼 ∈ F𝑞 such that 𝜒

𝛽1
(𝛼) ≠

𝜒
𝛽2
(𝛼). Suppose that is not the case. Then for all 𝛼 ∈ F𝑞 ,

𝜒
𝛽2
(𝛼) = 𝜒

𝛽2
(𝛼) ⇐⇒ 𝜒1 (𝛽1 · 𝛼) = 𝜒1 (𝛽2 · 𝛼) ⇐⇒ 𝜒1 ((𝛽1 − 𝛽2)𝛼) = 1.

Now 𝜒
1 ((𝛽1 − 𝛽2)𝛼) = 1 for all 𝛼 ∈ F𝑞 if and only if Tr((𝛽1 − 𝛽2)𝛼) = 0 for all 𝛼 ∈ F𝑞 . Since Tr(𝑋 ) = 𝑋 +𝑋𝑝 + · · · +𝑋𝑝𝑟−1

where 𝑞 = 𝑝𝑟 . Since Tr is F𝑝−linear, Tr((𝛽1 − 𝛽2)𝑋 ) has 𝑝𝑟 roots in F𝑞 which is more than the degree 𝑝𝑟−1. Hence
Tr((𝛽1 − 𝛽2)𝑋 ) is the zero polynomial. Therefore 𝛽1 = 𝛽2. So for any two distinct 𝛽1, 𝛽2 ∈ F𝑞 with 𝛽1 ≠ 𝛽2 there exists an
𝛼 ∈ F𝑞 such that 𝜒

𝛽1
(𝛼) ≠ 𝜒

𝛽2
(𝛼).

Hence for every 𝛽 ∈ F𝑞 we have a distinct additive character. Therefore we have 𝑞 additive characters. Since there
are 𝑞 additive characters of F𝑞 by Theorem 2.1.5 every additive character of F𝑞 can be obtained the above way. ■

The orthogonality relations in Observation 2.5 when applied to additive characters and along with Theorem 2.2.1
gives the following result.

Theorem 2.2.2 Orthogonality of Additive Characters

(i) For any 𝑎 ∈ F𝑞 , the corresponding additive character is 𝜒𝑎 . Then

∑︁
𝛾 ∈F𝑞

𝜒
𝑎 (𝛾) =


0 if 𝑎 ≠ 0

𝑞 if 𝑎 = 0

(ii) For any two additive characters 𝜒𝑎 , 𝜒
𝑏

where 𝑎,𝑏 ∈ F𝑞 ,

∑︁
𝛾 ∈F𝑞

𝜒
𝑎 (𝛾) · 𝜒𝑏 (𝛾) =


0 if 𝑎 ≠ 𝑏

𝑞 if 𝑎 = 𝑏

(iii) For any two elements 𝛼 , 𝛽 ∈ F𝑞 , ∑︁
𝑐∈F𝑞

𝜒
𝑐 (𝛼) · 𝜒𝑐 (𝛽) =


0 if 𝛼 ≠ 𝛽

𝑞 if 𝛼 = 𝛽
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2.2.2 Multiplicative Characters of F𝑞

Characters of the multiplicate group F∗𝑞 are called multiplicative characters of F𝑞 . We denote the set of all multiplicative
characters of F𝑞 by M𝑞 . Since F∗𝑞 is a cyclic group of order 𝑞 − 1 by Lemma 2.1.1 we have the following:

Lemma 2.2.3 Structure of Multiplicative Characters

The group of multiplicative characters of F𝑞 is a cyclic group of order 𝑞 − 1 and are given by {𝜓 𝑗 : 0 ≤ 𝑗 ≤ 𝑞 − 2} where

if 𝑔 is the generator of F∗𝑞 then for all 𝑘 ∈ {0, 1, . . . ,𝑞 − 2} we have 𝜓 𝑗 (𝑔𝑘 ) = 𝑒2𝜋𝑖 𝑗𝑘
𝑞−1 where 𝜓0 is the identity element

of the group and the trivial character.

Every multiplicative character𝜓 of F𝑞 has the property that𝜓𝑞−1 =𝜓0. Let𝜓 be the generator of the cyclic group
of multiplicative characters. Then 𝜓 is called the principal character . For any multiplicative character 𝜓 of F𝑞 we say 𝜓
is of order 𝑑 if 𝜓𝑑 = 𝜓0 and 𝑑 is the smallest positive integer with this property. We use ord(𝜓 ) to denote the order of 𝜓 .
Hence 𝑑 | 𝑞 − 1. We say 𝜓 is of exponent 𝑒 if 𝜓𝑒 = 𝜓0. Clearly 𝑑 | 𝑒 where 𝑑 is the order of 𝜓 . Let M (𝑒 )

𝑞 denote the set of
all multiplicative characters of M𝑞 of exponent 𝑒 .

Note:-
For odd 𝑞 a special multiplicative character of interest is the quadratic character . It is denoted by 𝜂. It only takes the
value ±1. So ord𝜂 = 2. For all 𝛼 ∈ F∗𝑞 , 𝜂 (𝛼) = 1 if 𝛼 is a quadratic residue and −1 if 𝛼 is a non-quadratic residue.

Therefore for all 𝛼 ∈ F𝑞 , we have 𝜂 (𝛼) = 𝛼 (𝑞−1)/2. The Legendre symbol
(
𝛼

𝑞

)
for any 𝛼 ∈ F𝑞 is defined by 𝜂 (𝛼) =

(
𝛼

𝑞

)
For any multiplicative character𝜓 of F𝑞 , the value of𝜓 (−1) is of special interest. We obviously have𝜓 (−1) = ±1.

Let ord(𝜓 ) =𝑚. Then𝑚 | 𝑞 − 1. Hence values of 𝜓 are𝑚𝑡ℎ roots of unity. Therefore 𝜓 (−1) can be −1 if𝑚 is even. Let 𝑔
be a primitive element of F𝑞 i.e. F∗𝑞 is generated by 𝑔. Hence𝜓 (𝑔) = 𝜁𝑚 where 𝜁𝑚 is the𝑚𝑡ℎ root of unity. If𝑚 is even

𝜓 (−1) =𝜓
(
𝑔
(𝑞−1)/2

)
= 𝜁

(𝑞−1)/2
𝑚

Now
𝜁
(𝑞−1)/2
𝑚 = −1 ⇐⇒ 𝑞 − 1

2 ≡ 𝑚2 mod𝑚 ⇐⇒ 𝑞 − 1
𝑚
≡ 1 mod 2

So𝑚 should be even and 𝑞−1
𝑚

should be odd. Therefore we have the following two observations.

Observation 2.6. For any multiplicative character𝜓 ∈M𝑞 ,𝜓 (−1) = −1 if and only if 𝑞−1
𝑚

is odd and𝑚 is even.

Observation 2.7. If𝜓 ∈M𝑞 is the principal multiplicative character of F𝑞 then𝜓 (−1) = −1.

Suppose 𝑑 | 𝑞 − 1. Then for every multiplicative character 𝜓 of exponent 𝑑 and for every 𝛼 ∈ F∗𝑞 , we have
𝜓 (𝛼𝑑 ) = 𝜓𝑑 (𝛼) = 1. Hence 𝜓 (𝛼) = 1 if 𝛼 ∈ (F∗𝑞) (𝑑 ) . Conversely if 𝜓 (𝛼) = 1 for every 𝛼 ∈ (F∗𝑞) (𝑑 ) then 𝜓𝑑 = 𝜓0. Hence

𝜓 is a character of exponent 𝑑 then𝜓 (𝛼) depends only on the cosets of F∗𝑞 /
(F∗𝑞) (𝑑 )

. Therefore there are precisely 𝑑 such

characters of exponent 𝑑 .

Theorem 2.2.4 Character Sum over 𝑑th-Power Characters

Suppose 𝑑 | 𝑞 − 1. Suppose 𝛼 ∈ F∗𝑞 . Then

∑︁
𝜓 ∈M (𝑑 )

𝑞

𝜒 (𝛼) =

𝑑 if 𝛼 ∈ (F∗𝑞) (𝑑 )

0 otherwise

Proof: The characters of exponent𝑑 are characters of the group F∗𝑞 /
(F∗𝑞) (𝑑 )

. Hence this follows from Observation 2.4. ■
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Again, the orthogonality relations in Observation 2.5 when applied to multiplicative characters gives the following:

Theorem 2.2.5 Orthogonality of Multiplicative Characters

(i) For any multiplicative character𝜓 of F𝑞

∑︁
𝛼∈F∗𝑞

𝜓 (𝛼) =


0 if𝜓 ≠ 𝜓0

𝑞 − 1 if𝜓 =𝜓0

(ii) For any two multiplicative characters𝜓 and 𝜆 of F𝑞 ,

∑︁
𝛼∈F∗𝑞

𝜓 (𝛼) · 𝜆(𝛼) =


0 if𝜓 ≠ 𝜆

𝑞 − 1 if𝜓 = 𝜆

(iii) For any two elements 𝛼 , 𝛽 ∈ F∗𝑞 ,

∑︁
𝜓 ∈M𝑞

𝜓 (𝛼) ·𝜓 (𝛽) =


0 if 𝛼 ≠ 𝛽

𝑞 − 1 if 𝛼 = 𝛽

Therefore the multiplicative characters form an orthonormal basis on all complex valued functions from F∗𝑞 to C.
So we have the observation

Observation 2.8. obs:mult-char-fourier-basis The set of multiplicative characters M𝑞 of F𝑞 forms an orthonormal basis for
the vector space𝑊 of all complex valued functions 𝜑 : F∗𝑞 → C.

Usually we extend the definition of multiplicative characters to the whole F𝑞 so that we can define special character
sums over the whole field. Let 𝜓 is a multiplicative character then 𝜓 (0) is defined to be 0 if 𝜓 is nontrivial multiplicative
character and𝜓 (0) = 1 if𝜓 is the trivial character.

2.2.3 Lifting of Characters to Finite Extension

Let 𝐸 be a finite extension field of F𝑞 . Let 𝜒1 and 𝜇1 be the canonical additive characters of F𝑞 and 𝐸 respectively. Let
Tr𝐸/F𝑞 be the trace function from 𝐸 to F𝑞 .

Then 𝜒1 and 𝜇1 are related by the identity

𝜒1 (𝑇𝑟𝐸/F𝑞 (𝛼)) = 𝜇1 (𝛼) ∀ 𝛼 ∈ 𝐸

Since the trace function satisfies transitivity property we have Tr𝐸 = TrF𝑞 ◦Tr𝐸/F𝑞 . Hence for all 𝛼 ∈ 𝐸, 𝜇1 (𝛼) =

𝜒
1 (Tr𝐸/F𝑞 (𝛼)).

Similarly if𝜓1 and 𝜆1 are principal multiplicative characters of F𝑞 and 𝐸 respectively then,

𝜆1 (𝛼) =𝜓1 (N𝐸/F𝑞 (𝛼)) ∀ 𝛼 ∈ 𝐸∗

where N𝐸/F𝑞 is the norm function from 𝐸 to F𝑞 .
In the opposite way for any additive character 𝜒 of F𝑞 or multiplicative character𝜓 of F𝑞 we can lift the characters

to an additive and multiplicative character of 𝐸 respectively by taking 𝜒 ◦ Tr𝐸/F𝑞 and 𝜓 ◦N𝐸/F𝑞 respectively. We denote
these by 𝜒 (𝑟 ) := 𝜒 ◦ Tr𝐸/F𝑞 and𝜓 (𝑟 ) :=𝜓 ◦N𝐸/F𝑞 where 𝑟 = [𝐸 : F𝑞].

In the following sections we will be working with hybrid character sums which are formed by taking product of
multiple characters of both kind. Hence we will be using 𝜒 ,𝜏 to denote additive characters and𝜓 , 𝜆 to denote multiplicative
characters.
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§ 2.3 Gaussian Sums

Having studied additive and multiplicative characters of F𝑞 separately, we now turn to hybrid sums that interleave both
types. The first and most fundamental such object is the Gaussian sum. A Gaussian sum is formed by taking the product
of a multiplicative character and an additive character and summing over all nonzero elements of F𝑞 . The interplay
between the two kinds of characters gives remarkable algebraic and analytic properties, and they will serve as the key
tool throughout this chapter. We define them as follows.

Definition 2.3.1: Gaussian Sum

Let𝜓 be a multiplicative character and 𝜒 be an additive character of F𝑞 . Then the Gaussian Sum associated to𝜓 and
𝜒 is defined as

𝐺 (𝜓 , 𝜒) =
∑︁
𝛼∈F∗𝑞

𝜓 (𝛼) · 𝜒 (𝛼)

The absolute value of the Gaussian sum is at most 𝑞 − 1 by the triangle inequality. However, we will see below that
when both𝜓 and 𝜒 are non-trivial, |𝐺 (𝜓 , 𝜒) | = √𝑞 — far smaller than this naive bound.

Theorem 2.3.1 Evaluation of Gaussian Sums

Let𝜓 be a multiplicative character and 𝜒 be an additive character of F𝑞 . Then

𝐺 (𝜓 , 𝜒) =


𝑞 − 1 if𝜓 =𝜓0, 𝜒 = 𝜒

0

−1 if𝜓 =𝜓0, 𝜒 ≠ 𝜒
0

0 if𝜓 ≠ 𝜓0, 𝜒 = 𝜒
0

(2.4)

If𝜓 is non-trivial multiplicative character and 𝜒 is non-trivial additive character then |𝐺 (𝜓 , 𝜒) | = √𝑞.

Proof: If𝜓 =𝜓0 and 𝜒 = 𝜒
0 then for all 𝛼 ∈ F∗𝑞 we have𝜓 (𝛼) = 1 and 𝜒 (𝛼) = 1. Hence 𝐺 (𝜓0, 𝜒0) = 𝑞 − 1.

Now suppose𝜓 =𝜓0 and 𝜒 is non-trivial additive character. Then by Theorem 2.2.2(i)

𝐺 (𝜓0, 𝜒) =
∑︁
𝛼∈F∗𝑞

𝜒 (𝛼) =
∑︁
𝛼∈F𝑞

𝜒 (𝛼) − 𝜒 (0) = −1

Let 𝜓 be a non-trivial multiplicative character and 𝜒 = 𝜒
0. Then for all 𝛼 ∈ F∗𝑞 we have 𝜒 (𝛼) = 1. Hence by

Theorem 2.2.5(i)

𝐺 (𝜓 , 𝜒0) =
∑︁
𝛼∈F∗𝑞

𝜓 (𝛼) = 0

So now assume both 𝜓 and 𝜒 are non-trivial multiplicative and additive characters of F𝑞 respectively. Then we
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have

|𝐺 (𝜓 , 𝜒) |2 =𝐺 (𝜓 , 𝜒) ·𝐺 (𝜓 , 𝜒)

=
©­«
∑︁
𝛼∈F∗𝑞

𝜓 (𝛼) · 𝜒 (𝛼)ª®¬ · ©­«
∑︁
𝛽∈F∗𝑞

𝜓 (𝛽) · 𝜒 (𝛽)ª®¬
=

∑︁
𝛼∈F∗𝑞

∑︁
𝛽∈F∗𝑞

𝜓 (𝛼) · 𝜒 (𝛼) ·𝜓 (𝛽) · 𝜒 (𝛽)

=
∑︁
𝛼∈F∗𝑞

∑︁
𝛽∈F∗𝑞

𝜓 (𝛽 · 𝛼−1) · 𝜒 (𝛽 − 𝛼)

=
∑︁
𝛼∈F∗𝑞

∑︁
𝛾 ∈F∗𝑞

𝜓 (𝛾) · 𝜒 (𝛼 (𝛾 − 1)) [Take 𝛾 = 𝛽 · 𝛼−1]

=
∑︁
𝛾 ∈F∗𝑞

𝜓 (𝛾) · ©­«
∑︁
𝛼∈F∗𝑞

𝜒 (𝛼 (𝛾 − 1))ª®¬
=

∑︁
𝛾 ∈F∗𝑞

𝜓 (𝛾) · ©­«
∑︁
𝛼∈F𝑞

𝜒 (𝛼 (𝛾 − 1))ª®¬ − 𝜒 (0)
∑︁
𝛾 ∈F∗𝑞

𝜓 (𝛾)

=
∑︁
𝛾 ∈F∗𝑞

𝜓 (𝛾) · ©­«
∑︁
𝛼∈F𝑞

𝜒 (𝛼 (𝛾 − 1))ª®¬ [By Theorem 2.2.5(i)]

Hence by Theorem 2.2.2(i) ∑︁
𝛼∈F𝑞

𝜒 (𝛼 (𝛾 − 1)) =


0 if 𝛾 ≠ 1

𝑞 if 𝛾 = 1

Therefore |𝐺 (𝜓 , 𝜒) |2 =𝜓 (1)𝑞 = 𝑞 and so we have the required result. ■

Now under various transformations of the additive or multiplicative characters Gaussian sums gives some useful identities.
We will see some of these below.

Lemma 2.3.2 Gaussian Sum Identities

Gaussian sums for the finite field F𝑞 satisfy the following identities. For any 𝑎 ∈ F𝑞 let 𝜒𝑎 be the additive character
defined as in Theorem 2.2.1. Let𝜓 ∈M𝑞 be any multiplicative character and 𝜒 ∈ X𝑞 be any additive character of F𝑞 .
Then we have the following identities

(i) 𝐺 (𝜓 , 𝜒
𝑎𝑏
) =𝜓 (𝑎) ·𝐺 (𝜓 , 𝜒

𝑏
) for any 𝑎 ∈ F∗𝑞 and 𝑏 ∈ F𝑞 .

(ii) 𝐺 (𝜓 , 𝜒) =𝜓 (−1) ·𝐺 (𝜓 , 𝜒).

(iii) 𝐺 (𝜓 , 𝜒) =𝜓 (−1)𝐺 (𝜓 , 𝜒).

(iv) 𝐺 (𝜓 , 𝜒) ·𝐺 (𝜓 , 𝜒) =𝜓 (−1)𝑞 if𝜓 and 𝜒 are non-trivial multiplicative and additive characters of F𝑞 respectively.

(v) 𝐺 (𝜓𝑝 , 𝜒
𝑏
) =𝐺 (𝜓 , 𝜒

𝜎 (𝑏 ) ) for any 𝑏 ∈ F𝑞 where 𝑝 = char(F𝑞) and 𝜎 (𝑋 ) = 𝑋𝑝 be the Frobenius map of F𝑞 .

Proof:

(i) For any 𝛾 ∈ F𝑞 we have 𝜒
𝑎𝑏
(𝛾) = 𝜒

1 (𝑎𝑏 · 𝛾) = 𝜒
𝑏
(𝑎 · 𝛾). Hence

𝐺 (𝜓 , 𝜒
𝑎𝑏
) =

∑︁
𝛾 ∈F∗𝑞

𝜓 (𝛾) · 𝜒
𝑎𝑏
(𝛾) =

∑︁
𝛾 ∈F∗𝑞

𝜓 (𝛾) · 𝜒
𝑏
(𝑎 · 𝛾)
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Now take 𝑑 = 𝑎 · 𝛾 . Then 𝛾 = 𝑎−1 · 𝑑 . Hence

𝐺 (𝜓 , 𝜒
𝑎𝑏
) =

∑︁
𝑑∈F∗𝑞

𝜓 (𝑎−1 · 𝑑) · 𝜒
𝑏
(𝑑) =𝜓 (𝑎−1)

∑︁
𝑑∈F∗𝑞

𝜓 (𝑑) · 𝜒
𝑏
(𝑑) =𝜓 (𝑎) ·𝐺 (𝜓 , 𝜒

𝑏
)

Hence we have the first identity.

(ii) Now we have 𝜒 = 𝜒
𝑏

for some suitable 𝑏 ∈ F𝑞 . Therefore 𝜒 = 𝜒
(−1) ·𝑏 . So by the first identity we have 𝐺 (𝜓 , 𝜒) =

𝜓 (−1) ·𝐺 (𝜓 , 𝜒
𝑏
) =𝜓 (−1) ·𝐺 (𝜓 , 𝜒). The last equality holds because𝜓 (−1) = ±1.

(iii) Now again we have 𝜒 = 𝜒
𝑏

for some suitable 𝑏 ∈ F𝑞 . Hence 𝜒 = 𝜒
(−1) ·𝑏 . Again by using the first identity we have

𝐺 (𝜓 , 𝜒) =𝐺
(
𝜓 , 𝜒 (−1) ·𝑏

)
=𝜓 (−1) ·𝐺 (𝜓 , 𝜒

𝑏
) =𝜓 (−1) ·𝐺 (𝜓 , 𝜒)

Now from the definition of Gaussian sums we have 𝐺 (𝜓 , 𝜒) =𝐺 (𝜓 , 𝜒). Hence we have the required identity.

(iv) Using part (ii) and (iii) we have

𝐺 (𝜓 , 𝜒) ·𝐺 (𝜓 , 𝜒) =𝐺 (𝜓 , 𝜒) ·𝜓 (−1)𝐺 (𝜓 , 𝜒) =𝜓 (−1) · |𝐺 (𝜓 , 𝜒) |2

Since 𝜓 and 𝜒 are non-trivial multiplicative and additive characters of F𝑞 respectively by Theorem 2.3.1 we have
|𝐺 (𝜓 , 𝜒) |2 = 𝑞. Hence we have the required identity.

(v) If Tr is the absolute trace function from F𝑞 to F𝑝 then for any 𝛼 ∈ F𝑞 we have Tr(𝛼) = Tr(𝛼𝑝 ). Hence 𝜒1 (𝛼) =
𝜒

1 (𝛼𝑝 ). Hence for any 𝛼 ∈ F𝑞 , we get 𝜒
𝑏
(𝛼) = 𝜒

1 (𝑏 · 𝛼) = 𝜒
1 (𝑏𝑝 · 𝛼𝑝 ) = 𝜒

𝜎 (𝑏 ) (𝛼
𝑝 ). Therefore

𝐺 (𝜓𝑝 , 𝜒
𝑏
) =

∑︁
𝛼∈F∗𝑞

𝜓𝑝 (𝛼) · 𝜒
𝑏
(𝛼) =

∑︁
𝛼∈F∗𝑞

𝜓 (𝛼𝑝 )𝜒
𝜎 (𝑏 ) (𝛼

𝑝 ) =𝐺 (𝜓 , 𝜒
𝜎 (𝑏 ) )

Therefore we have the required result.

■

Now we can use Gaussian Sums in a variety of context. For any multiplicative character𝜓 we can express the value
of 𝜓 at any nonzero 𝛼 ∈ F𝑞 using Gaussian sums and additive characters. And similarly for any additive character 𝜒 of
F𝑞 we can express the value of 𝜒 at any nonzero 𝛼 ∈ F𝑞 using Gaussian sums and multiplicative characters.

Now by Theorem 2.2.2(iii) for any 𝛼 ∈ F∗𝑞 we have

𝜓 (𝛼) = 1
𝑞

∑︁
𝛽∈F∗𝑞

𝜓 (𝛽)
∑︁
𝑐∈F𝑞

𝜒
𝑐 (𝛼)𝜒𝑐 (𝛽)

=
1
𝑞

∑︁
𝑐∈F𝑞

𝜒
𝑐 (𝛼)

∑︁
𝛽∈F∗𝑞

𝜓 (𝛽) · 𝜒𝑐 (𝛽)

=
1
𝑞

∑︁
𝑐∈F𝑞

𝜒
𝑐 (𝛼) ·𝐺 (𝜓 , 𝜒𝑐 )

=
1
𝑞

∑︁
𝜒∈X𝑞

𝐺 (𝜓 , 𝜒)𝜒 (𝛼)

This may be thought of as the Fourier expansion of 𝜓 in terms of the additive characters of F𝑞 , with Gaussian sums
appearing as Fourier coefficients.

We can do similar thing for multiplicative characters of F𝑞 . By using Theorem 2.2.5(iii) we get

𝜒 (𝛼) = 1
𝑞 − 1

∑︁
𝜓 ∈M𝑞

𝐺 (𝜓 , 𝜒)𝜒 (𝛼)

This can be interpreted as the Fourier expansion of the multiplicative characters of F𝑞 with the Gaussian sums as Fourier
coefficients. Hence we have the observations:
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Observation 2.9. For any multiplicative character𝜓 and additive character 𝜒 of F𝑞 and any 𝛼 ∈ F∗𝑞 we have

(i) 𝜓 (𝛼) = 1
𝑞

∑
𝜒∈X𝑞

𝐺 (𝜓 , 𝜒)𝜒 (𝛼)

(ii) 𝜒 (𝛼) = 1
𝑞−1

∑
𝜓 ∈M𝑞

𝐺 (𝜓 , 𝜒)𝜓 (𝛼)

We now give another special formula for Gaussian sums for 2-degree extension of finite fields and it has a lot of
application. But this has a restriction on the underlying field.

Theorem 2.3.3 Stickelberger’s Theorem

Let 𝑞 be a prime power and 𝜓 ∈ M𝑞 be a non-trivial multiplicative character of F𝑞2 of order𝑚 such that𝑚 | 𝑞 − 1.
Let 𝜒1 be the canonical additive character of F𝑞2 . Then

𝐺 (𝜓 , 𝜒1) =

𝑞 if𝑚 is odd or 𝑞+1

𝑚
is even

−𝑞 if𝑚 is even and 𝑞+1
𝑚

is odd

Proof: For brevity of notations we write 𝐸 = F𝑞2 . Let 𝛾 be a primitive element of 𝐸. So set 𝑔 = 𝛾𝑞+1. Therefore
𝑔𝑞−1 = 1 and so we get 𝑔 as primitive element of F𝑞 . Therefore for all 𝛼 ∈ 𝐸∗ there exists unique 𝑗 ∈ {0, 1, . . . ,𝑞 − 1 and
𝑘 ∈ {0, . . . ,𝑞 + 1} such that 𝛼 = 𝑔 𝑗 · 𝛾𝑘 . Hence𝜓 (𝑔) =𝜓𝑞+1 (𝛾) = 1 as ord(𝜓 ) =𝑚 | 𝑞 + 1. Therefore we have

𝐺 (𝜓 , 𝜒1) =
𝑞−2∑︁
𝑗=0

𝑞∑︁
𝑘=0

𝜓 (𝑔 𝑗 · 𝛾𝑘 ) · 𝜒1 (𝑔 𝑗 · 𝛾𝑘 )

=

𝑞∑︁
𝑘=0

𝜓𝑘 (𝛾)
𝑞−2∑︁
𝑗=0

𝜒1 (𝑔 𝑗 · 𝜒𝑘 )

=

𝑞∑︁
𝑘=0

𝜓𝑘 (𝛾)
∑︁
𝛼∈F∗𝑞

𝜒1 (𝛼 · 𝜒𝑘 )

Let 𝜏1 is the canonical additive character of F𝑞 then for any 𝛼 ∈ F∗𝑞 and 𝑘 ∈ {0, 1, . . . ,𝑞} we get

𝜒1 (𝛼 · 𝛾𝑘 ) = 𝜏1
(
Tr𝐸/F𝑞 (𝛼 · 𝛾𝑘 )

)
= 𝜏1

(
𝛼 · Tr𝐸/F𝑞 (𝛾𝑘 )

)
Hence we get ∑︁

𝛼∈F∗𝑞

𝜒1 (𝛼 · 𝜒𝑘 ) =
∑︁
𝛼∈F∗𝑞

𝜏1
(
𝛼 · Tr𝐸/F𝑞 (𝛾𝑘 )

)
=


−1 if Tr𝐸/F𝑞 (𝛾𝑘 ) ≠ 0

𝑞 − 1 if Tr𝐸/F𝑞 (𝛾𝑘 ) = 0

Now since [𝐸 : F𝑞] = 2 we have Tr𝐸/F𝑞 (𝛾𝑘 ) = 𝛾𝑘 +𝛾𝑘 ·𝑞 . Therefore

Tr𝐸/F𝑞 (𝛾𝑘 ) = 0 ⇐⇒ 𝛾𝑘 = −𝛾𝑘 ·𝑞 ⇐⇒ 𝛾𝑘 (𝑞−1) = −1

So if 𝑞 is odd then 𝛾𝑘 (𝑞−1) = −1 ⇐⇒ 𝑘 =
𝑞+1

2 and therefore we have

∑︁
𝛼∈F∗𝑞

𝜒1 (𝛼 · 𝜒𝑘 ) =

−1 if 𝑘 ≠

𝑞+1
2

𝑞 − 1 if 𝑘 =
𝑞+1

2

And by using Theorem 2.2.2

𝐺 (𝜓 , 𝜒1) = 𝑞 ·𝜓
𝑞+1/2 (𝛾) −

𝑞∑︁
𝑘=0

𝜓𝑘 (𝛾) = 𝑞 ·𝜓 (𝑞+1)/2
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Recall that𝜓 has order𝑚 and𝑚 | 𝑞 + 1. Therefore𝜓 (𝑞+1)/2 (𝛾) = ±1. Now if 𝑞+1
𝑚

is even then we can rewrite

𝜓
(𝑞+1)/2 (𝛾) = (𝜓𝑚 (𝛾)) (𝑞+1)/2𝑚

= 1

So suppose 𝑞+1
𝑚

is odd, say 𝑞+1
𝑚

= 2ℓ + 1 for some ℓ ≥ 0. Since 𝑞 is odd, 𝑞 + 1 is even, and as (𝑞 + 1)/𝑚 is odd the factor of
2 in 𝑞 + 1 must lie entirely in𝑚; in particular𝑚 is even. Writing 𝑞+1

2 =𝑚ℓ + 𝑚
2 , we get

𝜓
(𝑞+1)/2 (𝛾) = (𝜓𝑚 (𝛾))ℓ ·𝜓𝑚/2 (𝛾) =𝜓𝑚/2 (𝛾).

Now 𝜓
𝑚/2 (𝛾) is a square root of unity since order of 𝜓 = 𝑚 and 𝛾 is primitive element of 𝐸 we have 𝜓 (𝑞+1)/2 (𝛾) = −1.

Therefore 𝐺 (𝜓 , 𝜒1) = (−1) (𝑞+1)/𝑚 · 𝑞. So we have the theorem. ■

We can give a relation between Gaussian sums a multiplicative and additive character and Gaussian sum of lifted
characters. To build that relation we need the theory of 𝐿-functions in section 2.5. Later we proved the Davenport-
Hasse Theorem which gives this relation.

Before going into this in the next section we will define another hybrid sum called Jacobi Sums. Like Gaussian sum
this also has many important applications. In the later sections we will use both Gaussian sums and Jacobi Sums to prove
many interesting results

§ 2.4 Jacobi Sums

Jacobi sums form another class of exponential sums which are of great importance in algebraic number theory. Jacobi
sums are defined on product of many multiplicative characters.

Let 𝜓 ∈ M𝑞 is a multiplicative character of F𝑞 . So we extend the definition of 𝜓 following subsection 2.2.2 by
setting 𝜓 (0) = 1 if 𝜓 is the trivial character and 𝜓 (0) = 0 if 𝜓 is a non-trivial character. From now on by default we will
always use this extended definition of multiplicative characters.

So now let 𝜆1, 𝜆2, . . . , 𝜆𝑘 ∈M𝑞 be 𝑘 multiplicative characters of F𝑞 . Let 𝛼 ∈ F𝑞 be fixed. Then define the sum

𝐽𝛼 (𝜆1, . . . , 𝜆𝑘 ) =
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞
𝛼1+···+𝛼𝑘=𝛼

𝜆1 (𝛼1) · 𝜆2 (𝛼2) · · · 𝜆𝑘 (𝛼𝑘 )

Thus in the above sum there are 𝑞𝑘−1 terms. Now if 𝛼 ≠ 0 then define 𝛽𝑖 = 𝛼−1 · 𝛼𝑖 . Then 𝛽1 + · · · + 𝛽𝑘 = 1 and the above
summations gives us

𝐽𝛼 (𝜆1, . . . , 𝜆𝑘 ) =
∑︁

𝛽1 ,...,𝛽𝑘 ∈F𝑞
𝛽1+···+𝛽𝑘=1

𝜆1 (𝛼 · 𝛽1) · · · 𝜆𝑘 (𝛼 · 𝛽2)

= (𝜆1 · · · 𝜆𝑘 ) (𝛼)
∑︁

𝛽1 ,...,𝛽𝑘 ∈F𝑞
𝛽1+···+𝛽𝑘=1

𝜆1 (𝛽1) · · · 𝜆𝑘 (𝛽2)

= (𝜆1 · · · 𝜆𝑘 ) (𝛼) · 𝐽1 (𝜆1, . . . , 𝜆𝑘 )

Because of this relation it is enough to consider only the sums 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) and 𝐽1 (𝜆1, . . . , 𝜆𝑘 ). The second sum is called
the Jacobi sum and it has more important applications and so we use a slightly simpler notation.

Definition 2.4.1: Jacobi Sum

Let 𝜆1, . . . , 𝜆𝑘 ∈M𝑞 be multiplicative characters of F𝑞 . Then the Jacobi sum is defined by

𝐽 (𝜆1, . . . , 𝜆𝑘 ) =
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞
𝛼1+···+𝛼𝑘=1

𝜆1 (𝛼1) · · · 𝜆𝑘 (𝛼𝑘 )
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Now we want to find the value of 𝐽 (𝜆1, . . . , 𝜆𝑘 ) and 𝐽0 (𝜆1, . . . , 𝜆𝑘 ). If 𝑘 = 1 then 𝐽 (𝜆) = 𝜆(1) = 1 for any 𝜆 ∈ M𝑞

of F𝑞 . And 𝐽0 (𝜆) = 0 if 𝜆 is non-trivial and its 1 if 𝜆 is trivial multiplicative character. Therefore, Jacobi sums are only of
interest when 𝑘 ≥ 2. Now first we have the following observation

Observation 2.10. By the definition of the Jacobi sums 𝐽 (𝜆1, . . . , 𝜆𝑘 ) and 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) are independent of the order in which
the characters 𝜆𝑖 are listed.

2.4.1 Evaluating Jacobi Sums

We begin with the degenerate cases where at least one character is trivial, then build up to the general absolute-value
formula via the key connection to Gaussian sums.

Lemma 2.4.1 Jacobi Sums with Trivial Characters

Let 𝜆1, . . . , 𝜆𝑘 ∈M𝑞 are multiplicative characters of F𝑞 . Then

(i) If 𝜆1 = · · · = 𝜆𝑘 =𝜓0 where𝜓0 is the trivial multiplicative character then

𝐽 (𝜆1, . . . , 𝜆𝑘 ) = 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 𝑞𝑘−1

(ii) If some but not all 𝜆𝑖 ’s are trivial then

𝐽 (𝜆1, . . . , 𝜆𝑘 ) = 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 0

Proof:

(i) Since all 𝜆𝑖 ’s are trivial for all 𝛼 ∈ F𝑞 , 𝜆(𝛼) = 1. Hence each term of both the Jacobi sums give 1. Now the sum is
over 𝑞𝑘−1 choices of (𝛼1, . . . ,𝛼𝑘 ) ∈ F𝑘𝑞 . Hence 𝐽 (𝜆1, . . . , 𝜆𝑘 ) = 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 𝑞𝑘−1.

(ii) WLOG suppose 𝜆1, . . . , 𝜆𝑡 are non-trivial multiplicative characters where 1 ≤ 𝑡 < 𝑘 and 𝜆𝑡+1, . . . , 𝜆𝑘 are all trivial.
Then we have

𝐽 (𝜆1, . . . , 𝜆𝑘 ) =
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞
𝛼1+···+𝛼𝑘=1

𝜆1 (𝛼1) · · · 𝜆𝑘 (𝛼𝑘 )

=
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞
𝛼1+···+𝛼𝑘=1

𝜆1 (𝛼1) · · · 𝜆𝑡 (𝛼𝑡 )

Now for any fixed 𝛼1, . . . ,𝛼𝑡 ∈ F𝑞 there are 𝑞𝑘−𝑡−1 solutions of (𝛼𝑡+1, . . . ,𝛼𝑘 ) such that 𝛼𝑡+1 + · · · + 𝛼𝑘 = 1 − (𝛼1 +
· · · + 𝛼𝑡 ). Therefore we get

𝐽 (𝜆1, . . . , 𝜆𝑘 ) = 𝑞𝑘−ℎ−1
∑︁

𝛼1 ,...,𝛼𝑡 ∈F𝑞

𝜆1 (𝛼1) · · · 𝜆𝑡 (𝛼𝑡 )

= 𝑞𝑘−ℎ−1
𝑡∏
𝑖=1

©­«
∑︁
𝛼𝑖 ∈F𝑞

𝜆𝑖 (𝛼𝑖 )ª®¬
= 0 [By Theorem 2.2.5(i)]

With a very similar argument for 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) we get the identity.

■

Before going to the case where all 𝜆𝑖 ’s are non-trivial we will show that a relation between 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) and
𝐽 (𝜆1, . . . , 𝜆𝑘 ). This will show that studying 𝐽 (𝜆1, . . . , 𝜆𝑘 ) suffices to study all kinds of Jacobi sums.
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Lemma 2.4.2 Relation between 𝐽0 and 𝐽

Let 𝜆1, . . . , 𝜆𝑘 ∈M𝑞 are multiplicative characters of F𝑞 with 𝜆𝑘 is non-trivial. Then

𝐽0 (𝜆1, . . . , 𝜆𝑘 ) =


0 if
∏𝑘
𝑖=1 𝜆𝑖 is non-trivial

𝜆𝑘 (−1) · (𝑞 − 1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1) if
∏𝑘
𝑖=1 𝜆𝑖 is trivial

Proof: For 𝑘 = 1, we already showed 𝐽0 (𝜆1) = 𝜆1 (0) = 0 as 𝜆1 is non-trivial by hypothesis. So suppose 𝑘 ≥ 2. Then we
have

𝐽0 (𝜆1, . . . , 𝜆𝑘 ) =
∑︁
𝛼∈F𝑞

𝐽−𝛼 (𝜆1, . . . , 𝜆𝑘−1) · 𝜆𝑘 (𝛼)

=
∑︁
𝛼∈F𝑞

(
𝑘−1∏
𝑖=1

𝜆𝑖

)
(−𝛼) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1) · 𝜆𝑘 (𝛼)

= 𝐽 (𝜆1, . . . , 𝜆𝑘−1)
∑︁
𝛼∈F𝑞

(
𝑘−1∏
𝑖=1

𝜆𝑖

)
(−𝛼) · 𝜆𝑘 (𝛼)

=

(
𝑘−1∏
𝑖=1

𝜆𝑖

)
(−1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1)

∑︁
𝛼∈F𝑞

(
𝑘∏
𝑖=1

𝜆𝑖

)
(𝛼)

Now by Theorem 2.2.5(i) if
∏𝑘
𝑖=1 𝜆𝑖 is nontrivial then the sum 0, so the first case is shown and if

∏𝑘
𝑖=1 𝜆𝑖 is trivial then the

last sum is 𝑞 − 1. Now since
∏𝑘
𝑖=1 𝜆𝑖 is trivial

∏𝑘−1
𝑖=1 𝜆𝑖 = 𝜆𝑘 (−1) = 𝜆𝑘 (−1). So we have

𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 𝜆𝑘 (−1) · (𝑞 − 1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1)

Hence we have the lemma. ■

Hence the only case for 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) for which we still don’t know the absolute value is the case when all 𝜆𝑖 ’s are
non-trivial and

∏𝑘
𝑖=1 𝜆𝑖 is trivial. Since we understand Gaussian sums very well we will first build an important connection

between Jacobi sums and Gaussian sums that will allow us to calculate the absolute value of Jacobi sums.

Theorem 2.4.3 Jacobi–Gaussian Sum Relation

Let 𝜆1, . . . , 𝜆𝑘 ∈ M𝑞 are non-trivial multiplicative characters of F𝑞 and 𝜒 ∈ X𝑞 is a non-trivial additive character of
F𝑞 .

(i) If
∏𝑘
𝑖=1 is non-trivial then

𝐽 (𝜆1, . . . , 𝜆𝑘 ) =
𝐺 (𝜆1, 𝜒) ·𝐺 (𝜆2, 𝜒) · · ·𝐺 (𝜆𝑘 , 𝜒)

𝐺 (𝜆1 · · · 𝜆𝑘 , 𝜒)

(ii) If
∏𝑘
𝑖=1 is trivial then

𝐽 (𝜆1, . . . , 𝜆𝑘 ) = −𝜆𝑘 (−1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1)

= −1
𝑞

𝑘∏
𝑖=1

𝐺 (𝜆𝑖 , 𝜒)

Proof: Since each 𝜆𝑖 ’s are non-trivial we have 𝜆𝑖 (0) = 0. By definition of

𝐺 (𝜆𝑖 , 𝜒) =
∑︁
𝛼𝑖 ∈F∗𝑞

𝜆𝑖𝛼 · 𝜒 (𝛼) =
∑︁
𝛼𝑖 ∈F𝑞

𝜆𝑖𝛼 · 𝜒 (𝛼)
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So now we will try to express the product of Gaussian sums as product of a Jacobi and a Gaussian sum.

𝐺 (𝜆1, 𝜒) · · ·𝐺 (𝜆𝑘 , 𝜒) =
𝑘∏
𝑖=1

©­«
∑︁
𝛼𝑖 ∈F𝑞

𝜆𝑖 (𝛼𝑖 ) · 𝜒 (𝛼𝑖 )ª®¬
=

∑︁
𝛼1 ,...,𝛼𝑘 ∈F𝑞

(
𝑘∏
𝑖=1

𝜆𝑖 (𝛼𝑖 )
)
· 𝜒

(
𝑘∑︁
𝑖=1

𝛼𝑖

)
=

∑︁
𝛼∈F𝑞

𝜒 (𝛼)
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞
𝛼1+···+𝛼𝑘=𝛼

(
𝑘∏
𝑖=1

𝜆𝑖 (𝛼𝑖 )
)

=
∑︁
𝛼∈F𝑞

𝜒 (𝛼) · 𝐽𝛼 (𝜆1, . . . , 𝜆𝑘 ) (2.5)

Now if
∏𝑘
𝑖=1 𝜆𝑖 is non-trivial then by Lemma 2.4.2 we get 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 0. Now since for all 𝛼 ∈ F∗𝑞 we have

𝐽𝛼 (𝜆1, . . . , 𝜆𝑘 ) =
(∏𝑘

𝑖=1 𝜆𝑖
)
(𝛼) · 𝐽 (𝜆1, . . . , 𝜆𝑘 ). Therefore we have

𝑘∏
𝑖=1

𝐺 (𝜆𝑖 , 𝜒) = 𝐽 (𝜆1, . . . , 𝜆𝑘 )
∑︁
𝛼∈F∗𝑞

(
𝑘∏
𝑖=1

𝜆𝑖

)
(𝛼) · 𝜒 (𝛼) = 𝐽 (𝜆1, . . . , 𝜆𝑘 ) ·𝐺

(
𝑘∏
𝑖=1

𝜆𝑖 , 𝜒
)

Since 𝜒 is non-trivial and
∏𝑘
𝑖=1 𝜆𝑖 is non-trivial we have 𝐺 (𝜆1 · · · 𝜆𝑘 , 𝜒) ≠ 0 by Theorem 2.3.1. So we have the first result.

Now if
∏𝑘
𝑖=1 𝜆𝑖 is trivial, then for all 𝛼 ∈ F∗𝑞 we have 𝐽𝛼 (𝜆1, . . . , 𝜆𝑘 ) = 𝐽 (𝜆1, . . . , 𝜆𝑘 ). Hence rewriting the equation

in (2.5) we get

𝑘∏
𝑖=1

𝐺 (𝜆𝑖 , 𝜒) =
∑︁
𝛼∈F𝑞

𝜒 (𝛼) · 𝐽𝛼 (𝜆1, . . . , 𝜆𝑘 )

= 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) + 𝐽 (𝜆1, . . . , 𝜆𝑘 )
∑︁
𝛼∈F𝑞

𝜒 (𝛼)

= 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) + (𝑞 − 1) 𝐽 (𝜆1, . . . , 𝜆𝑘 ) [By Theorem 2.2.2(i)]

=
∑︁
𝛼∈F𝑞

𝐽 (𝜆1, . . . , 𝜆𝑘 )

=
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞

𝑘∏
𝑖=1

𝜆𝑖 (𝛼𝑖 )

=

𝑘∏
𝑖=1

©­«
∑︁
𝛼∈F𝑞

𝜆𝑖 (𝛼𝑖 )ª®¬ = 0 [By Theorem 2.2.5(i)]

Since 𝜆𝑘 is non-trivial and
∏𝑘
𝑖=1 𝜆𝑖 is trivial using Lemma 2.4.2 we have

𝜆𝑘 (−1) · (𝑞 − 1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1) + (𝑞 − 1) 𝐽 (𝜆1, . . . , 𝜆𝑘 ) = 0 ⇐⇒ 𝐽 (𝜆1, . . . , 𝜆𝑘 ) = −𝜆𝑘 (−1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1)

So we already got the first expression for the second case. Since
∏𝑘−1
𝑖=1 𝜆𝑖 is non-trivial by induction hypothesis we get

𝜆𝑘 (−1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1) = 𝜆𝑘 (−1)𝐺 (𝜆1, 𝜒) · · ·𝐺 (𝜆𝑘−1, 𝜒)
𝐺 (𝜆1 · · · 𝜆𝑘−1, 𝜒)

= 𝜆𝑘 (−1)𝐺 (𝜆1, 𝜒) · · ·𝐺 (𝜆𝑘 , 𝜒)
𝐺 (𝜆𝑘 , 𝜒) ·𝐺 (𝜆𝑘 , 𝜒)

[Since 𝜆1 · · · 𝜆𝑘 trivial, 𝜆1 · · · 𝜆𝑘−1 = 𝜆𝑘 ]

= 𝜆𝑘 (−1)𝐺 (𝜆1, 𝜒) · · ·𝐺 (𝜆𝑘 , 𝜒)
𝜆𝑘 (−1)𝑞 [By Lemma 2.3.2(iv)]

=
1
𝑞
·𝐺 (𝜆1, 𝜒) · · ·𝐺 (𝜆𝑘 , 𝜒)
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Hence we obtain the second expression. Therefore we have the theorem. ■

Now we have all the results to calculate the absolute value of the Jacobi sum for non-trivial multiplicative characters.
So we have the following theorem.

Theorem 2.4.4 Absolute Value of Non-trivial Jacobi Sums

Let 𝜆1, . . . , 𝜆𝑘 ∈M𝑞 be non-trivial multiplicative characters of F𝑞 . Then

|𝐽 (𝜆1, . . . , 𝜆𝑘 ) | =

𝑞
(𝑘−1)/2 If

∏𝑘
𝑖=1 𝜆𝑖 is non-trivial

𝑞
(𝑘−2)/2 If

∏𝑘
𝑖=1 𝜆𝑖 is trivial

Proof: Suppose
∏𝑘
𝑖=1 𝜆𝑖 is non-trivial. Then for any non-trivial additive character 𝜒 ∈ X𝑞 of F𝑞 by Theorem 2.4.3 we

get
𝐽 (𝜆1, . . . , 𝜆𝑘 ) =

𝐺 (𝜆1, 𝜒) ·𝐺 (𝜆2, 𝜒) · · ·𝐺 (𝜆𝑘 , 𝜒)
𝐺 (𝜆1 · · · 𝜆𝑘 , 𝜒)

Since each 𝜆𝑖 non-trivial by Theorem 2.3.1 we get |𝐺 (𝜆𝑖 , 𝜒) | = 𝑞1/2 for all 𝑖 ∈ [𝑘] and |𝐺 (𝜆1 · · · 𝜆𝑘 , 𝜒) | = 𝑞1/2. Hence we get

|𝐽 (𝜆1, . . . , 𝜆𝑘 ) | =
∏𝑘
𝑖=1 |𝐺 (𝜆𝑖 , 𝜒) |

|𝐺 (𝜆1 · · · 𝜆𝑘 , 𝜒) | = 𝑞
(𝑞−1)/2

Now suppose
∏𝑘
𝑖=1 𝜆𝑖 is trivial. Then again by Theorem 2.4.3 we have

𝐽 (𝜆1, . . . , 𝜆𝑘 ) = −𝜆𝑘 (−1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1)

Now since
∏𝑘
𝑖=1 𝜆𝑖 is trivial and 𝜆𝑘 is non-trivial we have

∏𝑘−1
𝑖=1 𝜆𝑖 is non-trivial. Hence by using the first case we have

|𝐽 (𝜆1, . . . , 𝜆𝑘−1) | = 𝑞 (𝑘−2)/2. Hence 𝐽 (𝜆1, . . . , 𝜆𝑘 ) | = 𝑞 (𝑘−2)/2. Therefore we have the result. ■

Using the value of 𝐽 (𝜆1, . . . , 𝜆𝑘 ) we can also get the absolute value of 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) when all 𝜆𝑖 ’s are non-trivial
and

∏𝑘
𝑖=1 𝜆𝑖 is trivial.

Corollary 2.4.5 Absolute Value of 𝐽0 for Non-trivial Characters

Let 𝜆1, . . . , 𝜆𝑘 ∈M𝑞 be non-trivial multiplicative characters of F𝑞 and
∏𝑘
𝑖=1 𝜆𝑖 is trivial. Then

|𝐽0 (𝜆1, . . . , 𝜆𝑘 ) | = (𝑞 − 1)𝑞 (𝑘−2)/2

Proof: Using Lemma 2.4.2 we have 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 𝜆𝑘 (−1) · (𝑞 − 1) · 𝐽 (𝜆1, . . . , 𝜆𝑘−1). Now since
∏𝑘
𝑖=1 𝜆𝑖 is trivial and

𝜆𝑘 is non-trivial we have
∏𝑘−1
𝑖=1 𝜆𝑖 is non-trivial. Therefore by Theorem 2.4.4 we have |𝐽 (𝜆1, . . . , 𝜆𝑘−1) | = 𝑞 (𝑘−2)/2. Therefore

together we have the corollary. ■

Combining Lemma 2.4.1, Lemma 2.4.2, Theorem 2.4.4, and the corollary above, we obtain a complete description
of the absolute values of Jacobi sums in all cases.

Theorem 2.4.6 Complete Evaluation of Jacobi Sums

Let 𝜆1, . . . , 𝜆𝑘 ∈M𝑞 be multiplicative characters of F𝑞 . Then

(i) If 𝜆𝑖 is trivial for all 𝑖 ∈ [𝑘] then 𝐽 (𝜆1, . . . , 𝜆𝑘 ) = 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 𝑞𝑘−1.



Page 47 Chapter 2 | Exponential Sums over Finite Fields

(ii) If some but not all 𝜆𝑖 ’s are trivial then 𝐽 (𝜆1, . . . , 𝜆𝑘 ) = 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 0.

(iii) If all 𝜆𝑖 ’s are non-trivial and
∏𝑘
𝑖=1 𝜆𝑖 is non-trivial then |𝐽 (𝜆1, . . . , 𝜆𝑘 ) | = 𝑞 (𝑘−1)/2 and 𝐽0 (𝜆1, . . . , 𝜆𝑘 ) = 0.

(iv) If all 𝜆𝑖 ’s are non-trivial and
∏𝑘
𝑖=1 𝜆𝑖 is trivial then |𝐽 (𝜆1, . . . , 𝜆𝑘 ) | = 𝑞 (𝑘−2)/2 and |𝐽0 (𝜆1, . . . , 𝜆𝑘 ) | = (𝑞 − 1)𝑞 (𝑘−2)/2.

2.4.2 The Davenport–Hasse Relations

The case 𝑘 = 2 is the one that appears in most arithmetic applications. The central result here is the Davenport–Hasse
product formula, which expresses a high power of a Gaussian sum as a product of Jacobi sums. We first establish a useful
preliminary identity.

Lemma 2.4.7 Gaussian Sum Power via Jacobi Products

Let 𝜆 be a multiplicative character of F𝑞 of order𝑚 ≥ 2 and let 𝜒 be a non-trivial additive character of F𝑞 . Then

𝐺 (𝜆, 𝜒)𝑚 = 𝜆(−1) · 𝑞 · 𝐽 (𝜆, 𝜆) · 𝐽 (𝜆, 𝜆2) · · · 𝐽 (𝜆, 𝜆𝑚−2)

Proof: If 𝑚 = 2 then 𝜆 = 𝜆 and so 𝐺 (𝜆, 𝜒)2 = 𝐺 (𝜆, 𝜒) ·𝐺 (𝜆, 𝜒) and the right hand side becomes 𝜆(−1) · 𝑞 which we
already have from Lemma 2.3.2(iv). So now suppose𝑚 ≥ 3.

Then from Theorem 2.4.3 we have for all 𝑖 ∈ [𝑚 − 2]

𝐽 (𝜆, 𝜆𝑖 ) = 𝐺 (𝜆, 𝜒) ·𝐺 (𝜆𝑖 , 𝜒)
𝐺 (𝜆𝑖+1, 𝜒)

Therefore taking product of all 𝐽 (𝜆, 𝜆𝑖 ) for all 𝑖 ∈ [𝑚 − 2] we get
𝑚−2∏
𝑖=1

𝐽 (𝜆, 𝜆𝑖 ) =
𝑚−2∏
𝑖=1

𝐺 (𝜆, 𝜒) ·𝐺 (𝜆𝑖 , 𝜒)
𝐺 (𝜆𝑖+1, 𝜒)

=𝐺 (𝜆, 𝜒)𝑚−2 𝐺 (𝜆, 𝜒)
𝐺 (𝜆𝑚−1, 𝜒)

=
𝐺𝑚−1 (𝜆, 𝜒)
𝐺 (𝜆𝑚−1, 𝜒)

Since ord(𝜆) =𝑚 we have 𝜆𝑚−1 = 𝜆. Therefore we have
𝑚−2∏
𝑖=1

𝐽 (𝜆, 𝜆𝑖 ) = 𝐺𝑚−1(𝜆, 𝜒)
𝐺 (𝜆𝑚−1, 𝜒) =

𝐺𝑚 (𝜆, 𝜒)
𝐺 (𝜆, 𝜒) ·𝐺 (𝜆, 𝜒)

=
𝐺𝑚 (𝜆, 𝜒)
𝜆(−1) · 𝑞

Therefore we have the lemma. ■

Now we give another result of relation between Gaussian sums for the 𝑘 = 2 case. This gives relation between
two Gaussian sums on non-trivial multiplicative characters of different orders using Jacobi sums. We will not prove this
theorem as it is far too complicated to be included in here.

Theorem 2.4.8 Davenport–Hasse Product Formula

Let𝜓 , 𝜆 ∈ M𝑞 be multiplicative characters of F𝑞 such that ord(𝜆) =𝑚 ≥ 2 and𝜓𝑚 is non-trivial. Let 𝜒
𝑏
∈ X𝑞 be a

non-trivial additive character of F𝑞 as defined in Theorem 2.2.1. Then

𝐺 (𝜓 , 𝜒
𝑏
)𝑚

𝐺 (𝜓𝑚 , 𝜒
𝑚𝑏
) =

𝑚−1∏
𝑗=1

𝐽 (𝜓 , 𝜆 𝑗 ).



§2.4 Jacobi Sums Page 48

Over the prime field F𝑝 the Davenport–Hasse relation admits a more explicit form, in which the root of unity
appearing on the right hand side is written in terms of a primitive root modulo 𝑝 . This form appears as Theorem 3 in the
paper of Huard, Spearman and Williams.

Theorem 2.4.9 Davenport–Hasse Relation over F𝑝 , [HSW95, Theorem 3]

Let 𝑚 ≥ 2 and 𝑛 ≥ 1 be integers, let 𝑝 be an odd prime with 𝑝 ≡ 1 mod𝑚𝑛, and set 𝑓 = (𝑝 − 1)/𝑚𝑛. Let 𝑔 be
a primitive root modulo 𝑝 , and for any integer 𝑙 . 0 mod 𝑝 let ind𝑔 (𝑙) denote the least nonnegative integer with
𝑔ind𝑔 (𝑙 ) ≡ 𝑙 mod 𝑝 . Set 𝛽𝑚𝑛 = 𝑒2𝜋𝑖/𝑚𝑛 and let 𝜆 ∈ M𝑝 be the multiplicative character of order 𝑚𝑛 determined by
𝜆(𝑔) = 𝛽𝑚𝑛 . Let 𝜒 ∈ X𝑝 be a non-trivial additive character of F𝑝 . Then for every 𝑡 = 1, . . . ,𝑚 − 1,

𝐺 (𝜆𝑡𝑛 , 𝜒) ·∏𝑛−1
𝑗=1 𝐺 (𝜆𝑚𝑗 , 𝜒)∏𝑛−1

𝑗=0 𝐺 (𝜆𝑚𝑗+𝑡 , 𝜒)
= 𝛽

𝑛𝑡 ·ind𝑔 (𝑛)
𝑚𝑛 ,

equivalently,
𝑛−1∏
𝑗=1

𝐽 (𝜆𝑚𝑗 , 𝜆𝑡 )
𝐽 (𝜆𝑡 𝑗 , 𝜆𝑡 ) = 𝛽

𝑛𝑡 ·ind𝑔 (𝑛)
𝑚𝑛 .

As an application of the Davenport–Hasse product formula, together with the evaluation of Jacobi sums in The-
orem 2.4.6, we obtain the following closed form for the product of Gaussian sums on the 𝑚 characters 𝜓 · 𝜆𝑖 twisting 𝜓
by the powers of 𝜆. The two cases reflect the parity of𝑚, with the even case picking up an extra quadratic Gaussian sum
𝐺 (𝜂, 𝜒

𝑏
) where 𝜂 is the quadratic character of F𝑞 .

Corollary 2.4.10 Product of Twisted Gaussian Sums

Let 𝜓 , 𝜆 ∈ M𝑞 be multiplicative characters of F𝑞 such that ord(𝜆) =𝑚 ≥ 2 and 𝜓𝑚 is non-trivial. Let 𝜒
𝑏
∈ X𝑞 be a

non-trivial additive character of F𝑞 as defined in Theorem 2.2.1.

𝑚∏
𝑗=0

𝐺 (𝜓 · 𝜆 𝑗 , 𝜒
𝑏
) =


𝑞
(𝑚−1)/2𝐺 (𝜓𝑚 , 𝜒

𝑚𝑏
) if𝑚 is odd

(−1) (𝑞−1) (𝑚−2)/8 · 𝑞 (𝑚−2)/2 ·𝐺 (𝜂, 𝜒
𝑏
) ·𝐺 (𝜓𝑚 , 𝜒

𝑚𝑏
) if𝑚 is even

Proof: Since ord(𝜆) ≥ 2 and𝜓𝑚 is non-trivial we have𝜓 · 𝜆 𝑗 is non-trivial for all 𝑗 ∈ [𝑚 − 1]. By Davenport-Hasse Prod-
uct Formula we have

𝐺 (𝜓 , 𝜒
𝑏
)𝑚

𝐺 (𝜓𝑚 , 𝜒
𝑚𝑏
) =

𝑚−1∏
𝑗=1

𝐽 (𝜓 , 𝜆 𝑗 )

Now by using Theorem 2.4.3 on the right hand side of this expression we get

𝐺 (𝜓 , 𝜒
𝑏
)𝑚

𝐺 (𝜓𝑚 , 𝜒
𝑚𝑏
) =

𝑚−1∏
𝑗=1

𝐺 (𝜓 , 𝜒
𝑏
) ·𝐺 (𝜆 𝑗 , 𝜒

𝑏
)

𝐺 (𝜓 · 𝜆𝑖 , 𝜒
𝑏
) =𝐺 (𝜓 , 𝜒

𝑏
)𝑚−1

𝑗∏
𝑖=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
)

𝐺 (𝜓 · 𝜆𝑖 , 𝜒
𝑏
)

So together we have
𝑚−1∏
𝑗=0

𝐺 (𝜓 · 𝜆 𝑗 , 𝜒
𝑏
) =𝐺 (𝜓𝑚 , 𝜒

𝑚𝑏
)
𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
) (2.6)

Notice we already obtained the left hand side and one term in the right hand side correctly. So now the value at right only
depends on the product of 𝐺 (𝜆 𝑗 , 𝜒

𝑏
)’s.
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Now if𝑚 is odd then we have
𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
) =

(𝑚−1)/2∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
)𝐺 (𝜆𝑚− 𝑗 , 𝜒

𝑏
)

=

(𝑚−1)/2∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
) ·𝐺 (𝜆 𝑗 , 𝜒

𝑏
) [As ord(𝜆) =𝑚 = odd]

=

(𝑚−1)/2∏
𝑗=1

𝜆 𝑗 (−1) · 𝑞 [By Lemma 2.3.2(iv)]

= 𝑞
(𝑚−1)/2

(𝑚−1)/2∏
𝑗=1

𝜆 𝑗 (−1)

Since𝑚 is odd by Observation 2.6 we have 𝜆(−1) = 1. Therefore
𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
) = 𝑞 (𝑚−1)/2

So we have the first case together with (2.6). Now for the remaining case of𝑚 being even we have
𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
) =𝐺 (𝜆𝑚/2, 𝜒

𝑏
)
(𝑚−2)/2∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
)𝐺 (𝜆𝑚− 𝑗 , 𝜒

𝑏
)

=𝐺 (𝜂, 𝜒
𝑏
)
(𝑚−2)/2∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
) ·𝐺 (𝜆 𝑗 , 𝜒

𝑏
) [As ord(𝜆) =𝑚 = even]

=𝐺 (𝜂, 𝜒
𝑏
)
(𝑚−2)/2∏
𝑗=1

𝜆 𝑗 (−1) · 𝑞 [By Lemma 2.3.2(iv)]

= 𝑞
(𝑚−2)/2 ·𝐺 (𝜂, 𝜒

𝑏
)
(𝑚−2)/2∏
𝑗=1

𝜆 𝑗 (−1)

Again by Observation 2.6 since𝑚 is even if 𝑞−1
𝑚

is odd then 𝜆(−1) = 1 and if 𝑞−1
𝑚

is even then 𝜆(−1) = 1. Hence we can
write 𝜆(−1) = (−1) (𝑞−1)/𝑚 . Therefore

𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝑏
) = (−1) (𝑞−1) (𝑚−2)/8 · 𝑞 (𝑚−2)/2 ·𝐺 (𝜂, 𝜒

𝑏
)

So together with (2.6) we have the result. ■

Corollary 2.4.11

Let𝜓 , 𝜆 ∈M𝑞 be multiplicative characters of F𝑞 such that ord(𝜆) =𝑚 ≥ 2 and𝜓𝑚 is non-trivial. Let 𝜒 ∈ X𝑞 be any
non-trivial additive character of F𝑞 . Then

𝑚−1∏
𝑗=0

𝐺 (𝜓 · 𝜆 𝑗 ) =𝜓 −𝑚 (𝑚) ·𝐺 (𝜓𝑚 , 𝜒)
𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒)

where for any 𝛾 ∈ F𝑞 , 𝜒𝑚 (𝛾) = 𝜒 (𝑚 · 𝛾) similar to as defined in Theorem 2.2.1.

Proof: By Davenport-Hasse Product Formula we have

𝐺 (𝜓 , 𝜒)𝑚
𝐺 (𝜓𝑚 , 𝜒) =

𝑚∏
𝑗=1

𝐽 (𝜓 , 𝜆 𝑗 )
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Now using Theorem 2.4.3 for any 𝑗 ∈ {𝑚 − 1} we have

𝐽 (𝜓 , 𝜆 𝑗 ) = 𝐺 (𝜓 , 𝜒) ·𝐺 (𝜆 𝑗 , 𝜒
𝐺 (𝜓 · 𝜆 𝑗 , 𝜒)

So replacing 𝐽 (𝜓 , 𝜆 𝑗 ) we get

𝐺 (𝜓 , 𝜒)𝑚
𝐺 (𝜓𝑚 , 𝜒) =

𝑚−1∏
𝑗=1

𝐺 (𝜓 , 𝜒) ·𝐺 (𝜆 𝑗 , 𝜒
𝐺 (𝜓 · 𝜆 𝑗 , 𝜒) =𝐺 (𝜓 , 𝜒)𝑚−1

𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒
𝐺 (𝜓 · 𝜆 𝑗 , 𝜒)

So we get the final relation
𝑚−1∏
𝑗=0

𝐺 (𝜓 · 𝜆 𝑗 ) =𝐺 (𝜓𝑚 , 𝜒𝑚)
𝑚−1∏
𝑗=1

𝐺 (𝜆 𝑗 , 𝜒) (2.7)

Now by Lemma 2.3.2(i) we have 𝐺 (𝜓𝑚 , 𝜒𝑚) =𝜓 −𝑚 (𝑚)𝐺 (𝜓𝑚 , 𝜒). So replacing 𝐺 (𝜓𝑚 , 𝜒𝑚) we get the theorem. ■

Since for the trivial multiplicative character𝜓0 ∈M𝑞 we have 𝜆0 =𝜓0. Therefore
∏𝑚−1

𝑗=0 𝐺 (𝜆 𝑗 , 𝜒) = −∏𝑚−1
𝑗=1 𝐺 (𝜆 𝑗 , 𝜒)

by Theorem 2.3.1. Therefore from (2.7) we have

𝑚−1∏
𝑗=0

𝐺 (𝜓 · 𝜆 𝑗 ) = −𝐺 (𝜓𝑚 , 𝜒𝑚)
𝑚−1∏
𝑗=0

𝐺 (𝜆 𝑗 , 𝜒)

So we get the following observation:

Observation 2.11. Let 𝜓 , 𝜆 ∈ M𝑞 be multiplicative characters of F𝑞 such that ord(𝜆) =𝑚 ≥ 2 and 𝜓𝑚 is non-trivial. Let
𝜒 ∈ X𝑞 be any non-trivial additive character of F𝑞 . Then

𝑚−1∏
𝑗=0

𝐺 (𝜓 · 𝜆 𝑗 ) = −𝜓 −𝑚 (𝑚) ·𝐺 (𝜓𝑚 , 𝜒)
𝑚−1∏
𝑗=0

𝐺 (𝜆 𝑗 , 𝜒)

2.4.3 Application: Fermat’s Two-Square Theorem

A classical application of the arithmetic of Jacobi sums is a short representation-theoretic proof of a celebrated theorem
of Fermat: every prime 𝑝 ≡ 1 mod 4 is a sum of two integer squares. The key point is that when 𝜆 is a multiplicative
character of F𝑝 of order 4, the Jacobi sum 𝐽 (𝜆,𝜂) lies in the ring of Gaussian integers Z[𝑖] and has absolute value exactly
√
𝑝 .

Theorem 2.4.12 Fermat’s Two-Square Theorem

Let 𝑝 be an odd prime with 𝑝 ≡ 1 mod 4. Then there exist integers 𝐴,𝐵 ∈ Z such that 𝑝 = 𝐴2 + 𝐵2.

Proof: Let 𝜆,𝜂 ∈M𝑞 are multiplicative characters such that ord(𝜆) = 4 and 𝜂 is the quadratic character. Since ord(𝜆) =
4, 𝜆 takes values in {±1,±𝑖} ⊆ Z[𝑖], and since 𝜂 takes values in {±1} ⊆ Z, the Jacobi sum

𝐽 (𝜆,𝜂) =
∑︁
𝛼∈F𝑝

𝜆(𝛼) · 𝜂 (1 − 𝛼) ∈ Z[𝑖].

Write 𝐽 (𝜆,𝜂) = 𝐴 + 𝑖𝐵 with 𝐴,𝐵 ∈ Z. Since 𝜆 and 𝜂 are both non-trivial and 𝜆 · 𝜂 = 𝜆3 is also non-trivial (as ord(𝜆) = 4),
Theorem 2.4.4 gives |𝐽 (𝜆,𝜂) | = 𝑝1/2; equivalently 𝐴2 + 𝐵2 = 𝑝 . ■

We give another proof of this theorem in subsection 2.9.2 during the discussion of Jacobsthal Sums in section 2.9.
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§ 2.5 𝐿-functions

The characters of cyclic groups defined in Lemma 2.1.1 are precisely the classical Dirichlet characters. Dirichlet characters
are of paramount importance in analytic number theory: they appear in the study of primes in arithmetic progressions,
the distribution of prime ideals, and the analytic continuation of 𝐿-functions. In the finite-field setting, the multiplicative
characters of F𝑞 play an analogous role, and the associated 𝐿-functions encode deep arithmetic information about char-
acter sums over F𝑞 . The treatment here focuses on the aspects directly relevant to the Weil bounds; readers interested
in the general theory of 𝐿-functions in its full depth are encouraged to consult Iwaniec and Kowalski [IK12] for the ana-
lytic theory, and Miller and Takloo-Bighash [Mil06] for a broader introduction to modern number theory and the role of
𝐿-functions within it.

Before specialising to the function-field setting, it is helpful to pause and describe the general analytic framework
into which all of these objects fit. The central analytic device is a Dirichlet series

Definition 2.5.1: Dirichlet Series

Let 𝑎(𝑛) be a sequence of complex numbers and 𝑠 ∈ C be any complex number. Then a series of the form

∞∑︁
𝑛=1

𝑎𝑛

𝑛𝑠
, 𝑠 ∈ C,

is called a Dirichlet series.

Two very familiar Dirichlet series organize a vast section of analytic number theory:

1. Zeta functions arise when the coefficients are the trivial ones, 𝑎𝑛 ≡ 1, so that the Dirichlet series simply counts
the size of some arithmetic object. The prototype is the Riemann zeta function 𝜁 (𝑠) = ∑

𝑛 𝑛
−𝑠 , which encodes the

multiplicative structure of Z.

2. 𝐿-functions arise when the coefficients are twisted by a character Λ, giving 𝐿(𝑠 ,Λ) = ∑
ℎ : monic Λ(ℎ)/𝔫(ℎ)𝑠 . The

characterΛ is what allows one to isolate arithmetic information that a zeta function averages over. Since 𝐿-functions
are defined using polynomials over a finite field and then we can talk about the prime analogue in polynomial rings
i.e. irreducible polynomials. Taking the trivial character Λ ≡ 1 recovers 𝜁 up to finitely many Euler factors, so zeta
functions are the “character-free” special case of 𝐿-functions.

The rest of this section unfolds this dictionary in two parallel worlds. First we recall the classical story over Q —
the Riemann zeta function, its zeros, and its 𝐿-function generalisations — so that the relevant analytic phenomena are in
view. Like in the case we go to Q the fraction field of Z, we develop the function-field F𝑞 (𝑋 ) analog: the zeta function
associated to F𝑞 [𝑋 ] and its twists by multiplicative characters of F𝑞 . The zeta function turns out to be a rational function
of 𝑞−𝑠 , and the analog of the Riemann Hypothesis is a theorem (due to Weil) rather than an open problem.

2.5.1 The Classical Riemann Zeta Function

The prototype of everything that follows is the Riemann zeta function.

Definition 2.5.2: Riemann Zeta Function

For any complex number 𝑠 ∈ C, the zeta function at 𝑠 is

𝜁 (𝑠) =
∞∑︁
𝑛=1

1
𝑛𝑠
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which converges absolutely in the right half-planeℜ(𝑠) > 1. In fact for 𝑠 ∈ C withℜ(𝑠) > 1 the product
∏∞
𝑛=2 𝜁 (𝑛)

also converges. Most proofs in this subsection are omitted, especially those relying on contour integration or the Mellin
transform; the emphasis is on statements together with their arithmetic meaning.

Theorem 2.5.1 Euler Product for 𝜁 (𝑠)
For 𝑠 ∈ C withℜ(𝑠) > 1,

𝜁 (𝑠) =
∏
𝑝 prime

1
1 − 𝑝−𝑠 .

Proof: Since Z is a UPD (unique factorization domain) every positive integer 𝑛 can be written uniquely as a product of
powers of positive prime numbers.

𝜁 (𝑠) =
∞∑︁
𝑛=1

1
𝑛𝑠

=
∏

𝑝 : prime

( ∞∑︁
𝑖=0

1
𝑝𝑖 ·𝑠

)
=

∏
𝑝 : prime

(1 − 𝑝−𝑠 )−1

So we have the lemma. ■

The identity is the analytic translation of unique factorisation: expanding each geometric factor (1 − 𝑝−𝑠 )−1 =
∑
𝑘≥0 𝑝

−𝑘𝑠

and multiplying reproduces the sum over positive integers. Since 𝜁 (𝑠) has a pole at 𝑠 = 1 (the harmonic series diverges),
the product must have infinitely many factors — giving an analytic proof of the infinitude of primes. Dirichlet series
evaluated on certain “natural points” encode interesting algebraic and arithmetic information.

The Euler product is the first of many important properties of 𝜁 (𝑠). The next is that 𝜁 (𝑠) has a meromorphic
continuation to the entire plane; we recall the relevant definitions (zero, pole, meromorphic function) in Appendix A.2. The
special values of 𝜁 encode deep arithmetic: 𝜁 (2𝑛) for 𝑛 ≥ 1 is a rational multiple of 𝜋2𝑛 , expressible via Bernoulli numbers.
Odd values are much harder — Apéry (1979) proved 𝜁 (3) is irrational, while the arithmetic nature of 𝜁 (5), 𝜁 (7), . . . remains
unknown. The negative-integer values 𝜁 (0), 𝜁 (−1), . . . make sense only after analytic continuation: naively 𝜁 (−1) =

1 + 2 + 3 + · · · , yet the continuation assigns it the value − 1
12 . To study 𝜁 (𝑠) and its analytic continuation we use the

Gamma function
Γ(𝑠) =

∫ ∞

0
𝑒−𝑡𝑡𝑠−1𝑑𝑡

The analytic continuation is most cleanly stated for the completed zeta function.

Theorem 2.5.2 Analytic Continuation of the Completed Zeta Function

Define the completed zeta function by

𝜉 (𝑠) = 1
2𝑠 (𝑠 − 1) Γ

(
𝑠
2
)
𝜋−𝑠/2𝜁 (𝑠).

Then 𝜉 (𝑠), originally defined forℜ(𝑠) > 1, has an analytic continuation to an entire function and satisfies the func-
tional equation 𝜉 (𝑠) = 𝜉 (1 − 𝑠).

From now on whenever we say zeta function we often mean the analytic continuation of zeta function by default.
Now we will study the zeros of zeta function and why they are important. The Gamma function has poles at all negative
integers. From the functional equation of the zeta function it has zeros at all the poles of Γ(𝑠/2) i.e. at all negative even
integers. These zeros are called trivial zeros of 𝜁 . The 𝜁 (𝑠) has positive value for all 𝑠 ∈ C with ℜ(𝑠) > 1. Therefore all
other zeros lie in the critical strip 0 ≤ ℜ(𝑠) ≤ 1; the functional equation forces them to be symmetric under 𝑠 ↦→ 1 − 𝑠 ,
and conjugation 𝑠 ↦→ 𝑠 forces reflection symmetry across the real axis. Hence

Theorem 2.5.3 Trivial Zeros and Symmetry of Non-trivial Zeros

The only zeros of 𝜁 (𝑠) where 𝑠 ∈ C for ℜ(𝑠) < 0 are at 𝑠 = −2𝑛 for 𝑛 ∈ N. In the critical strip the zeros lie
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symmetrically around the critical lineℜ(𝑠) = 1/2 i.e. if 𝑎 + 𝑖𝑏 is a zero so is 1 − 𝑎 + 𝑖𝑏.

regarding the zeros of the zeta function. The lineℜ(𝑠) = 1/2 is the critical line, and the most famous open problem
in mathematics is:

Riemann Hypothesis: Every non-trivial zero of 𝜁 (𝑠) satisfiesℜ(𝑠) = 1/2.

While Hardy in 1914 showed that there are infinitely many zeros on the critical line the problem of every non-trivial
zero being on the critical line is a major open problem in mathematics.

Theorem 2.5.4 Hardy, 1914

Infinitely many non-trivial zeros of 𝜁 (𝑠) lie on the critical lineℜ(𝑠) = 1/2.

Another interesting property, first noted in Riemann’s original paper is the product expansion of zeta function
using the non-trivial zeros.

Theorem 2.5.5 Hadamard Product

There exist constants 𝐴,𝐵 ∈ C such that

𝜉 (𝑠) = 𝑒𝐴+𝐵𝑠
∏
𝜌

(
1 − 𝑠

𝜌

)
𝑒𝑠/𝜌 ,

where the product runs over all non-trivial zeros 𝜌 of 𝜁 .

Note:-
The Hadamard Product gives the “zero-side” factorisation of 𝜉 , to be contrasted with the Euler product as the “prime-
side” factorisation. Together they are the source of the famous duality between primes and zeros: equating the two
factorisations — typically after taking logarithmic derivatives — converts statements about primes into statements
about zeros and vice versa.

Zeros↔ primes. Taking the logarithmic derivative of the Euler product we obtain,

−𝜁
′ (𝑠)
𝜁 (𝑠) =

∞∑︁
𝑛=1

Λ(𝑛)
𝑛𝑠

,

where Λ(𝑛) = log𝑝 if 𝑛 = 𝑝𝑘 and 0 otherwise (the von Mangoldt function). Therefore we can see how the non-trivial zeros
of 𝜁 (𝑠) and the primes are very related.

2.5.2 Dirichlet 𝐿-function

The function-field world has its own zeta function, obtained by replacing Z with the polynomial ring F𝑞 [𝑋 ] and the primes
with monic irreducible polynomials. The notational parallel with the classical case is exact, but the analytic behavior is
dramatically simpler: the resulting zeta function is a rational function of 𝑞−𝑠 , with no mystery in its analytic continuation,
and (as will be developed in later sections) a fully-proven analog of the Riemann Hypothesis.

Let Φ ⊆ F𝑞 [𝑋 ] denote the set of all monic polynomials, and let Φ𝑑 ⊆ Φ be the subset of polynomials of degree
exactly 𝑑 , for each 𝑑 ∈ N. A basic count gives |Φ𝑑 | = 𝑞𝑑 : a degree-𝑑 monic polynomial is determined by its 𝑑 lower-order
coefficients, each of which is a free element of F𝑞 . This simple combinatorial fact is what makes the function-field zeta
function so much more tractable than its classical counterpart.
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For any polynomial 𝑓 ∈ F𝑞 [𝑋 ], the quotient ring F𝑞 [𝑋 ] / ⟨𝑓 ⟩ is a finite F𝑞-algebra of size 𝑞deg(𝑓 ) . We define the
norm of 𝑓 to be

𝔫(𝑓 ) =
���F𝑞 [𝑋 ]/⟨𝑓 ⟩��� = 𝑞deg(𝑓 ) ,

by direct analogy with the norm of an ideal in the ring of integers of a number field. This norm is the direct replacement
for the size of Z/𝑛Z (namely 𝑛) that appears in the classical Riemann zeta function.

To define 𝐿-functions in the function field setting we first need to extend multiplicative characters to the polynomial
ring. Let 𝐺 ⊆ F𝑞 (𝑋 ) be the group of rational functions ℎ1 (𝑋 )/ℎ2 (𝑋 ) where ℎ2 ≠ 0 and ℎ1,ℎ2 ∈ Φ where Φ ⊆ 𝐺 is the set of
all monic polynomials over F𝑞 . From now on we use ℎ(𝑋 ) ∈ 𝐺 to denote monic polynomials. Let 𝐺 be the subgroup of
𝐺 such that ℎ1 · ℎ2 ∈ 𝐺 whenever ℎ1,ℎ2 ∈ 𝐺 . For a character Λ on 𝐺 we extend Λ to all of 𝐺 by setting Λ(𝑟 ) = 0 for all
𝑟 ∉ 𝐺 , after which Λ remains multiplicative on 𝐺 . This allows us to sum Λ over all monic polynomials.

Definition 2.5.3: Dirichlet 𝐿-function

Let Λ be a character on 𝐺 extended to 𝐺 as above. For a complex number 𝑠 = 𝑎 + 𝑖𝑏 ∈ C with 𝑎 > 1, the Dirichlet
𝐿-function associated to Λ is defined by

𝐿(𝑠 ,Λ) =
∑︁
ℎ∈Φ

Λ(ℎ) · 𝔫(ℎ)−𝑠

where the sum runs over all monic polynomials ℎ ∈ Φ ⊆ 𝐺 and 𝔫(ℎ) = 𝑞deg(ℎ) is the norm of ℎ.

Again this sum is absolutely convergent forℜ(𝑠) > 1. Like in the case of Riemann-Zeta functions we can express
𝐿(𝑠 ,Λ) in a Euler product form using only irreducible polynomials.

Theorem 2.5.6 Euler Product for 𝜁 (𝑠)
For 𝑠 ∈ C withℜ(𝑠) > 1 we have

𝐿(𝑠 ,Λ) =
∏
ℎ∈Φ

ℎ irreducible

(1 −Λ(ℎ) · 𝔫(ℎ)−𝑠 )−1

Proof: Sinceℜ(𝑠) > 1 we have

𝐿(𝑠 ,Λ) =
∑︁
ℎ∈Φ

Λ(ℎ) · 𝔫(ℎ)−𝑠 =
∏
ℎ∈Φ

ℎ irreducible

( ∞∑︁
𝑖=0

Λ(ℎ𝑖 ) · 𝔫(ℎ𝑖 )−𝑠
)
=

∏
ℎ∈Φ

ℎ irreducible

(1 −Λ(ℎ) · 𝔫(ℎ)−𝑠 )−1

Hence we have the lemma. ■

So let Λ : 𝐺 → C be a multiplicative complex valued function over the𝐺 where𝐺 is as defined above which also satisfies
|Λ(𝑟 ) | ≤ 1 for all 𝑟 ∈ 𝐺 and Λ(1) = 1. Then for any 𝑠 ∈ C withℜ(𝑠) > 1 we can rewrite

𝐿(𝑠 ,Λ) =
∑︁
ℎ∈Φ

Λ(ℎ) · 𝔫(ℎ)−𝑠 =
∞∑︁
𝑑=0

©­«
∑︁
ℎ∈Φ𝑑

Λ(ℎ)ª®¬𝑞−𝑑 ·𝑠
Since for any ℎ ∈ Φ we have 𝔫(𝑞)𝑠 = (𝑞𝑠 )deg(ℎ) we can consider the corresponding power series

𝐿(𝑧,Λ) =
∑︁
ℎ∈Φ

Λ(ℎ) · 𝑧deg(ℎ)

hence 𝐿(𝑞−𝑠 ,Λ) = 𝐿(𝑠 ,Λ). Now using Theorem 2.5.6 for 𝐿(𝑧,Λ) we have

𝐿(𝑧,Λ) =
∏
ℎ∈Φ

ℎ irreducible

(
1 −Λ(ℎ) · 𝑧deg(ℎ)

)−1



Page 55 Chapter 2 | Exponential Sums over Finite Fields

Now we do some operations on the power series 𝐿(𝑧,Λ) to get some expressions which help us later in proving some prop-
erties of exponential character sums. So for brevity of notations we use Irr(Φ) to denote the set of irreducible polynomials
of Φ. We have log𝐿(𝑧,Λ) = − ∑

ℎ∈Irr(Φ)
log

(
1 −Λ(ℎ)𝑧deg(ℎ) ) . So by differentiating we get

𝑑

𝑑𝑧
log𝐿(𝑧,Λ) = −

∑︁
ℎ∈Irr(Φ)

−Λ(ℎ) · deg(ℎ) · 𝑧deg(ℎ)−1

1 −Λ(ℎ) · 𝑧deg(ℎ) =
∑︁

ℎ∈Irr(Φ)

Λ(ℎ) · deg(ℎ) · 𝑧deg(ℎ)−1

1 −Λ(ℎ) · 𝑧deg(ℎ)

So

𝑧 · 𝑑
𝑑𝑧

log𝐿(𝑧,Λ) =
∑︁

ℎ∈Irr(Φ)

Λ(ℎ) · deg(ℎ) · 𝑧deg(ℎ)−1

1 −Λ(ℎ) · 𝑧deg(ℎ)

=
∑︁

ℎ∈Irr(Φ)
Λ(ℎ) · deg(ℎ) · 𝑧deg(ℎ)

∞∑︁
𝑘=0

Λ𝑘 (ℎ) · 𝑧𝑘 ·deg(ℎ)

=
∑︁

ℎ∈Irr(Φ)
deg(ℎ)

∞∑︁
𝑘=1

Λ𝑘 (ℎ) · 𝑧𝑘 ·deg(ℎ)

=

∞∑︁
𝑘=1

©­­­­«
∑︁

ℎ∈Irr(Φ) ,
deg(ℎ) |𝑘

deg(ℎ) · Λ(ℎ)𝑘/deg(ℎ)

ª®®®®¬
𝑧𝑘 (2.8)

So define 𝐿𝑘 :=
∑
ℎ∈Irr(Φ) , deg(ℎ) |𝑘 deg(ℎ) · Λ(ℎ)𝑘/deg(ℎ) . Hence we have 𝑧 · 𝑑

𝑑𝑧
log𝐿(𝑧,Λ) = ∑∞

𝑘=1 𝐿𝑘 · 𝑧𝑘 .
Now suppose there exists a positive integer 𝑁 ∈ N such that for all 𝑑 > 𝑁 we have

∑
ℎ∈Φ𝑑 Λ(𝑔) = 0. Then we have

𝐿(𝑠 ,Λ) =
𝑁∑︁
𝑑=0

©­«
∑︁
ℎ∈Φ𝑑

Λ(𝑑)ª®¬𝑞−𝑑 ·𝑠 , 𝐿(𝑧,Λ) =
𝑁∑︁
𝑑=0

©­«
∑︁
ℎ∈Φ𝑑

Λ(𝑑)ª®¬ 𝑧𝑑
Since now 𝐿(𝑧,Λ) is not an infinite power series anymore, instead a degree 𝑁 polynomial over C there exists complex
numbers 𝑤1, · · · ,𝑤𝑁 ∈ C such that 𝐿(𝑧,Λ) = (1 −𝑤1𝑧) (1 −𝑤2𝑧) · · · (1 −𝑤𝑁𝑧). Now applying 𝑧 · 𝑑

𝑑𝑧
log𝐿(𝑧,Λ) on this

expression we get

𝑧 · 𝑑
𝑑𝑧

log𝐿(𝑧,Λ) = −
𝑁∑︁
𝑖=1

𝑤𝑖𝑧

1 −𝑤𝑖𝑧

= −
𝑁∑︁
𝑖=1

𝑤𝑖𝑧

( ∞∑︁
𝑗=0

𝑤
𝑗

𝑖
𝑧 𝑗

)
= −

𝑁∑︁
𝑖=1

( ∞∑︁
𝑗=1

𝑤
𝑗

𝑖

)
𝑧𝑖 (2.9)

Therefore by comparing coefficients of (2.9) with (2.8) we get 𝐿𝑘 = −∑𝑁
𝑖=1𝑤

𝑘
𝑖 . for all 𝑘 ∈ N. So we have the following

theorem

Theorem 2.5.7

Let Λ : 𝐺 → C be a multiplicative function with |Λ(𝑟 ) | ≤ 1 for all 𝑟 ∈ 𝐺 and Λ(1) = 1, and suppose there exists a
positive integer 𝑁 ∈ N such that

∑
ℎ∈Φ𝑑 Λ(ℎ) = 0 for every 𝑑 > 𝑁 . Then 𝐿(𝑧,Λ) is a polynomial of degree at most 𝑁

over C, and there exist complex numbers𝑤1, . . . ,𝑤𝑁 ∈ C such that

𝐿(𝑧,Λ) =
𝑁∏
𝑖=1
(1 −𝑤𝑖𝑧), and 𝐿(𝑠 ,Λ) =

𝑁∏
𝑖=1
(1 −𝑤𝑖𝑞−𝑠 ) .
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Moreover, for every 𝑘 ∈ N,

𝐿𝑘 =
∑︁

ℎ∈Irr(Φ)
deg(ℎ) |𝑘

deg(ℎ) · Λ(ℎ)𝑘/deg(ℎ) = −
𝑁∑︁
𝑖=1

𝑤𝑘𝑖 .

§ 2.6 Lifting of Gaussian and Jacobi Sums

So using the discussion on Dirichlet 𝐿-functions we can relate Gaussian sums in F𝑞 with Gaussian sum of lifted characters
to any finite extension of F𝑞 .

Theorem 2.6.1 Davenport-Hasse Theorem

Let 𝜒 ∈ X𝑞 be an additive character and𝜓 ∈M𝑞 be a multiplicative character of F𝑞 , not both of them trivial. Suppose
𝜒 and𝜓 are lifted to characters 𝜒 (𝑟 ) and𝜓 (𝑟 ) respectively of the finite extension field 𝐸 of F𝑞 with [𝐸 : F𝑞] = 𝑟 . Then

𝐺 (𝜓 (𝑟 ) , 𝜒 (𝑟 ) ) = (−1)𝑟−1𝐺 (𝜓 , 𝜒)𝑟

Proof: Like previous section 𝐺 is the set of all rational functions 𝑟 (𝑋 ) = ℎ1/ℎ2 where ℎ1,ℎ2 ∈ Φ, ℎ2 non-zero. Let 𝐺 be
the subgroup of 𝐺 consisting of rational functions 𝑟 (𝑋 ) = ℎ1 (𝑋 )

ℎ2 (𝑋 ) having ℎ1 (0),ℎ2 (0) ≠ 0. Then define the multiplicative
function Λ : 𝐺 → C such that for all 𝑟 ∈ 𝐺 , |Λ(𝑟 ) | ≤ 1 and Λ(1) = 1 in the following way:

If 𝑟 (𝑋 ) ∈ 𝐺 where 𝑟 (𝑋 ) = ℎ1 (𝑋 )
ℎ2 (𝑋 ) and in the common splitting field 𝐸 of ℎ1,ℎ2, they factor as:

ℎ1 (𝑋 ) =
𝑑1∏
𝑖=1
(𝑋 − 𝛼𝑖 ) and ℎ1 (𝑋 ) =

𝑑2∏
𝑗=1
(𝑋 − 𝛽 𝑗 )

where 𝛼𝑖 , 𝛽 𝑗 ∈ 𝐸 for all 𝑖 ∈ [𝑑1], 𝑗 ∈ [𝑑2] then

Λ(𝑟 ) =𝜓
(
𝑑1∏
𝑖=1

𝛼𝑖 ·
𝑑2∏
𝑗=1

𝛽−1
𝑗

)
· 𝜒

(
𝑑1∑︁
𝑖=1

𝛼𝑖 −
𝑑2∑︁
𝑗=1

𝛽 𝑗

)
Now for any monic polynomial ℎ ∈ Φ let ℎ(𝑋 ) = 𝑋𝑛 − 𝑐1 · 𝑋𝑛−1 + · · · + (−1)𝑛𝑐𝑛 where 𝑐𝑖 ∈ F𝑞 for all 𝑖 ∈ [𝑛]. Then we
have Λ(ℎ) =𝜓 (𝑐𝑛) · 𝜒 (𝑐1). Clearly Λ is a multiplicative map on𝐺 . Now for a given (𝑐1, 𝑐𝑘 ) pair there are 𝑞𝑛−2 polynomials
where same (𝑐1, 𝑐𝑛) occurs. Hence∑︁

ℎ∈Φ𝑘

Λ(ℎ) = 𝑞𝑛−2
∑︁
𝑐1∈F𝑞

∑︁
𝑐𝑛∈F∗𝑞

𝜓 (𝑐𝑛) · 𝜒 (𝑐1) = 𝑞𝑛−2 ©­«
∑︁
𝑐𝑛∈F𝑞

ª®¬ ©­«
∑︁
𝑐1∈F𝑞

𝜒 (𝑐1)ª®¬
Since𝜓 and 𝜒 are non-trivial by Theorem 2.2.2 and Theorem 2.2.5 we have

∑
ℎ∈Φ𝑘 Λ(ℎ) = 0 for 𝑛 > 1.

Now Φ(0) = {1} and Φ(1) = {𝑥 − 𝛼 : 𝛼 ∈ F∗𝑞}. Hence∑︁
ℎ∈Φ1

Λ(ℎ) =
∑︁
𝛼∈F∗𝑞

𝜓 (𝛼) · 𝜒 (𝛼) =𝐺 (𝜓 , 𝜒)

Therefore
𝐿(𝑧,Λ) = 1 +𝐺 (𝜓 , 𝜒) · 𝑧 and 𝐿(𝑠 , 𝜒) = 1 + 𝑞−𝑠 ·𝐺 (𝜓 , 𝜒)

Therefore root of 𝐿(𝑧,Λ) is −𝐺 (𝜓 , 𝜒).
Now we will calculate 𝐿𝑟 where 𝑟 = [𝐸 : F𝑞]. From the definition of 𝐿𝑟 in previous section we have

𝐿𝑟 =
∑︁

ℎ∈Irr(Φ) ,
deg(ℎ) |𝑟

deg(ℎ) · 𝜒 (ℎ)𝑟/deg(ℎ) =
∑︁

ℎ∈Irr(Φ) ,
deg(ℎ) |𝑟

deg(ℎ) · Λ
(
ℎ
𝑟/deg(ℎ)

)
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Now for any irreducible ℎ let 𝛾 be a root of ℎ in the splitting field of 𝑓 . Let

ℎ
𝑟/deg(𝑓 ) = 𝑥𝑟 − 𝑐1 · 𝑥𝑟−1 + · · · + (−1)𝑘𝑐𝑟 =

𝑟−1∏
𝑖=𝑜

(
𝑋 −𝛾𝑞𝑖

)
Hence 𝑐1 = Tr𝐸/F𝑞 (𝛾) and 𝑐𝑟 = N𝐸/F𝑞 (𝛾). Hence we have

Λ
(
ℎ
𝑟/deg(ℎ)

)
=𝜓 (𝑐𝑟 ) · 𝜒 (𝑐1) =𝜓

(
N𝐸/F𝑞 (𝛾)

)
· 𝜒

(
Tr𝐸/F𝑞 (𝛾)

)
=𝜓 (𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾)

Now we can express deg(ℎ) · Λ
(
ℎ
𝑟/deg(ℎ)

)
=

∑
𝛾 ∈𝐸,ℎ (𝛾 )=0𝜓

(𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾). Therefore

𝐿𝑟 =
∑︁

ℎ∈Irr(Φ) ,
deg(ℎ) |𝑘

deg(ℎ) · Λ
(
ℎ
𝑘/deg(ℎ)

)
=

∑︁
ℎ∈Irr(Φ) ,
deg(ℎ) |𝑘

∑︁
𝛾 ∈𝐸,ℎ (𝛾 )=0

𝜓 (𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾)

Now all irreducible polynomials of F𝑞 whose degree divides 𝑟 with non-zero constant their roots in 𝐸 are disjoint sets and
partition 𝐸∗. Therefore we have

𝐿𝑟 =
∑︁
𝛾 ∈𝐸∗

𝜓 (𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾) =𝐺 (𝜓 (𝑟 ) , 𝜒 (𝑟 ) )

Since by Theorem 2.5.7 we have 𝐿𝑟 = −(−𝐺 (𝜓 , 𝜒))𝑟 . So we have the theorem. ■

An analogous lifting phenomenon holds for Jacobi sums. Using the relation between Jacobi and Gaussian sums
established in Theorem 2.4.3 together with the Davenport-Hasse Theorem, one can compare the Jacobi sum of a tuple of
characters over F𝑞 with the Jacobi sum of their lifts to a finite extension. The following theorem makes this precise.

Theorem 2.6.2 Lifting of Jacobi Sums

Let 𝜆1, . . . , 𝜆𝑘 ∈ M𝑞 be multiplicative characters of F𝑞 , not all of which are trivial. Suppose 𝜆1, . . . , 𝜆𝑘 are lifted to
characters 𝜆1 (𝑟 ), . . . , 𝜆 (𝑟 )𝑘 respectively, of the finite extension field 𝐸 of F𝑞 with [𝐸 : F𝑞] = 𝑟 . Then

𝐽

(
𝜆
(𝑟 )
1 , . . . , 𝜆 (𝑟 )

𝑘

)
= (−1) (𝑟−1) (𝑘−1) 𝐽 (𝜆1, . . . , 𝜆𝑘 )𝑟

Proof: Now if any 𝜆𝑖 is trivial then the lifted character 𝜆 (𝑟 ) is also trivial over 𝐸. If Then by Theorem 2.4.6(ii) we get
both sides to be 0. So suppose 𝜆1, . . . , 𝜆𝑘 are non-trivial. Now we will use Theorem 2.4.3. Let 𝜒 ∈ X𝑞 be any non-trivial
additive character of F𝑞 . So let 𝜒 (𝑟 ) be the lifted character of 𝜒 to 𝐸. If

∏𝑘
𝑖=1 𝜆𝑖 is non-trivial then we have

𝐽

(
𝜆
(𝑟 )
1 , . . . , 𝜆 (𝑟 )

𝑘

)
=

∏𝑘
𝑖=1𝐺

(
𝜆
(𝑟 )
𝑖

, 𝜒 (𝑟 )
)

𝐺

(∏𝑘
𝑖=1 𝜆

(𝑟 )
𝑖

, 𝜒 (𝑟 )
)

=

∏𝑘
𝑖=1(−1)𝑟−1𝐺 (𝜆𝑖 , 𝜒)𝑟

(−1)𝑟−1𝐺
(∏𝑘

𝑖=1 𝜆𝑖 , 𝜒
)𝑟 [By Davenport-Hasse Theorem ]

= (−1) (𝑠−1) (𝑟−1)


∏𝑘
𝑖=1𝐺 (𝜆𝑖 , 𝜒)

𝐺

(∏𝑘
𝑖=1 𝜆𝑖 , 𝜒

) 
𝑟

= (−1) (𝑠−1) (𝑟−1) 𝐽 (𝜆1, . . . , 𝜆𝑘 )𝑟
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Now the only case remaining is when
∏𝑘
𝑖=1 𝜆𝑖 is trivial. In that case we have

𝐽

(
𝜆
(𝑟 )
1 , . . . , 𝜆 (𝑟 )

𝑘

)
= − 1

𝑞𝑟

𝑘∏
𝑖=1

𝐺

(
𝜆
(𝑟 )
𝑖

, 𝜒 (𝑟 )
)

= − 1
𝑞𝑠
· (−1) (𝑟−1) ·𝑘

𝑘∏
𝑖=1

𝐺 (𝜆𝑖 , 𝜒)𝑟 [By Davenport-Hasse Theorem ]

= (−1) (𝑟−1) (𝑘−1) · 𝐽 (𝜆1, . . . , 𝜆𝑘 )

So we have the theorem. ■

§ 2.7 Kloosterman Sums

We now turn to a genuinely different family of exponential sums, introduced by Hendrik Kloosterman in 1926 in his refine-
ment of the Hardy–Littlewood circle method for the representation of integers by positive definite quaternary quadratic
forms. Instead of twisting two characters of different types, a Kloosterman sum twists a single additive character 𝜒 with
the inversion map 𝛾 ↦→ 𝛾−1 on F∗𝑞 , producing a sum of the form

∑
𝛾
𝜒 (𝑎𝛾 +𝑏𝛾−1).

Definition 2.7.1: Kloosterman Sums

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and let 𝑎,𝑏 ∈ F𝑞 . Then the Kloosterman Sum associated to
𝜒 ,𝑎,𝑏 is defined as

𝐾 (𝜒 ;𝑎,𝑏) =
∑︁
𝛾 ∈F∗𝑞

𝜒 (𝑎 · 𝛾 +𝑏 · 𝛾−1)

When one or both of the parameters 𝑎,𝑏 vanish, the Kloosterman sum collapses to an additive character sum on
F∗𝑞 , which we have already computed in Theorem 2.2.2. If both 𝑎 = 𝑏 = 0 then for all 𝛾 ∈ F∗𝑞 , 𝜒 (𝑎 ·𝛾 +𝑏 ·𝛾−1) = 𝜒 (0) = 1.
Hence 𝐾 (𝜒 ; 0, 0) = 𝑞 − 1.

If exactly one of 𝑎,𝑏 is zero then we have either

𝐾 (𝜒 ;𝑎,𝑏) =
∑︁
𝛾 ∈F∗𝑞

𝜒 (𝑎 · 𝛾) = −1 or 𝐾 (𝜒 ;𝑎,𝑏) =
∑︁
𝛾 ∈F∗𝑞

𝜒 (𝑏 · 𝛾−1) = −1

So in both cases 𝐾 (𝜒 ;𝑎,𝑏) = −1. So we have the following observations:

Observation 2.12. Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and 𝑎,𝑏 ∈ F𝑞 such that 𝑎𝑏 = 0. Then

(i) 𝐾 (𝜒 ; 0, 0) = 𝑞 − 1 if both 𝑎 = 𝑏 = 0;

(ii) if exactly one of 𝑎,𝑏 is 0 then 𝐾 (𝜒 ;𝑎,𝑏) = −1;

Now another property to notice is Kloosterman sum is always real since

𝐾 (𝜒 ;𝑎,𝑏) =
∑︁
𝛾 ∈F∗𝑞

𝜒 (𝑎 · 𝛾 +𝑏 · 𝛾−1) =
∑︁
𝛾 ∈F∗𝑞

𝜒 (−(𝑎 · 𝛾 +𝑏 · 𝛾−1)) =
∑︁
𝛾 ∈F∗𝑞

𝜒 (𝑎 · (−𝛾) +𝑏 · (−𝛾)−1) = 𝐾 (𝜒 ;𝑎,𝑏)

Therefore we have another observation:

Observation 2.13. For all additive characters 𝜒 ∈ X𝑞 and 𝑎,𝑏 ∈ F𝑝 , the Kloosterman Sum is real i.e. 𝐾 (𝜒 ;𝑎,𝑏) =

𝐾 (𝜒 ;𝑎,𝑏) = 𝐾 (𝜒 ;−𝑎,−𝑏) = 𝐾 (𝜒 ;𝑎,𝑏).
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Now we can express Kloosterman sums as product of two additive characters like Jacobi sums is for product of
multiplicative characters. For any 𝜒 ∈ X𝑞 let 𝜒 = 𝜒

𝑐 for some 𝑐 ∈ F𝑞 as defined in Theorem 2.2.1. Then

𝐾
(
𝜒
𝑐 ;𝑎,𝑏

)
=

∑︁
𝛾 ∈F∗𝑞

𝜒
𝑐

(
𝑎 · 𝛾 +𝑏 · 𝛾−1) = ∑︁

𝛾 ∈F∗𝑞

𝜒
𝑎·𝑐 (𝛾) · 𝜒−𝑏 ·𝑐 (𝛾) =: 𝐾

(
𝜒
𝑎𝑐 , 𝜒𝑏𝑐

)
Observation 2.14. The Kloosterman sum can equivalently be viewed as two-additive-character sum: for any 𝑎,𝑏, 𝑐 ∈ F𝑞

and 𝜒𝑎 , 𝜒
𝑏
, 𝜒𝑐 ∈ X𝑞 (in the notation of Theorem 2.2.1),

𝐾
(
𝜒
𝑎 , 𝜒

𝑏

)
:= 𝐾

(
𝜒1;𝑎,−𝑏

)
and 𝐾

(
𝜒
𝑐 ;𝑎,−𝑏

)
= 𝐾

(
𝜒
𝑎𝑐 , 𝜒𝑏𝑐

)
When the ground field has odd characteristic there is a useful alternative expression for 𝐾 (𝜒 ;𝑎,𝑏) as a sum of a

single additive character against the quadratic character 𝜂 evaluated on a quadratic polynomial. This representation is
often the starting point for asymptotic bounds on Kloosterman sums in arithmetic contexts.

Lemma 2.7.1

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 with 𝑞 odd, let 𝜂 be the quadratic character of F𝑞 (extended by
𝜂 (0) = 0), and let 𝑎,𝑏 ∈ F𝑞 be not both zero. Then

𝐾 (𝜒 ;𝑎,𝑏) =
∑︁
𝑑∈F𝑞

𝜒 (𝑑) · 𝜂 (𝑑2 − 4𝑎𝑏)

Proof: If one of 𝑎,𝑏 is zero then by Observation 2.12(ii) we have𝐾 (𝜒 ;𝑎,𝑏) = −1. And then at the right hand side we have
the sum over 𝜂 (𝛼2 − 4𝑎𝑏) = 𝜂 (𝛼2) = 1 and therefore the sum is of 𝜒 (𝛼) over all non-zero alpha which by Theorem 2.2.2(i)
gives 𝑞 − 1 = −1. Therefore in this case the lemma is satisfied. So now assume 𝑎 · 𝑏 ≠ 0.

Let for any 𝛾 ∈ F∗𝑞 , denote 𝑑 = 𝑎 · 𝛾 + 𝑏 · 𝛾−1. Now for any 𝑑 ∈ F𝑞 let 𝑍 (𝑑) is the number of 𝛾 ∈ F∗𝑞 such that
𝑑 = 𝑎 · 𝛾 +𝑏 · 𝛾−1. Now for any 𝑑 ∈ F𝑞 ,

𝑎 · 𝛾 +𝑏 · 𝛾−1 = 𝑑 ⇐⇒ 𝑎 · 𝛾2 −𝑑 · 𝛾 +𝑏 = 0

Therefore if 𝑃𝑑 (𝑋 ) = 𝑎 ·𝑋 2 − 𝑑 ¤𝑋 + 𝑏 ∈ F𝑞 [𝑋 ] be a polynomial then 𝑍 (𝑑) = number of zeros of 𝑃𝑑 (𝑋 ). Hence 𝑍 (𝑑) ≤ 2.
Let Δ𝑑 is the discriminant of 𝑃𝑑 i.e. Δ𝑑 = 𝑑2 − 4𝑎𝑏. Hence If Δ𝑑 = 0 then 𝑍 (𝑑) = 1. If a non-zero square root of Δ𝑑 exists in
F𝑞 then Δ𝑑 is a quadratic residue i.e. 𝜂 (Δ𝑑 ) = 1 then 𝑍 (𝑑) = 2 and if it doesn’t exists then Δ𝑑 is a quadratic non-residue
i.e. 𝜂 (Δ𝑑 ) = −1 then 𝑍 (𝑑) = 0. Therefore together we can write 𝑍 (𝑑) = 𝜂 (Δ𝑑 ) + 1 with the extended definition of 𝜂 by
setting 𝜂 (0) = 0. Therefore we have

𝐾 (𝜒 ;𝑎,𝑏) =
∑︁
𝑑∈F𝑞

𝜒 (𝑑) · 𝑍 (𝑑) =
∑︁
𝑑∈F𝑞

𝜒 (𝑑) · ·𝜂 (Δ𝑑 ) =
∑︁
𝑑∈F𝑞

𝜒 (𝑑) · ·𝜂 (𝑑2 − 4𝑎𝑏)

Hence we have the lemma. ■

The following theorem is the Kloosterman analogue of the Davenport-Hasse Theorem: the entire sequence of lifted
sums 𝐾 (𝜒 (𝑠 ) ;𝑎,𝑏) is controlled by just two algebraic numbers 𝑤1,𝑤2 — the reciprocal roots of the associated 𝐿-function.
The proof uses the Dirichlet 𝐿-function theory from section 2.5.

Theorem 2.7.2 Lifting of Kloosterman Sum

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and let 𝑎,𝑏 ∈ F𝑞 with 𝑎𝑏 ≠ 0. Suppose 𝜒 is lifted to character
𝜒 (𝑟 ) of the finite extension field 𝐸 of F𝑞 with [𝐸 : F𝑞] = 𝑟 . Then there exist complex numbers 𝑤1,𝑤2 (depending only
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on 𝜒 ,𝑎,𝑏), which are either complex conjugates of each other or both real, such that for every positive integer 𝑟

𝐾 (𝜒 (𝑟 ) ;𝑎,𝑏) =
∑︁
𝛾 ∈F∗

𝑞𝑟

𝜒 (𝑟 ) (𝑎𝛾 +𝑏𝛾−1) = −𝑤𝑟1 −𝑤𝑟2 ,

Proof: Let 𝐺 be the set of all rational functions 𝑟 (𝑋 ) ∈ F𝑞 (𝑋 ) such that for any 𝑟 ∈ 𝐺 , 𝑟 (𝑋 ) = ℎ1 (𝑋 )/ℎ2 (𝑋 ) where
ℎ1,ℎ2 ∈ F𝑞 [𝑥] and both ℎ1,ℎ2 are monic. Let𝐺 the subgroup of𝐺 such that for any 𝑟 ∈ 𝐺 , 𝑟 (𝑋 ) = ℎ1 (𝑋 )/ℎ2 (𝑋 ) where ℎ1,ℎ2

have non-zero constant term. We will define a multiplicative function Λ : 𝐺 → C such that |Λ(𝑟 ) | ≤ 1 for all 𝑟 ∈ 𝐺 and
Λ(1) = 1. Let 𝑟 ∈ 𝐺 where 𝑟 (𝑋 ) = ℎ1 (𝑋 )

ℎ2 (𝑋 ) and in common splitting field 𝐸 of ℎ1,ℎ2 they factor as

ℎ1 (𝑋 ) =
𝑑1∏
𝑖=1
(𝑋 − 𝛼𝑖 ) and ℎ2 (𝑋 ) =

𝑑2∏
𝑗=1
(𝑋 − 𝛽 𝑗 )

Then we will define Λ using 𝜒 in the following way:

Λ(𝑟 ) = 𝜒

[
𝑎

(
𝑑1∑︁
𝑖=1

𝛼𝑖 −
𝑑2∑︁
𝑗=1

𝛽 𝑗

)
+𝑏

(
𝑑1∑︁
𝑖=1

1
𝛼𝑖
−

𝑑2∑︁
𝑗=1

1
𝛽 𝑗

)]
(2.10)

Then if ℎ ∈ Φ𝑛 such that ℎ(𝑋 ) = 𝑋𝑛 − 𝑐1 ·𝑋𝑛−1 + · · · + (−1)𝑛 · 𝑐𝑛 then Λ(ℎ) = 𝜒
(
𝑎 · 𝑐1 +𝑏 · 𝑐𝑘−1 · 𝑐−1

𝑘

)
. Now it is enough

to show that the corresponding coefficients are additive if two polynomials are multiplied since 𝜒 is an additive character.
Let ℎ1 ∈ Φ𝑛1 and 𝑔2 ∈ Φ𝑛2 and

𝑔1 (𝑋 ) = 𝑋𝑛1 +
𝑛1∑︁
𝑖=1
(−1)𝑖 · 𝑐1,𝑖 ·𝑋𝑛1−𝑖 , 𝑔2 (𝑋 ) = 𝑋𝑛2 +

𝑛2∑︁
𝑗=2
(−2) 𝑗 · 𝑐2,𝑗 ·𝑋𝑛2− 𝑗 and 𝑔1 ·𝑔2 = 𝑋

𝑛1+𝑛2 +
𝑛1+𝑛2∑︁
𝑡=1
(−1)𝑡 · 𝑐 𝑗 ·𝑋𝑛1+𝑛2−𝑡

Then by comparing coeffieicnets we have

𝑐1 = 𝑐1,1 + 𝑐2,1, 𝑐𝑛1+𝑛2 = 𝑐1,𝑛1 · 𝑐2,𝑛2 , and 𝑐𝑛1+𝑛2−1 = 𝑐1,𝑛1 · 𝑐2,𝑛2−1 + 𝑐1,𝑛1−1 · 𝑐2,𝑛2

Hence Λ is indeed a multiplicative function. Now we extend Λ to 𝐺 by setting Λ(𝑟 ) = 0 for all ℎ ∉ 𝐺 .
Now for any 𝑘 ∈ Z0,if (𝑐1, 𝑐𝑘−1, 𝑐𝑘 ) is fixed where 𝑐𝑘 ≠ 0, there are 𝑞𝑘−3 possible choices for 𝑐2, . . . , 𝑐𝑘−2 such

that all polynomials with coefficients 𝑐𝑖 ’s give same value for 𝜒 (𝑎 · 𝑐1 + 𝑏 · 𝑐𝑘−1 · 𝑐−1
𝑘

. So we will show that for 𝑘 ≥ 3,∑
ℎ∈Φ𝑘 Λ(ℎ) = 0. So∑︁

𝑔∈Φ𝑘
Λ(𝑔) =

∑︁
𝑐1 ,...,𝑐𝑘−1

∑︁
𝑐𝑘 ∈F∗𝑞

𝜒 (𝑎 · 𝑐1 +𝑏 · 𝑐𝑘−1 · 𝑐−1
𝑘
)

= 𝑞𝑘−3
∑︁

𝑐1 ,𝑐𝑘−1∈F𝑞

∑︁
𝑐𝑘 ∈F∗𝑞

𝜒 (𝑎 · 𝑐1 +𝑏 · 𝑐𝑘−1 · 𝑐−1
𝑘
)

= 𝑞𝑘−3 ©­«
∑︁
𝑐1∈F𝑞

𝜒 (𝑎 · 𝑐1)
ª®¬ ©­«

∑︁
𝑐𝑘−1∈F𝑞

∑︁
𝑐𝑘 ∈F∗𝑞

𝜒 (𝑏 · 𝑐𝑘−1 · 𝑐−1
𝑘
)ª®¬ = 0 [By Theorem 2.2.2(i)]

Hence we have 𝐿(𝑧,Λ) = 1 + 𝑧∑
ℎ∈Φ1 Λ(ℎ) + 𝑧2 ∑

ℎ∈Φ2 Λ(ℎ). Now Φ1 = {𝑋 −𝛾 | 𝛾 ∈ F∗𝑞}. Therefore we have∑︁
ℎ∈Φ1

Λ(ℎ) =
∑︁
𝛾 ∈F∗𝑞

𝜒 (𝑎 · 𝛾 +𝑏 · 𝛾−1) = 𝐾 (𝜒 ;𝑎,𝑏)

And furthermore for Φ2 we get ∑︁
ℎ∈Φ2

Λ(ℎ) =
∑︁
𝑐1∈F𝑞

∑︁
𝑐2∈F∗𝑞

Λ(𝑋 2 − 𝑐1 ·𝑋 + 𝑐2)

=
∑︁
𝑐1∈F𝑞

∑︁
𝑐2∈F∗𝑞

𝜒 (𝑎 · 𝑐1 +𝑏 · 𝑐1 · 𝑐−1
2 )

=
∑︁
𝑐1∈F𝑞

∑︁
𝑐2∈F∗𝑞

𝜒 (𝑐1 (𝑎 +𝑏 · 𝑐−1
2 ))
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So if 𝑐2 = −𝑎−1𝑏 then 𝑎 + 𝑏 · 𝑐−1
2 = 0 and hence

∑
𝑐1∈F𝑞

𝜒 (0) = 𝑞 and if 𝑐2 ≠ −𝑎−1𝑏 then
∑
𝑐1∈F𝑞

𝜒 (𝑐1 (𝑎 + 𝑏 · 𝑐−1
2 )) = 0 by

Theorem 2.2.2(i). So therefore
∑
ℎ∈Φ2 Λ(ℎ) = 𝑞 and thus we get 𝐿(𝑧,Λ) = 1 + 𝑘 (𝜒 ;𝑎,𝑏) · 𝑧 + 𝑞 · 𝑧2. Let 𝑤1,𝑤2 ∈ C which

are either complex conjugates or both real such that

𝐿(𝑧,Λ) = (1 −𝑤1 · 𝑧) (1 −𝑤2 · 𝑧)

Now we will calculate 𝐿𝑟 where 𝑟 = [𝐸 : F𝑞]. From the definition of 𝐿𝑟 in previous section we have

𝐿𝑟 =
∑︁

ℎ∈Irr(Φ) ,
deg(ℎ) |𝑟

deg(ℎ) · 𝜒 (ℎ)𝑟/deg(ℎ) =
∑︁

ℎ∈Irr(Φ) ,
deg(ℎ) |𝑟

deg(ℎ) · Λ
(
ℎ
𝑟/deg(ℎ)

)
Now for any irreducible ℎ let 𝛾 be a root of ℎ in the splitting field of 𝑓 . Let

ℎ
𝑟/deg(𝑓 ) = 𝑥𝑟 − 𝑐1 · 𝑥𝑟−1 + · · · + (−1)𝑘𝑐𝑟 =

𝑟−1∏
𝑖=𝑜

(
𝑋 −𝛾𝑞𝑖

)
Hence 𝑐1 = Tr𝐸/F𝑞 (𝛾) and 𝑐𝑟 = N𝐸/F𝑞 (𝛾). Hence we have

Λ
(
ℎ
𝑟/deg(ℎ)

)
=𝜓 (𝑐𝑟 ) · 𝜒 (𝑐1) =𝜓

(
N𝐸/F𝑞 (𝛾)

)
· 𝜒

(
Tr𝐸/F𝑞 (𝛾)

)
=𝜓 (𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾)

Now we can express deg(ℎ) · Λ
(
ℎ
𝑟/deg(ℎ)

)
=

∑
𝛾 ∈𝐸,ℎ (𝛾 )=0𝜓

(𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾). Therefore

𝐿𝑟 =
∑︁

ℎ∈Irr(Φ) ,
deg(ℎ) |𝑘

deg(ℎ) · Λ
(
ℎ
𝑘/deg(ℎ)

)
=

∑︁
ℎ∈Irr(Φ) ,
deg(ℎ) |𝑘

∑︁
𝛾 ∈𝐸,ℎ (𝛾 )=0

𝜓 (𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾)

Now all irreducible polynomials of F𝑞 whose degree divides 𝑟 with non-zero constant their roots in 𝐸 are disjoint sets and
partition 𝐸∗. Therefore we have

𝐿𝑟 =
∑︁
𝛾 ∈𝐸∗

𝜓 (𝑟 ) (𝛾) · 𝜒 (𝑟 ) (𝛾) =𝐺 (𝜓 (𝑟 ) , 𝜒 (𝑟 ) )

Since by Theorem 2.5.7 we have 𝐿𝑟 = −𝑤𝑟1 −𝑤𝑟2 . So we have the theorem. ■

Assuming 𝑤1,𝑤2 as above, every lifted Kloosterman sum is a symmetric function of 𝑤1,𝑤2, which by Waring’s
identities can be rewritten purely in terms of 𝐾 = 𝐾 (𝜒 ;𝑎,𝑏) and 𝑞. This gives the following closed-form reduction of
𝐾 (𝜒 (𝑠 ) ;𝑎,𝑏) to the ground-field sum.

Lemma 2.7.3 Reduction of Lifted Kloosterman Sums

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and let 𝑎,𝑏 ∈ F𝑞 with 𝑎𝑏 ≠ 0. Then for every positive integer 𝑠 ,

𝐾

(
𝜒 (𝑠 ) ;𝑎,𝑏

)
=

⌊𝑠/2⌋∑︁
𝑗=0
(−1)𝑠− 𝑗−1 · 𝑠

𝑠 − 𝑗 ·
(
𝑠 − 𝑗
𝑗

)
· 𝑞 𝑗 ·𝐾 (𝜒 ;𝑎,𝑏)𝑠−2𝑗 .

Proof: Consider the polynomial 𝑋 𝑟1 +𝑋 𝑟2 . Now by Waring’s Formula we can express this polynomial in terms of ele-
mentary symmetric polynomials ESym1, . . . , ESym𝑟 which gives

𝑋 𝑟1 +𝑋 𝑟2 =
∑︁

𝑑1 ,𝑑2∈Z0
𝑑1+2𝑑2=𝑟

(−1)𝑑2 𝑟 (𝑑1 +𝑑2 − 1)!
𝑑1!𝑑2!

ESym1 (𝑋1,𝑋2)𝑑1 · ESym2 (𝑋1,𝑋2)𝑑2

=

⌊𝑟/2⌋∑︁
𝑗=0
(−1) 𝑗 (𝑟 − 𝑗 − 1)!𝑟

𝑗 !(𝑠 − 2 𝑗)! ESym1 (𝑋1,𝑋2)𝑠−2𝑗 · ESym2 (𝑋1,𝑋2) 𝑗

=

⌊𝑟/2⌋∑︁
𝑗=0
(−1) 𝑗

(
𝑟 − 𝑗
𝑗

)
𝑟

𝑠 − 𝑗 ESym1 (𝑋1,𝑋2)𝑠−2𝑗 · ESym2 (𝑋1,𝑋2) 𝑗
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Now we take 𝑋1 = 𝑤1 and 𝑋2 = 𝑤2 obtained from Theorem 2.7.2 we get 𝑤𝑘1 +𝑤𝑘2 = −𝐾 (𝜒 (𝑘 ) ;𝑎,𝑏) for any 𝑘 ∈ N and
𝑤1 ·𝑤2 = 𝑞. So by this replacing in the equation we get the result. ■

This lemma gives a relation between powers of Kloosterman sum and lifted Kloosterman sums. We can obtain a recursive
relation between different lifts of Kloosterman sums very easily using this identiy

𝑤𝑟1 +𝑤𝑟2 = (𝑤𝑟−1
1 +𝑤𝑟−1

2 ) (𝑤1 +𝑤2) − (𝑤𝑟−2
1 +𝑤𝑟−2

2 )𝑤1𝑤2

which gives us
𝐾 (𝜒 (𝑟 ) ;𝑎,𝑏) = −𝐾 (𝜒 (𝑟−1) ;𝑎,𝑏) ·𝐾 (𝜒 ;𝑎,𝑏) − 𝑞 ·𝐾 (𝜒 (𝑟−2) ;𝑎,𝑏)

and so we have the corollary.

Corollary 2.7.4 Kloosterman Sum Recurrence Relation

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and let 𝑎,𝑏 ∈ F𝑞 with 𝑎𝑏 ≠ 0. Then for every positive integer 𝑠 ,
the lifted Kloosterman sums satisfy the recurrence

𝐾

(
𝜒 (𝑠 ) ;𝑎,𝑏

)
= −𝐾

(
𝜒 (𝑠−1) ;𝑎,𝑏

)
·𝐾 (𝜒 ;𝑎,𝑏) −𝐾

(
𝜒 (𝑠−2) ;𝑎,𝑏

)
· 𝑞 for all 𝑠 ≥ 2,

with the convention 𝐾 (𝜒 (0) ;𝑎,𝑏) := −2 (and noting 𝐾
(
𝜒 (1) ;𝑎,𝑏

)
= 𝐾 (𝜒 ;𝑎,𝑏)).

§ 2.8 Character Sums via the Quadratic Character

For certain special characters, the associated Gaussian sums can be evaluated explicitly. A very special multiplicative
character to study is the quadratic character, 𝜂. We get a very celebrated formula for the Gaussian sum of 𝜂 and the
canonical additive character.

Theorem 2.8.1 Gaussian Sum of the Quadratic Character

Let F𝑞 be a finite field with 𝑞 = 𝑝𝑟 where 𝑝 is an odd prime and 𝑟 ∈ N. Let 𝜂 be the quadratic character of F𝑞 and let
𝜒

1 be the canonical additive character of F𝑞 . Then

𝐺 (𝜂, 𝜒1) =

(−1)𝑟−1 · 𝑞1/2 if 𝑝 ≡ 1 mod 4

(−1)𝑟−1 · 𝑖𝑟 · 𝑞1/2 if 𝑝 ≡ 3 mod 4

In other words,

𝐺 (𝜂, 𝜒1) = (−1)𝑟−1 · 𝑖
(𝑝−1)2

4 𝑟 · 𝑞1/2

Proof: Since 𝜂 always takes values in ±1 we have 𝜂 = 𝜂. Hence by using Lemma 2.3.2(iv) we have 𝐺 (𝜂, 𝜒1)2 = 𝜂 (−1)𝑞.
Now if 𝑞 ≡ 1 mod 4 then 𝜂 (−1) = 1 and if 𝑞 ≡ 3 mod 4 then 𝜂 (−1) = −1. Hence

𝐺 (𝜂, 𝜒1) =

± 𝑞1/2 if 𝑞 ≡ 1 mod 4

± 𝑖 · 𝑞1/2 if 𝑞 ≡ 3 mod 4
(2.11)

Since 𝑖 (𝑝−1)2/4 =


1 if 𝑞 ≡ 1 mod 4

0 if 𝑞 ≡ 3 mod 4

Observation 2.15. For any finite field F𝑞 , 𝐺 (𝜂, 𝜒1) = ± 𝑖
(𝑞−1)2/4 · 𝑞1/2

It remains to resolve the ± sign. We first prove this for 𝑟 = 1 then extend to 𝑟 > 1.
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Step 1: Setting up the linear operator𝑇 . Let𝑊 be the vector space of all complex valued functions on F∗𝑝 , a (𝑝 − 1)-
dimensional vector space over C. Let B := {𝑓1, . . . , 𝑓𝑝−1} where 𝑓𝑗 (𝑘) = 1 if 𝑗 = 𝑘 and otherwise 0 be the standard basis
of 𝑊 . By the orthogonality of multiplicative characters in Theorem 2.2.5 the set BM𝑞

:= {𝜓0, . . . ,𝜓𝑝−2} as defined in
Lemma 2.2.3 also forms a basis of𝑊 .

Let 𝜁𝑝 = 𝑒
2𝜋𝑖/𝑝 be the 𝑝𝑡ℎ root of unity. Hence if 𝜒

𝑘
∈ X𝑝 is as defined in Theorem 2.2.1, then 𝜒

𝑘
( 𝑗) = 𝜁 𝑗𝑘𝑝 for all

𝑗 ∈ F𝑝 . Define the linear operator 𝑇 :𝑊 →𝑊 by

∀ ℎ ∈𝑊 , ∀ 𝑘 ∈ [𝑝 − 1] (𝑇ℎ) (𝑘) =
𝑝−1∑︁
𝑗=1

𝜁
𝑗𝑘
𝑝 ℎ( 𝑗). (2.12)

For each basis element𝜓𝑖 ,

(𝑇𝜓𝑖 ) (𝑘) =
𝑝−1∑︁
𝑗=1

𝜒
𝑘
( 𝑗) ·𝜓𝑖 ( 𝑗) =𝐺 (𝜓𝑖 , 𝜒𝑘 ) =𝜓𝑖 (𝑘) ·𝐺 (𝜓𝑖 , 𝜒1) ∀ 𝑘 ∈ F∗𝑝 ,

where the last equality uses Lemma 2.3.2(i). Hence 𝑇𝜓𝑖 =𝐺 (𝜓𝑖 , 𝜒1) ·𝜓𝑖 for every multiplicative character of F𝑝 .

Step 2: Computing det(𝑇 ) via the character basis. Since𝜓 =𝜓 only for𝜓0 and 𝜂 =𝜓𝑝−1/2, the matrix of𝑇 in BM𝑞
has

two diagonal entries𝐺 (𝜓0, 𝜒1) = −1 and𝐺 (𝜂, 𝜒1); all other characters pair up as conjugates (𝜓 ,𝜓 ), each contributing the

block
(

0 𝐺 (𝜓 , 𝜒1)
𝐺 (𝜓 , 𝜒1) 0

)
with determinant contribution −𝜓 (−1)𝑝 by Lemma 2.3.2(iv). Using 𝜓 𝑗 (−1) = (−1) 𝑗 (since

𝜓 (−1) = −1 for the principal character),

det(𝑇 ) = −𝐺 (𝜂, 𝜒1) · (−𝑝)
(𝑝−3)/2

𝑝−3
2∏
𝑗=1
(−1) 𝑗

= (−1) (𝑝−1)/2 ·𝐺 (𝜂, 𝜒1) · 𝑝
(𝑝−3)/2 · (−1) (𝑝−1) (𝑝−3)/8

= ±(−1) (𝑝−1)/2 · 𝑖 (𝑝−1) (𝑝−2)/2 · 𝑝 (𝑝−2)/2,

where in the last step we substitute Observation 2.15 and simplify the exponent. Thus:

det(𝑇 ) = ±(−1) (𝑝−1)/2 · 𝑖 (𝑝−1) (𝑝−2)/2 · 𝑝 (𝑝−2)/2. (2.13)

Step 3: Computing det(𝑇 ) via the standard basis. From (2.12), the ( 𝑗 ,𝑘) entry of𝑇 inB is 𝜁 𝑗𝑘𝑝 . Factoring and reducing
modulo 𝑝 (since 𝑝 | 1 + 2 + · · · + (𝑝 − 1)), the determinant equals that of the Vandermonde matrix 𝑉 (𝜁𝑝 , 𝜁 2

𝑝 , . . . , 𝜁 𝑝−1
𝑝 ):

det(𝑇 ) =
∏

1≤ 𝑗<𝑘≤𝑝−1

(
𝜁𝑘𝑝 − 𝜁

𝑗
𝑝

)
.

Setting 𝜁2𝑝 = 𝑒
𝜋𝑖/𝑝 so that 𝜁 2

2𝑝 = 𝜁𝑝 and using 𝜁 𝑡2𝑝 − 𝜁 −𝑡2𝑝 = 2𝑖 sin 𝑡𝜋
𝑝

, we expand the Vandermonde product:

det(𝑇 ) =
∏

1≤ 𝑗<𝑘≤𝑝−1
𝜁
𝑗+𝑘
2𝑝

(
𝜁
𝑘− 𝑗
2𝑝 − 𝜁

−(𝑘− 𝑗 )
2𝑝

)
= 𝜁

∑
𝑗<𝑘 ( 𝑗+𝑘 )

2𝑝 · 𝑖 (𝑝−1) (𝑝−2)/2
∏

1≤ 𝑗<𝑘≤𝑝−1

(
2 sin 𝜋 (𝑘 − 𝑗)

𝑝

)
.

Computing the exponent sum
∑

1≤ 𝑗<𝑘≤𝑝−1( 𝑗 + 𝑘) =
𝑝 (𝑝−1) (𝑝−2)

2 gives 𝜁
∑( 𝑗+𝑘 )
2𝑝 = (−1) (𝑝−1)/2, so:

det(𝑇 ) = (−1) (𝑝−1)/2 · 𝑖 (𝑝−1) (𝑝−2)/2 ·
∏

1≤ 𝑗<𝑘≤𝑝−1

(
2 sin 𝜋 (𝑘 − 𝑗)

𝑝

)
. (2.14)
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Step 4: Resolving the sign for 𝑟 = 1. Comparing (2.13) and (2.14), the first two factors coincide. Since 𝑘 − 𝑗 ∈ [𝑝 − 1]
for all 1 ≤ 𝑗 < 𝑘 ≤ 𝑝 − 1, we have sin 𝜋 (𝑘− 𝑗 )

𝑝
> 0, so

∏
𝑗<𝑘 2 sin 𝜋 (𝑘− 𝑗 )

𝑝
> 0. Therefore the product on the right of (2.14)

equals 𝑝 (𝑝−2)/2, and matching with (2.13) forces the ± to be +:

𝐺 (𝜂, 𝜒1) = 𝑖
(𝑝−1)2/4 · 𝑝1/2.

Step 5: Extension to 𝑟 > 1 via character lifting. For 𝑟 > 1, lift 𝜂 and 𝜒1 from F𝑝 to F𝑞 (𝑞 = 𝑝𝑟 ) via 𝜂 (𝑟 ) = 𝜂 ◦ 𝑁 and
𝜒 (𝑟 )

1 = 𝜒
1 ◦Tr, where 𝑁 and Tr are the absolute norm and trace from F𝑞 to F𝑝 respectively. By Davenport-Hasse Theorem,

𝐺 (𝜂 (𝑟 ) , 𝜒 (𝑟 )1 ) = (−1)𝑟−1𝐺 (𝜂, 𝜒1)𝑟 = (−1)𝑟−1
(
𝑖
(𝑝−1)2/4 · 𝑝1/2

)𝑟
= (−1)𝑟 · 𝑖

(𝑝−1)2𝑟
4 · 𝑞1/2.

Since 𝜂 (𝑟 ) is the quadratic character of F𝑞 , this is the stated formula. ■

The proof of the above theorem gives us another important result.

Lemma 2.8.2 Vandermonde Determinant with Roots of Unity

If 𝑝 is a odd prime and 𝜁𝑝 is the 𝑝𝑡ℎ root of unity. Let 𝑉 (𝜁𝑝 , 𝜁 2
𝑝 , . . . , 𝜁 𝑝−1

𝑝 ) is the 𝑝 × 𝑝 Vandermonde Matrix. Then

det
(
𝑉 (𝜁𝑝 , 𝜁 2

𝑝 , . . . , 𝜁 𝑝−1
𝑝 )

)
= (−1) (𝑝−1)/2 · 𝑖 (𝑝−1) (𝑝−2)/2 · 𝑝 (𝑝−2)/2

As a striking application of the machinery developed around the quadratic character, we can now give a proof of
one of the classical result of number theory – Law of Quadratic Reciprocity.

Theorem 2.8.3 Law of Quadratic Reciprocity

For any two distinct odd primes 𝑝 ,𝑞 we have (
𝑝

𝑞

)
·
(
𝑞

𝑝

)
= (−1) (𝑝−1) (𝑞−1)/4

Proof: Let 𝜒1 be the canonical additive character of F𝑝 and 𝜂 is the quadratic character of F𝑝 . Then by Lemma 2.3.2(iv)
we gave 𝐺2 (𝜂, 𝜒1) = (−1) (𝑝−1)/2 · 𝑝 . So

𝐺𝑞 (𝜂, 𝜒1) =𝐺 (𝜂, 𝜒1) ·
(
𝐺2 (𝜂, 𝜒1)

) (𝑞−1)/2
= (−1) (𝑝−1) (𝑞−1)/4 · 𝑝 (𝑞−1)/2 ·𝐺 (𝜂, 𝜒1) (2.15)

Now we calculate 𝐺𝑞 (𝜂, 𝜒1) in different way.

𝐺𝑞 (𝜂, 𝜒1) =
©­«
∑︁
𝛼∈F∗𝑝

𝜂 (𝛼) · 𝜒1 (𝛼)
ª®¬
𝑞

≡
∑︁
𝛼∈F∗𝑝

𝜂𝑞 (𝛼) · 𝜒𝑞𝑞 (𝛼) mod 𝑞

≡
∑︁
𝛼∈F∗𝑝

𝜂 (𝛼) · 𝜒𝑞 (𝛼) mod 𝑞

≡ 𝐺 (𝜂, 𝜒𝑞) mod 𝑞

≡ 𝜂 (𝑞)𝐺 (𝜂, 𝜒1) mod 𝑞 [By Lemma 2.3.2(i)] (2.16)

Now we already obtained
(
𝑞

𝑝

)
in the right hand side above and (−1) (𝑝−1) (𝑞−1)/4 in (2.15). Since 𝜂 and 𝜒1 are both non-trivial

characters of F𝑝 we have |𝐺 (𝜂, 𝜒1) |=𝑝
1/2 by Theorem 2.3.1 and so 𝐺 (𝜂, 𝜒1) ≠ 0. So now comparing (2.16) with (2.15) we
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get

(−1) (𝑝−1) (𝑞−1)/4 · 𝑝 (𝑞−1)/2 ·𝐺 (𝜂, 𝜒1) ≡ 𝜂 (𝑞) ·𝐺 (𝜂, 𝜒1) mod 𝑞 ⇐⇒ (−1) (𝑝−1) (𝑞−1)/4 · 𝑝 (𝑞−1)/2 ≡ 𝜂 (𝑞) mod 𝑞

By Fermat’s Little Theorem we have 𝑝𝑞−1 ≡ 1 mod 𝑞 as 𝑝 and 𝑞 are two distinct primes. So we have

(−1) (𝑝−1) (𝑞−1)/4 · 𝑝 (𝑞−1)/2 ≡ 𝜂 (𝑞) mod 𝑞

=⇒ (−1) (𝑝−1) (𝑞−1)/4 · 𝑝 (𝑞−1)/2 · 𝑝 (𝑞−1)/2 ≡ 𝜂 (𝑞) · 𝑝 (𝑞−1)/2 mod 𝑞

=⇒ (−1) (𝑝−1) (𝑞−1)/4 ≡ 𝜂 (𝑞) · 𝑝 (𝑞−1)/2 mod 𝑞

=⇒ (−1) (𝑝−1) (𝑞−1)/4 ≡
(
𝑞

𝑝

)
·
(
𝑝

𝑞

)
mod 𝑞

Since both sides are ±1 we can remove the modulo 𝑞. And therefore we have the theorem. ■

We close the section with an elementary but remarkably clean evaluation of the quadratic character summed
against a quadratic polynomial. Its value depends only on the leading coefficient and the discriminant, and it will play a
basic role in many later arguments – most notably in extracting the quadratic character of the discriminant when counting
solutions of quadratic equations over F𝑞 , and in the reformulation of Kloosterman sums in section 2.7.

Theorem 2.8.4 Quadratic Character Sum via Discriminant

Let 𝑓 (𝑋 ) = 𝑎2𝑋
2 + 𝑎1𝑋 + 𝑎0 ∈ F𝑞 [𝑋 ] with 𝑞 odd and 𝑎2 ≠ 0, let Δ = 𝑎2

1 − 4𝑎0𝑎2 denote the discriminant of 𝑓 , and let
𝜂 be the quadratic character of F𝑞 (extended by 𝜂 (0) = 0). Then

∑︁
𝛼∈F𝑞

𝜂 (𝑓 (𝛼)) =

−𝜂 (𝑎2) if Δ ≠ 0,

(𝑞 − 1) · 𝜂 (𝑎2) if Δ = 0.

We will not prove this theorem now. We will discuss this again in section 3.2.

§ 2.9 Jacobsthal Sums

Building further on the theme of character sums twisted by the quadratic character, we now introduce a classical family
of sums first studied by Ernst Jacobsthal in 1907 in connection with the representation of primes 𝑝 ≡ 1 mod 4 as sums of
two squares. Unlike Gaussian and Jacobi sums, which are defined purely multiplicatively, Jacobsthal sums mix an additive
shift with the quadratic character 𝜂 of F𝑞 , which makes them particularly well suited to problems involving quadratic
residues and the arithmetic of F∗𝑞 .

Definition 2.9.1: Jacobsthal Sums

For 𝛼 ∈ F∗𝑞 where 𝑞 is odd and for any 𝑛 ∈ N the Jacobsthal Sum is defined as

𝐻𝑛 (𝛼) =
∑︁
𝛾 ∈F𝑞

𝜂 (𝛾𝑛+1 + 𝛼 · 𝛾) =
∑︁
𝛾 ∈F𝑞

𝜂 (𝛾) · 𝜂 (𝛾𝑛 + 𝛼)

Another associated sum we define is
𝐼𝑛 (𝛼) =

∑︁
𝛾 ∈F𝑞

𝜂 (𝛾𝑛 + 𝛼)

for all 𝛼 ∈ F∗𝑞 .

Now for 𝑛 = 1 we get 𝐻1 (𝛼) = 1 by Theorem 3.2.7 and by Theorem 2.2.2(i), 𝐼1 (𝛼) = 0 for all 𝛼 ∈ F∗𝑞
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The sums 𝐻𝑛 and 𝐼𝑛 are closely related: in the following theorem we give a recursion relation between 𝐼𝑛 and 𝐻𝑚
for any 𝑛,𝑚 ∈ N.

Lemma 2.9.1 Relation between 𝐻𝑛 and 𝐼𝑚

For every 𝑛 ∈ N and every 𝛼 ∈ F∗𝑞 ,
𝐼2𝑛 (𝛼) = 𝐼𝑛 (𝛼) +𝐻𝑛 (𝛼)

Proof: For any 𝛽 ∈ F𝑞 let 𝑍 (𝛽) is the number of 𝛾 ∈ F𝑞 such that 𝛾2 = 𝛽 . Hence 𝑍 (𝛽) = 1 + 𝜂 (𝛽). Hence we have

𝐼2𝑛 (𝛼) =
∑︁
𝛾 ∈F𝑞

𝜂 (𝛾2𝑛 + 𝛼)

=
∑︁
𝛽∈F𝑞

𝜂 (𝛽𝑛 + 𝛼) · 𝑍 (𝛽)

=
∑︁
𝛽∈F𝑞

𝜂 (𝛽𝑛 + 𝛼) (1 + 𝜂 (𝛽))

=
∑︁
𝛽∈F𝑞

𝜂 (𝛽𝑛 + 𝛼) +
∑︁
𝛽∈F𝑞

𝜂 (𝛽) · 𝜂 (𝛽𝑛 + 𝛼)

= 𝐼𝑛 (𝛼) +𝐻𝑛 (𝛼)

Hence we have the theorem. ■

2.9.1 Relations between Jacobsthal and Jacobi Sum

Although 𝐻𝑛 and 𝐼𝑛 are defined using only the quadratic character, they can be evaluated in terms of Jacobi sums for
multiplicative characters of higher order. The key observation is that the count of 𝑛th-power roots in F∗𝑞 is a sum of
multiplicative characters of order dividing gcd(𝑛,𝑞 − 1), and regrouping the definition of 𝐼𝑛 accordingly expresses it as a
linear combination of Jacobi sums 𝐽 (𝜆 𝑗 ,𝜂).

Theorem 2.9.2 Jacobi Sum Representation of 𝐼𝑛

Let 𝑛 ∈ N and 𝛼 ∈ F∗𝑞 , and set 𝑑 = gcd(𝑛,𝑞 − 1). Let 𝜆 ∈M𝑞 be a multiplicative character of F𝑞 of order 𝑑 . Then

𝐼𝑛 (𝛼) = 𝜂 (𝛼)
𝑑−1∑︁
𝑗=1

𝜆 𝑗 (−𝛼) · 𝐽 (𝜆 𝑗 ,𝜂).

Proof: For any 𝛽 ∈ F𝑞 let 𝑍 (𝛽) is the number of 𝛾 ∈ F𝑞 such that 𝛾𝑛 = 𝛽 . Then we have

𝐼𝑛 (𝛼) =
∑︁
𝛾 ∈F𝑞

𝜂 (𝛾𝑛 + 𝛼) =
∑︁
𝛽∈F𝑞

𝜂 (𝛽 + 𝛼) · 𝑍 (𝛽)

Suppose 𝛽 ≠ 0. Then by Theorem 2.2.5(iii) we have

𝑍 (𝛽) = 1
𝑞 − 1

∑︁
𝛾 ∈F∗𝑞

∑︁
𝜓 ∈M𝑞

𝜓 (𝛾𝑛)𝜓 (𝛽) = 1
𝑞 − 1

∑︁
𝜓 ∈M𝑞

𝜓 (𝛽)
∑︁
𝛾 ∈F∗𝑞

𝜓𝑛 (𝛾)

Now by Theorem 2.2.5(i),𝜓𝑛 is trivial then
∑
𝛾 ∈F∗𝑞 𝜓

𝑛 (𝛾) = 𝑞 − 1 and otherwise its 0. Now𝜓𝑛 is trivial if and only if𝜓 = 𝜆
𝑗

for all 𝑗 ∈ {0, 1, . . . ,𝑑 − 1}. Then we have

𝑍 (𝛽) =
𝑑−1∑︁
𝑗=0

𝜆
𝑗 (𝛽)
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Suppose 𝛽 = 0 then 𝑍 (𝛽) = 1 as 0 is the only solution. Therefore this also holds for 𝛽 = 0. Hence we have

𝐼𝑛 (𝛼) =
∑︁
𝛽∈F𝑞

𝜂 (𝛽 + 𝛼)
𝑑−1∑︁
𝑗=0

𝜆 𝑗 (𝛽)

=

𝑑−1∑︁
𝑗=0

∑︁
𝛽∈F𝑞

𝜂 (𝛽 + 𝛼)𝜆 𝑗 (𝛽)

= 𝜂 (−1)
𝑑−1∑︁
𝑗=0

∑︁
𝛽∈F𝑞

𝜂 (−(𝛽 + 𝛼))𝜆 𝑗 (𝛽)

= 𝜂 (−1)
𝑑−1∑︁
𝑗=0

𝐽−𝛼 (𝜆 𝑗 ,𝜂)

= 𝜂 (−1)
𝑑−1∑︁
𝑗=0
(𝜆 𝑗 · 𝜂) (−𝛼) 𝐽 (𝜆 𝑗 ,𝜂)

= 𝜂 (𝛼)
𝑑−1∑︁
𝑗=0

𝜆 𝑗 (−𝛼) 𝐽 (𝜆 𝑗 ,𝜂)

Hence we have the theorem. ■

The Jacobsthal sum 𝐻𝑛 satisfies a similar Jacobi-sum representation, but now involving a character 𝜆 of order 2𝑑
rather than𝑑 , and with the parity of the power of 2 dividing 𝑞 − 1 relative to𝑛 playing a decisive role: when all the 2-power
content of 𝑞 − 1 already divides 𝑛, the sum 𝐻𝑛 vanishes identically.

Lemma 2.9.3 Jacobi Sum Representation of 𝐻𝑛

Let 𝑛 ∈ N and 𝛼 ∈ F∗𝑞 , and set 𝑑 = gcd(𝑛,𝑞 − 1). If the largest power of 2 dividing 𝑞 − 1 also divides 𝑛, then𝐻𝑛 (𝛼) = 0.
Otherwise, let 𝜆 ∈M𝑞 be a multiplicative character of F𝑞 of order 2𝑑 ; then

𝐻𝑛 (𝛼) = 𝜂 (𝛼) · 𝜆(−1)
𝑑−1∑︁
𝑗=0

𝜆2𝑗+1 (𝛼) · 𝐽 (𝜆2𝑗+1,𝜂).

Proof: Since the largest power of 2 dividing 𝑞 − 1 also divides 𝑛 we have 𝑑 = gcd(𝑛,𝑞 − 1) = gcd(2𝑛,𝑞 − 1). Therefore
by Theorem 2.9.2, 𝐼𝑛 (𝛼) = 𝐼2𝑛 (𝛼). Therefore by Lemma 2.9.1 we get 𝐻𝑛 (𝛼) = 0.

Now suppose that is not the case. Then gcd(2𝑛,𝑞 − 1) = 2𝑑 . Then by Theorem 2.9.2 we get

𝐼2𝑛 (𝛼) = 𝜂 (𝛼)
2𝑑−1∑︁
𝑗=1

𝜆 𝑗 (−𝛼) 𝐽 (𝜆 𝑗 ,𝜂) (2.17)

Since ord(𝜆2) = 𝑑 using the same theorem for 𝐼𝑛 (𝛼) and 𝜆2 we get

𝐼𝑛 (𝛼) = 𝜂 (𝛼)
𝑑−1∑︁
𝑗=0

𝜆2𝑗 (−𝛼) 𝐽 (𝜆2𝑗 ,𝜂) (2.18)

Therefore from Lemma 2.9.1 we have 𝐻𝑛 (𝛼) = 𝐼2𝑛 (𝛼) − 𝐼𝑛 (𝛼). So subtracting (2.18) from (2.17) we get the expression. ■
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Note:-
By Theorem 2.4.6, |𝐽 (𝜆 𝑗 ,𝜂) | = 𝑞1/2 for each 𝑗 ∈ {1, . . . ,𝑑 − 1} since 𝜆 𝑗 and 𝜂 are non-trivial and 𝜆 𝑗𝜂 is non-trivial for
𝑗 ≠ 𝑑/2. Summing the 𝑑 − 1 terms in Theorem 2.9.2 therefore gives |𝐼𝑛 (𝛼) | ≤ (𝑑 − 1)𝑞1/2 for all 𝛼 ∈ F∗𝑞 .

2.9.2 Yet Another Proof of Fermat’s Two Square Theorem

We close this section with the classical application of Jacobsthal sum. Using 𝐻2 one can compute the two integers 𝐴,𝐵
in the representation 𝑝 = 𝐴2 + 𝐵2 (guaranteed by Theorem 2.4.12) directly, and moreover with a canonical sign choice
determined by a congruence modulo 4. Here 𝑝 ≡ 1 mod 4 is prime, 𝜂 is the quadratic character of F𝑝 , and 𝜆 ∈ M𝑝 is a
multiplicative character of F𝑝 of order 4, so that 𝜆2 = 𝜂 and 𝜆3 = 𝜆.

By Theorem 2.9.3 applied with 𝑛 = 2 and hence 𝑑 = gcd(2,𝑝 − 1) = 2,

𝐻2 (1) = 𝜆(−1)
1∑︁
𝑗=0

𝜆2𝑗+1 (1) · 𝐽 (𝜆2𝑗+1,𝜂) = 𝜆(−1)
(
𝐽 (𝜆,𝜂) + 𝐽 (𝜆3,𝜂)

)
.

Since 𝜆3 = 𝜆 and 𝜂 is real, 𝐽 (𝜆3,𝜂) = 𝐽 (𝜆,𝜂), so 𝐻2 (1) = 2𝜆(−1) · ℜ𝐽 (𝜆,𝜂). In the notation of Theorem 2.4.12, 𝐽 (𝜆,𝜂) =
𝐴 + 𝑖𝐵 with 𝐴,𝐵 ∈ Z and 𝑝 = 𝐴2 + 𝐵2, so

ℜ𝐽 (𝜆,𝜂) = 𝐴 = 1
2𝜆(−1) ·𝐻2 (1).

A similar computation starting from an 𝛼 ∈ F𝑝 with 𝜂 (𝛼) = −1 uses 𝜆(𝛼) = ±𝑖 and 𝜆3 (𝛼) = −𝜆(𝛼) to give

𝐻2 (𝛼) = 𝜂 (𝛼)𝜆(−1)
(
𝜆(𝛼) 𝐽 (𝜆,𝜂) − 𝜆(𝛼) 𝐽 (𝜆,𝜂)

)
= −𝜆(−1)𝜆(𝛼) · 2𝑖 · ℑ𝐽 (𝜆,𝜂),

which identifies ℑ𝐽 (𝜆,𝜂) = 𝐵 up to the unit factor −𝜆(−1)𝜆(𝛼) ∈ {±1,±𝑖}; absorbing this factor gives 𝐵 = 1
2𝐻2 (𝛼) (up to

sign).
To pin down the sign of 𝐴, we expand 𝐻2 (1) directly. Pairing 𝛾 with −𝛾 and using 𝜂 (−1) = 1 (since 𝑝 ≡ 1 mod 4)

gives

𝐻2 (1) =
𝑝−1∑︁
𝛾=1

𝜂 (𝛾) · 𝜂 (𝛾2 + 1) = 2
(𝑝−1)/2∑︁
𝛾=1

𝜂 (𝛾) · 𝜂 (𝛾2 + 1),

so 1
2𝐻2 (1) =

∑(𝑝−1)/2
𝛾=1 𝜂 (𝛾)𝜂 (𝛾2 + 1). On the other hand Theorem 3.2.7 applied to 𝑓 (𝑋 ) = 𝑋 2 + 1 (discriminant −4 ≠ 0 and

𝜂 (1) = 1) gives
∑
𝛾 ∈F𝑝

𝜂 (𝛾2 + 1) = −1, so
∑(𝑝−1)/2
𝛾=1 𝜂 (𝛾2 + 1) = −1 (excluding the zero term). Subtracting and reducing

modulo 4, using the fact that (𝜂 (𝛾) − 1) (𝜂 (𝛾2 + 1) − 1) ≡ 0 mod 4 whenever 𝜂 (𝛾2 + 1) ≠ 0, one obtains after a short
computation

1
2𝐻2 (1) + 1 ≡ 3−𝑝

2 − 𝜆(−1) mod 4.

Since 𝜆(−1) = 1 when 𝑝 ≡ 1 mod 8 and 𝜆(−1) = −1 when 𝑝 ≡ 5 mod 8, in both cases 1
2𝐻2 (1) + 1 ≡ 0 mod 4, i.e.

1
2𝐻2 (1) ≡ −1 mod 4.

Hence setting 𝐴 = 1
2𝜆(−1)𝐻2 (1) and 𝐵 = 1

2𝐻2 (𝛼) (for any 𝛼 ∈ F𝑝 with 𝜂 (𝛼) = −1), we obtain integers with
𝐴2 + 𝐵2 = 𝑝 , 𝐴 odd, 𝐵 even, and the normalization 𝐴 ≡ −1 mod 4. With this normalization 𝐴 is uniquely determined: if
𝑝 = 𝐴2 + 𝐵2 = 𝐶2 +𝐷2 with 𝐴,𝐶 odd and 𝐴 ≡ 𝐶 ≡ −1 mod 4, then choosing ℎ,𝑘 ∈ Z with 𝐴 ≡ ℎ𝐵, 𝐶 ≡ 𝑘𝐷 mod 𝑝 gives
ℎ2 + 1 ≡ 𝑘2 + 1 ≡ 0 mod 𝑝 , hence 𝐶 ≡ ±ℎ𝐷 mod 𝑝 ; writing 𝐶1 ≡ ℎ𝐷 mod 𝑝 and 𝐶 = ±𝐶1, we compute

𝑝2 = (𝐴2 + 𝐵2) (𝐶2
1 +𝐷2) = (𝐴𝐶1 + 𝐵𝐷)2 + (𝐴𝐷 − 𝐵𝐶1)2,

and both 𝐴𝐶1 + 𝐵𝐷 ≡ (ℎ2 + 1)𝐵𝐷 ≡ 0 mod 𝑝 and 𝐴𝐷 − 𝐵𝐶1 ≡ 0 mod 𝑝 . Dividing by 𝑝2 gives 1 = (±1)2 + 02, forcing
𝐴𝐷 − 𝐵𝐶1 = 0 and |𝐴𝐶1 + 𝐵𝐷 | = 𝑝 . Since gcd(𝐴,𝐵) = gcd(𝐶1,𝐷) = 1, it follows that 𝐴 = ±𝐶1 and hence 𝐴 = ±𝐶; the
congruence 𝐴 ≡ 𝐶 ≡ −1 mod 4 then forces 𝐴 =𝐶 .

Thus the Jacobsthal sum 1
2𝜆(−1)𝐻2 (1) produces the canonical integer 𝐴 in Fermat’s representation 𝑝 = 𝐴2 + 𝐵2,

and 1
2𝐻2 (𝛼) produces 𝐵 up to sign.
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§ 2.10 Salié Sums

The Kloosterman sums of the previous section are notoriously difficult to evaluate in closed form – even their size is
controlled only by the deep theorem of Weil. Remarkably, a very mild modification of the Kloosterman sum, obtained by
inserting the quadratic character 𝜂 as a weight, produces a family of sums for which exact evaluations are possible. These
are the Salié sums, introduced by Hans Salié in 1931.

Definition 2.10.1: Salié Sum

Let F𝑞 be a finite field with 𝑞 odd, and let 𝜒 ,𝜏 ∈ X𝑞 be non-trivial additive characters of F𝑞 . Then the Salié sum
associated to 𝜒 and 𝜏 is defined as

𝑆 (𝜒 ,𝜏) =
∑︁
𝛾 ∈F∗𝑞

𝜂 (𝛾) · 𝜒 (𝛾) · 𝜏 (𝛾−1)

Theorem 2.10.1 Evaluation of Salié Sums

Let F𝑞 be a finite elements with 𝑞 being odd and 𝜒 ,𝜏 ∈ X𝑞 be non-trivial additive character of F𝑞 . Let 𝑎 ∈ F𝑞 such
that for all 𝛾 ∈ F𝑞 , 𝜏 (𝛾) = 𝜒 (𝑎 · 𝛾). Then we have

𝑆 (𝜒 ,𝜏) =𝐺 (𝜂, 𝜒)
∑︁

𝑏 : 𝑏2=4𝑎

𝜒 (𝑏)

Proof: Since 𝜏 (𝛾) = 𝜒 (𝑎 · 𝛾) for all 𝛾 ∈ F𝑞 we have 𝜒 (𝛾) · 𝜏 (𝛾−1) = 𝜒 (𝛾) · 𝜒 (𝑎 · 𝛾−1) = 𝜒 (𝛾 + 𝑎𝛾−1), so 𝑆 (𝜒 ,𝜏) =∑
𝛾 ∈F∗𝑞 𝜂 (𝛾)𝜒 (𝛾 + 𝑎𝛾

−1).

Step 1: Multiplicative Fourier expansion. For 𝑏 ∈ F∗𝑞 let 𝜒
𝑏
∈ X𝑞 denote the additive character 𝜒

𝑏
(𝛾) = 𝜒 (𝑏𝛾),

similar to as given by Theorem 2.2.1. Define 𝜑 : F∗𝑞 → C by

𝜑 (𝑏) = 𝑆 (𝜒
𝑏
,𝜏) =

∑︁
𝛾 ∈F∗𝑞

𝜂 (𝛾)𝜒 (𝑏𝛾 + 𝑎𝛾−1).

By Theorem 2.2.5, the multiplicative characters form an orthonormal basis for functions on F∗𝑞 , so we may expand

𝜑 (𝑏) =
∑︁
𝜆∈M𝑞

𝜑̂ (𝜆)𝜆(𝑏), where 𝜑̂ (𝜆) = 1
𝑞 − 1

∑︁
𝑏∈F∗𝑞

𝜑 (𝑏)𝜆(𝑏).

Step 2: Computing the Fourier coefficients. Substituting the definition of 𝜑 and interchanging the order of summa-
tion:

𝜑̂ (𝜆) = 1
𝑞 − 1

∑︁
𝑏∈F∗𝑞

𝜆(𝑏)
∑︁
𝛾 ∈F∗𝑞

𝜂 (𝛾)𝜒 (𝑏𝛾 + 𝑎𝛾−1)

=
1

𝑞 − 1
∑︁
𝛾 ∈F∗𝑞

𝜂 (𝛾)𝜒 (𝑎𝛾−1)
∑︁
𝑏∈F∗𝑞

𝜆(𝑏)𝜒 (𝑏𝛾).

Substituting 𝑏 ↦→ 𝑏𝛾−1 in the inner sum gives
∑
𝑏∈F∗𝑞 𝜆(𝑏)𝜒 (𝑏𝛾) = 𝜆(𝛾)

∑
𝑏∈F∗𝑞 𝜆(𝑏)𝜒 (𝑏) = 𝜆(𝛾) ·𝐺 (𝜆, 𝜒). Hence

𝜑̂ (𝜆) = 𝐺 (𝜆, 𝜒)
𝑞 − 1

∑︁
𝛾 ∈F∗𝑞

𝜂 (𝛾)𝜆(𝛾)𝜒 (𝑎𝛾−1).

Substituting 𝛾 ↦→ 𝛾−1 in the remaining sum:∑︁
𝛾 ∈F∗𝑞

𝜂 (𝛾)𝜆(𝛾)𝜒 (𝑎𝛾−1) =
∑︁
𝛾 ∈F∗𝑞

𝜂 (𝛾)𝜆(𝛾)𝜒 (𝑎𝛾) =𝐺 (𝜂 · 𝜆, 𝜒𝑎)



§2.10 Salié Sums Page 70

where 𝜒𝑎 (𝛾) = 𝜒 (𝑎𝛾). Since 𝜂 is real-valued, 𝜂 = 𝜂. By Lemma 2.3.2(i), 𝐺 (𝜆, 𝜒𝑎) = 𝜆(𝑎)𝐺 (𝜆, 𝜒), so

𝐺 (𝜂 · 𝜆, 𝜒𝑎) = 𝜂 (𝑎)𝜆(𝑎) ·𝐺 (𝜂 · 𝜆, 𝜒).

Altogether:

𝜑̂ (𝜆) = 𝜂 (𝑎)𝜆(𝑎) ·𝐺 (𝜆, 𝜒) ·𝐺 (𝜂 · 𝜆, 𝜒)
𝑞 − 1 . (2.19)

Step 3: Applying the Hasse-Davenport product formula. By Corollary 2.4.11 applied with 𝑚 = 2, the quadratic
character 𝜂, and 𝜆 in place of𝜓 , we have

𝐺 (𝜆, 𝜒) ·𝐺 (𝜆𝜂, 𝜒) = 𝜆(4) ·𝐺 (𝜆2
, 𝜒) ·𝐺 (𝜂, 𝜒).

Since 𝜂 · 𝜆 = 𝜆𝜂, substituting into (2.19):

𝜑̂ (𝜆) = 𝜂 (𝑎)𝐺 (𝜂, 𝜒)
𝑞 − 1 · 𝜆(𝑎) · 𝜆(4) ·𝐺 (𝜆2

, 𝜒) = 𝜂 (𝑎)𝐺 (𝜂, 𝜒)
𝑞 − 1 · 𝜆(4𝑎) ·𝐺 (𝜆2

, 𝜒).

Step 4: Final Step. Since 𝜆(1) = 1 for every 𝜆 ∈M𝑞 :

𝑆 (𝜒 ,𝜏) = 𝜑 (1) =
∑︁
𝜆∈M𝑞

𝜑̂ (𝜆) = 𝜂 (𝑎)𝐺 (𝜂, 𝜒)
𝑞 − 1

∑︁
𝜆∈M𝑞

𝜆(4𝑎) ·𝐺 (𝜆2
, 𝜒)

=
𝜂 (𝑎)𝐺 (𝜂, 𝜒)

𝑞 − 1
∑︁
𝜆∈M𝑞

𝜆(4𝑎)
∑︁
𝛾 ∈F∗𝑞

𝜆
2 (𝛾)𝜒 (𝛾)

=
𝜂 (𝑎)𝐺 (𝜂, 𝜒)

𝑞 − 1
∑︁
𝛾 ∈F∗𝑞

𝜒 (𝛾)
∑︁
𝜆∈M𝑞

𝜆(4𝑎𝛾−2)

By the orthogonality of multiplicative characters (Theorem 2.2.5(ii)):

∑︁
𝜆∈M𝑞

𝜆(4𝑎𝛾−2) =

𝑞 − 1 if 𝛾2 = 4𝑎,

0 otherwise.

Hence 𝑆 (𝜒 ,𝜏) = 𝜂 (𝑎) ·𝐺 (𝜂, 𝜒)∑𝑏:𝑏2=4𝑎 𝜒 (𝑏). If 𝜂 (𝑎) = −1 then 4𝑎 is a non-square so 𝑏2 = 4𝑎 has no solution and the sum
is 0; if 𝜂 (𝑎) = 1 the factor is 1. In both cases:

𝑆 (𝜒 ,𝜏) =𝐺 (𝜂, 𝜒)
∑︁

𝑏 : 𝑏2=4𝑎

𝜒 (𝑏).

Therefore we have the theorem. ■

Lemma 2.10.2 Bound on Salié Sums

Let F𝑞 be a finite elements with 𝑞 being odd and 𝜒 ,𝜏 ∈ X𝑞 be non-trivial additive character of F𝑞 . Let 𝑎 ∈ F𝑞 such
that for all 𝛾 ∈ F𝑞 , 𝜏 (𝛾) = 𝜒 (𝑎 · 𝛾). Then |𝑆 (𝜒 ,𝜏) | ≤ 2 · 𝑞1/2.

Proof: Since 𝑎 ≠ 0, the equation 𝑏2 = 4𝑎 has either 0 or 2 solutions in F𝑞 . From Theorem 2.10.1 if 0 solutions, 𝑆 (𝜒 ,𝜏) = 0
and if ±𝑏0 are the two solutions, 𝑆 (𝜒 ,𝜏) = 𝐺 (𝜂, 𝜒) (𝜒 (𝑏0) + 𝜒 (−𝑏0)). Each term 𝐺 (𝜂, 𝜒)𝜒 (±𝑏0) is a product of the Gauss
sum with a root of unity. By Theorem 2.3.1, |𝐺 (𝜂, 𝜒) | = 𝑞1/2, so |𝑆 (𝜒 ,𝜏) | ≤ 2𝑞1/2. ■



Chapter 3
Equations over Finite Fields

The central question of this chapter is: given a polynomial 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛], how many solutions does 𝑓 (𝑋1, . . . ,𝑋𝑛) = 0
have in F𝑛𝑞? We write V(𝑓 ) for the solution set and 𝑍 (𝑓 ) = |V(𝑓 ) | for its size; for a system 𝑓1 = · · · = 𝑓𝑘 = 0 we write
V(𝑓1, . . . , 𝑓𝑘 ) = V(𝑓1) ∩ · · · ∩V(𝑓𝑘 ) and 𝑍 (𝑓1, . . . , 𝑓𝑘 ) for the common solution count. Variants V and 𝑍 track the non-
trivial (nonzero) solutions. The notation mirrors that of varieties of algebraic geometry: V(𝑓 ) is the affine variety cut out
by 𝑓 .

The chapter develops two complementary strategies. The first is direct combinatorics: for special polynomial fam-
ilies (univariate polynomials, systems of low total degree, quadratic forms, diagonal equations) one can write exact for-
mulas or prove sharp divisibility constraints on 𝑍 (𝑓 ). The second is character sum methods: the indicator of whether 𝛼
is a solution can be encoded as an additive character sum, turning the problem of counting solutions into the problem of
bounding

∑
𝛼
𝜒 (𝑓 (𝛼)). These two strategies reinforce each other throughout the chapter.

§ 3.1 Some Elementary Results

In this section we give some elementary results on the number of solutions. We present some classical theorems such as
those of König-Rados, Chevalley, and Warning. We also establish elementary upper bounds for the number of solutions
and results on the expected order of magnitude.

3.1.1 Univariate Polynomials

We start of with univariate polynomials. Let 𝑓 ∈ F𝑞 [𝑋 ] be a univariate polynomial Naturally the number of solutions in
F𝑞 for the equation 𝑓 (𝑋 ) = 0 is basically the degree of gcd(𝑓 (𝑋 ),𝑋𝑞 −𝑋 ). Since checking if 0 is a solution or not is very
easy to check we’ll only consider non-zero solutions. So the number of non-zero solutions of 𝑓 (𝑋 ) = 0 is basically the
degree of gcd(𝑓 (𝑋 ),𝑋𝑞−1 − 1). Therefore we may always assume without loss of generality that deg(𝑓 ) ≤ 𝑞 − 1. Suppose

𝑓 (𝑋 ) = 𝑎𝑞−1 ·𝑋𝑞−1 + 𝑎𝑞−2 ·𝑋𝑞−2 + · · · + 𝑎1 ·𝑋 + 𝑎0

where 𝑎𝑖 ∈ F𝑞 for all 0 ≤ 𝑖 ≤ 𝑞 − 1. Since for all 𝛼 ∈ F∗𝑞 we have 𝛼𝑞−1 = 1 the variable 𝑋𝑞−1 will always evaluate to be 1
for all non-zero values of 𝑋 . Therefore the number of solutions of 𝑓 is same as of the equation 𝑎𝑞−2 ·𝑋𝑞−2 + · · · + 𝑎1 ·𝑋 +
(𝑎0 + 𝑎𝑞−1) = 0. Therefore we can always assume deg(𝑓 ) ≤ 𝑞 − 2. So suppose we have a polynomial 𝑓 ∈ F𝑞 [𝑋 ] such that

𝑓 (𝑋 ) = 𝑎𝑞−2 ·𝑋𝑞−2 + · · · + 𝑎1 ·𝑋 + 𝑎0

where 𝑎𝑖 ∈ F𝑞 for all 0 ≤ 𝑖 ≤ 𝑞 − 2.
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Now we can also analyze the number of solutions of 𝑓 using matrix methods. From 𝑓 we can define the following
matrix

𝑀𝑓 =


𝑎0 𝑎1 · · · 𝑎𝑞−2

𝑎1 𝑎2 · · · 𝑎0
...

...
. . .

...
𝑎𝑞−2 𝑎0 · · · 𝑎𝑞−3


This matrix is a left circulant matrix i.e. each row is obtained from the preceding row by a cyclic shift of the entries to the
left. The number of non-zero solutions of 𝑓 (𝑋 ) = 0 and the rank of the matrix 𝑀𝑓 are very related.

Theorem 3.1.1 König-Rados Theorem

Let 𝑓 (𝑋 ) = ∑𝑞−2
𝑖=0 𝑎𝑖 ·𝑋 𝑖 ∈ F𝑞 [𝑋 ] be a univariate polynomial. Then

𝑍 (𝑓 ) = 𝑞 − 1 − rank(𝑀𝑓 )

Proof: Since deg(𝑓 ) ≤ 𝑞 − 2 we have 𝑍 (𝑓 ) ≤ 𝑞 − 2. 𝑍 (𝑓 ) = 𝑞 − 1 rises only when 𝑓 is a zero polynomial i.e. 𝑀𝑓 is a zero
matrix and in that case rank(𝑀𝑓 ) = 0 which satisfies the theorem. Let 𝛾 be the primitive element of F𝑞 . Then consider
the Vandermonde matrix, 𝑉 (𝛾 ,𝛾2, . . . ,𝛾𝑞−1):

𝑉 =


1 1 · · · 1
𝛾 𝛾2 · · · 𝛾𝑞−1

...
...

. . .
...

𝛾𝑞−2 𝛾2(𝑞−2) · · · 𝛾 (𝑞−1) (𝑞−2)


Then using 𝛾𝑖 · (𝑞−1) = 1 for all 𝑖 ∈ [𝑞 − 1] we obtain

𝑀𝑓 ·𝑉 =


𝑓 (𝛾) 𝑓 (𝛾2) · · · 𝑓 (𝛾𝑞−1)

𝛾−1 𝑓 (𝛾) 𝛾−2 𝑓 (𝛾2) · · · 𝛾−(𝑞−1) 𝑓 (𝛾𝑞−1)
...

...
. . .

...
𝛾−(𝑞−2) 𝑓 (𝛾) 𝛾−2(𝑞−2) 𝑓 (𝛾2) · · · 𝛾−(𝑞−1) (𝑞−2) 𝑓 (𝛾𝑞−1)


Now for any 𝑖 ∈ [𝑞 − 1] we have 𝑓 (𝛾𝑖 ) = 0 if and only if the 𝑖𝑡ℎ row becomes zero. Therefore the rank(𝑀𝑓 · 𝑉 ) =

𝑞 − 1 −𝑍 (𝑓 ). Since 𝑉 is the Vandermonde matrix 𝑉 and 𝑀𝑓 ·𝑉 have the same rank. So the theorem follows. ■

In the next subsections we will give simple upper and lower bounds for solutions multivariate polynomial equations
or system of polynomial equations.

3.1.2 Chevalley–Warning Theorem

We begin with two elementary lemmas about power sums that will serve as the key tools.

Lemma 3.1.2

Let 𝑘 be a non-negative integer. Suppose for 𝑘 = 0, 00 = 1. Then

∑︁
𝛼∈F𝑞

𝛼𝑘 =


0 if 𝑘 = 0 or 𝑞 − 1 ∤ 𝑘

−1 if 𝑞 − 1 | 𝑘
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Proof: For 𝑘 = 0 the sum becomes 𝑞 ≡ 0 mod 𝑞. So suppose 𝑘 > 0. Let 𝛾 be the primitive element of F𝑞 . Then we have

∑︁
𝛼∈F𝑞

𝛼𝑘 =
∑︁
𝛼∈F∗𝑞

𝛼𝑘 =

𝑞−2∑︁
𝑗=0
𝛾 𝑗 ·𝑘 =

𝑞−2∑︁
𝑗=0
(𝛾𝑘 ) 𝑗

Now if 𝑞 − 1 | 𝑘 then 𝛾𝑘 = 1 so the sum evaluates to be −1. If 𝑞 − 1 ∤ 𝑘 then
∑𝑞−2
𝑗=0 (𝛾𝑘 ) 𝑗 =

𝛾𝑘 (𝑞−1)−1
𝛾𝑘−1 = 0. Hence we have the

lemma. ■

So using this lemma we can prove if we take the sum over all evaluations of a polynomial then the sum evaluates
to be zero.

Lemma 3.1.3

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] with deg(𝑓 ) < 𝑛(𝑞 − 1). Then∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞

𝑓 (𝛼1, . . . ,𝛼𝑘 ) = 0

Proof: It suffices to prove this property for every monomial of 𝑓 . So suppose 𝑋𝑘1
1 · · ·𝑋

𝑘𝑛
𝑛 be a monomial of 𝑓 where

𝑘1 + · · · + 𝑘𝑛 < 𝑛(𝑞 − 1) and 𝑘𝑖 ∈ Z0 for all 𝑖 ∈ [𝑛]. Since 𝑘1 + · · · + 𝑘𝑛 < 𝑛(𝑞 − 1) then by Pigeon Hole Principle there
exists 𝑗 ∈ [𝑛] such that 𝑘 𝑗 < 𝑞 − 1. Then

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞

𝛼
𝑘1
1 · · ·𝛼

𝑘𝑛
𝑛 =

𝑛∏
𝑖=1

©­«
∑︁
𝛼𝑖 ∈F𝑞

𝛼𝑘𝑖
ª®¬

Then for 𝑗 , by Lemma 3.1.2
∑
𝛼 𝑗 ∈F𝑞

𝛼𝑘 𝑗 = 0. So we have the lemma. ■

The two lemmas above are the principal tools behind the Chevalley–Warning theorem. It asserts that whenever
the total degree of a system is small relative to the number of variables, the number of common zeros is divisible by 𝑝 —
forcing, in particular, that a system with one solution must have a second.

Theorem 3.1.4 Chevalley–Warning Theorem

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] with deg(𝑓 ) < 𝑛. Then the number of solutions of the equation 𝑓 (𝑋1, . . . ,𝑋𝑛) = 0 in F𝑛𝑞 is
divisible by the characteristic 𝑝 of F𝑞 .

Moreover, if 𝑓 (0, . . . , 0) = 0 then there exists a nontrivial solution inV(𝑓 ) i.e. V(𝑓 ) ≠ ∅ or 𝑍 (𝑓 ) ≥ 1.

Proof: We first construct a polynomial and then will use Lemma 3.1.3. So take the polynomial 𝐹 (𝑋1, . . . ,𝑋𝑛) = 1 −
𝑓 𝑞−1 (𝑋1, . . . ,𝑋𝑛). By construction 𝐹 always takes vale 0 or 1. Therefore for any 𝛼1, . . . ,𝛼𝑛 ∈ F𝑞 we have

𝐹 (𝛼1, . . . ,𝛼𝑛) = 1 ⇐⇒ 𝑓 (𝛼1, . . . ,𝛼𝑛) = 0

So ∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞

𝐹 (𝛼1, . . . ,𝛼𝑘 ) = 𝑍 (𝑓 ) mod 𝑝

Now by Lemma 3.1.3 we have ∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞

𝐹 (𝛼1, . . . ,𝛼𝑘 ) = 0

Therefore 𝑝 | 𝑍 (𝑓 ). So we have the first part.
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Now since 𝑓 (0, . . . , 0) = 0 we have 𝑍 (𝑓 ) ≥ 1. Since 𝑝 is a prime 𝑝 ≥ 2. So by first part 𝑝 | 𝑍 (𝑓 ). Hence 𝑍 (𝑓 ) ≥ 2.
So we have the second part too. ■

Note:-
The bound deg(𝑓 ) < 𝑛 in Chevalley–Warning Theorem is the best possible: the norm polynomial 𝑓 (𝑋1, . . . ,𝑋𝑛) =∏𝑛−1

𝑗=0

(∑𝑛
𝑖=1 𝛼

𝑞 𝑗

𝑖
𝑋𝑖

)
, where {𝛼1, . . . ,𝛼𝑛} is a basis of F𝑞𝑛 over F𝑞 , has degree 𝑛 and satisfies 𝑓 (𝛾1, . . . ,𝛾𝑛) =

𝑁F𝑞𝑛 /F𝑞 (
∑
𝑖 𝛼𝑖𝛾𝑖 ), which is zero only when 𝛾 𝑗 = 0 for all 𝑗 . Thus 𝑍 (𝑓 ) = 1, so divisibility by 𝑝 ≥ 2 fails.

Now we can extend the Chevalley–Warning Theorem to a system of polynomial equations 𝑓1 = 0, . . . , 𝑓𝑘 = 0 with
𝑓1, . . . , 𝑓𝑘 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛]. In this case we are interested in the number of common solutions.

Theorem 3.1.5 Chevalley–Warning Theorem for Systems of Equations

Let 𝑓1, . . . , 𝑓𝑘 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] with deg(𝑓1 · · · 𝑓𝑘 ) = deg(𝑓1) + · · · + deg(𝑓𝑘 ) < 𝑛. Then 𝑝 | 𝑍 (𝑓1, . . . , 𝑓𝑘 ) where
𝑝 = char(F𝑞).

Moreover, if (0, . . . , 0) ∈ V(𝑓1, . . . , 𝑓𝑘 ) thenV(𝑓1, . . . , 𝑓𝑘 ) ≠ ∅ i.e. 𝑍 (𝑓1, . . . , 𝑓𝑘 ) ≥ 1.

Proof: Again we construct a polynomial. Consider the polynomial 𝐹 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] such that 𝐹 = (1 − 𝑓 𝑞1
1 ) · · · (1 −

𝑓
𝑞−1
𝑘
). Therefore for any 𝛼1, . . . ,𝛼𝑛 ∈ F𝑞 we have 𝐹 (𝛼1, . . . ,𝛼𝑛) = 1 if and only if 𝑓𝑖 (𝛼1, . . . ,𝛼𝑛) = 0 for all 𝑖 ∈ [𝑘]. Now

deg(𝐹 ) ≤ deg(𝑓1) + · · · + deg(𝑓𝑘 ) < 𝑛(𝑞 − 1). Now by applying Chevalley–Warning Theorem for 𝐹 we get the theorem. ■

3.1.3 Lower Bounds on the Number of Solutions

In the next theorem we will show if we have a system of polynomial equations 𝑓1 = 0, . . . , 𝑓𝑘 = 0 with 𝑓1, . . . , 𝑓𝑘 ∈
F𝑞 [𝑋1, . . . ,𝑋𝑛] then for any affine subspace𝑊 all its parallel shifts have same number of solutions modulo the character-
istic of F𝑞 . If𝑊1 and𝑊2 are two affine subspaces of F𝑛𝑞 of same dimension then we call they are parallel affine subspaces
if they are obtained by translation from the same linear subspace.

Lemma 3.1.6 Parallel Shift Invariance of Solution Counts

Let 𝑓1, . . . , 𝑓𝑘 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛]. If 𝑊1 and 𝑊2 are two parallel affine subspaces of F𝑛𝑞 of dimension 𝑑 where 𝑑 =

deg(𝑓1) + · · · + deg(𝑓𝑘 ) then

|𝑊1 ∩V(𝑓1, . . . , 𝑓𝑘 ) | ≡ |𝑊2 ∩V(𝑓1, . . . , 𝑓𝑘 ) | mod 𝑝

where 𝑝 = char(F𝑞).

Proof: Now if𝑊1 =𝑊2, we get |𝑊1 ∩V(𝑓1, . . . , 𝑓𝑘 ) | = |𝑊2 ∩V(𝑓1, . . . , 𝑓𝑘 ) |. So we get the theorem. So we can assume
𝑊1 ≠𝑊2. Now by change of coordinates we can take

𝑊1 = {(𝛼1, . . . ,𝛼𝑛) ∈ F𝑛𝑞 : 𝛼𝑖 = 0, ∀ 𝑖 ∈ [𝑛]}
𝑊2 = {(𝛼1, . . . ,𝛼𝑛) ∈ F𝑛𝑞 : 𝛼1 = 1 and 𝛼𝑖 = 0, ∀ 2 ≤ 𝑖 ≤ 𝑛}

Again we construct a polynomial 𝐺 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] where

𝐺 (𝑋1, . . . ,𝑋𝑛) = (−1)𝑛−𝑑 (𝑋𝑞−2
1 + · · ·𝑋1 + 1) (𝑋𝑞−1

2 − 1) · · · (𝑋𝑞−1
𝑛 − 1)

So deg(𝐺) = (𝑛 −𝑑) (𝑞 − 1) − 1.
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Observation 3.1. With the above construction of 𝐺 for any (𝛼1, . . . ,𝛼𝑛) ∈ F𝑛𝑞

(i) if (𝛼1, . . . ,𝛼𝑛) ∈𝑊1 then 𝐺 (𝛼1, . . . ,𝛼𝑛) = −1

(ii) if (𝛼1, . . . ,𝛼𝑛) ∈𝑊2 then 𝐺 (𝛼1, . . . ,𝛼𝑛) = 1

(iii) if (𝛼1, . . . ,𝛼𝑛) ∉𝑊1 ∪𝑊2 then 𝐺 (𝛼1, . . . ,𝛼𝑛) = 0

Then we construct the following polynomial 𝐹 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] such that

𝐹 = (1 − 𝑓 𝑞−1
1 ) · · · (1 − 𝑓 𝑞−1

𝑘
)𝐺

So now we have deg(𝐹 ) ≤ 𝑑 (𝑞 − 1) + (𝑛 −𝑑) (𝑞 − 1) − 1 = 𝑛(𝑞 − 1) − 1. Therefore for any (𝛼1, . . . ,𝛼𝑛) ∈ F𝑛𝑞 , if (𝛼1, . . . ,𝛼𝑛) ∈
𝑊1 ∩V(𝑓1, . . . , 𝑓𝑘 ) then 𝐹 (𝛼1, . . . ,𝛼𝑛) = 1. If (𝛼1, . . . ,𝛼𝑛) ∈𝑊2 ∩V(𝑓1, . . . , 𝑓𝑘 ) then 𝐹 (𝛼1, . . . ,𝛼𝑛) = −1 and 0 elsewhere.
So ∑︁

𝛼1 ,...,𝛼𝑛∈F𝑞

𝐹 (𝛼1, . . . ,𝛼𝑛) = |𝑊1 ∩V(𝑓1, . . . , 𝑓𝑘 ) | − |𝑊2 ∩V(𝑓1, . . . , 𝑓𝑘 ) |

Now by using Chevalley–Warning Theorem on 𝐹 we have the lemma. ■

The Lemma 3.1.6 above can be used to obtain a lower bound on 𝑍 (𝑓1, . . . , 𝑓𝑘 ): the Chevalley–Warning Theorem
guarantees that 𝑝 | 𝑍 (𝑓1, . . . , 𝑓𝑘 ) whenever 𝑑 < 𝑛, but by counting how many parallel affine hyperplanes each must
contain a solution we can say much more.

Theorem 3.1.7 Lower Bound via Parallel Shifts

Let 𝑓1, . . . , 𝑓𝑘 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] with 𝑑 = deg(𝑓1) + · · · + deg(𝑓𝑘 ) < 𝑛. If 𝑍 (𝑓1, . . . , 𝑓𝑘 ) ≥ 1 then 𝑍 (𝑓1, . . . , 𝑓𝑘 ) ≥ 𝑞𝑛−𝑑

Proof: We will prove this by analyzing two cases.

Case I: Let there exists an affine subspace𝑊1 of F𝑛𝑞 with dimension 𝑑 such that |𝑊1 ∩V(𝑓1, . . . , 𝑓𝑘 ) | . 0 mod 𝑝 . Then
by Lemma 3.1.6 for all parallel affine spaces 𝑊2 of 𝑊1 we have |𝑊2 ∩ V(𝑓1, . . . , 𝑓𝑘 ) | . 0 mod 𝑝 . In particular |𝑊2 ∩
V(𝑓1, . . . , 𝑓𝑘 ) | ≥ 1. Since𝑊1 is of dimension 𝑑 there are 𝑞𝑛−𝑑 distinct affine subspaces parallel to𝑊1. Therefore

V(𝑓1, . . . , 𝑓𝑘 ) =
⊔

𝑊 : affine subspace
parallel to𝑊1

(
𝑊 ∩V(𝑓1, . . . , 𝑓𝑘 )

)
For each such𝑊 we have |𝑊 ∩V(𝑓1, . . . , 𝑓𝑘 ) | ≥ 1. Therefore

𝑍 (𝑓1, . . . , 𝑓𝑘 ) =
∑︁

𝑊 : affine subspace
parallel to𝑊1

|𝑊 ∩V(𝑓1, . . . , 𝑓𝑘 ) | ≥ 𝑞𝑛−𝑑

Therefore we have the theorem in this case.

Case II: We have |𝑊 ∩V(𝑓1, . . . , 𝑓𝑘 ) | ≡ 0 mod 𝑝 . for all affine subspaces𝑊 of F𝑛𝑞 of dimension𝑑 . Since𝑍 (𝑓1, . . . , 𝑓𝑘 ) ≥ 1
there exists 𝑘 ∈ [𝑑] such that for any affine subspace𝑊 ′ of dimension 𝑘 , |𝑊 ′ ∩V(𝑓1, . . . , 𝑓𝑘 ) | ≡ 0 mod 𝑝 but there is an
affine subspace𝑊 ′′ of dimension (𝑘 − 1) such that |𝑊 ′′ ∩V(𝑓1, . . . , 𝑓𝑘 ) | . 0 mod 𝑝 . Now consider all affine subspaces
𝑊 ′ of dimension 𝑘 containing𝑊 ′′. There are exactly 𝑞𝑛−(𝑘−1)−1

𝑞−1 many such affine subspaces. For each such affine subspace
𝑊 ′ we have

| (𝑊 ′ \𝑊 ′′) ∩V(𝑓1, . . . , 𝑓𝑘 ) | = |𝑊 ′ ∩V(𝑓1, . . . , 𝑓𝑘 ) | − |𝑊 ′′ ∩V(𝑓1, . . . , 𝑓𝑘 ) | . 0 mod 𝑝
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So | (𝑊 ′ \𝑊 ′′) ∩V(𝑓1, . . . , 𝑓𝑘 ) | ≥ 1. Therefore we have

V(𝑓1, . . . , 𝑓𝑘 ) =
(
𝑊 ′′ ∩V(𝑓1, . . . , 𝑓𝑘 )

)
⊔

⊔
𝑊 ′ : affine subspace

of dimension 𝑘
contains𝑊 ′′

(
(𝑊 ′ \𝑊 ′′) ∩V(𝑓1, . . . , 𝑓𝑘 )

)

Hence we have

𝑍 (𝑓1, . . . , 𝑓𝑘 ) = |𝑊 ′′ ∩V(𝑓1, . . . , 𝑓𝑘 ) | +
∑︁

𝑊 ′ : affine subspace
of dimension 𝑘
contains𝑊 ′′

| (𝑊 ′ \𝑊 ′′) ∩V(𝑓1, . . . , 𝑓𝑘 ) | ≥ 1 + 𝑞
𝑛−(𝑘−1) − 1
𝑞 − 1 > 𝑞𝑛−𝑑

So we have the theorem. ■

The lower bound on the number of solutions above is best possible even for 𝑘 = 1 i.e. for any positive integers
𝑑 and 𝑛 with 𝑑 < 𝑛 there is a polynomial 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] of degree 𝑑 such that 𝑓 (𝑋1, . . . ,𝑋𝑛) = 0 has exactly 𝑞𝑛−𝑑

solutions in F𝑛𝑞 . Consider the polynomial defined in the support Chevalley–Warning Theorem,
∏𝑛−1
𝑖=0

∑𝑛
𝑗=1 𝛼

𝑞𝑖

𝑗
𝑋 𝑗 where

{𝛼 𝑗 : 𝑗 ∈ [𝑛]} was a basis of F𝑞𝑛 over F𝑞 . But in this example we take the same polynomial but on 𝑑 variables but the
solution space is over F𝑞𝑛 . Hence our polynomial in this case is 𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝑔(𝑋1, . . . ,𝑋𝑑 ) =

∏𝑛−1
𝑖=0

∑𝑑
𝑗=1 𝛼

𝑞𝑖

𝑗
𝑋 𝑗 . Since

𝑓 had only one solution, 𝑔 has a solution at (𝛾1, . . . ,𝛾𝑛) if 𝛾𝑖 = 0 for all 𝑖 ∈ [𝑑]. Therefore 𝑔 has exactly 𝑞𝑛−𝑑 solutions in
F𝑛𝑞 .

3.1.4 Upper Bounds on the Number of Solutions

We now give upper bounds on the number of solutions of a polynomial equation. The first is the celebrated Schwartz–
Zippel lemma, which bounds the probability of a random point being a root in terms of total degree.

Lemma 3.1.8 Schwartz-Zippel Lemma

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] with deg(𝑓 ) = 𝑑 be a non-zero polynomial. If 𝑆 ⊆ F𝑞 be any subset then

P
𝛼1 ,...,𝛼𝑛∈𝑆

[𝑓 (𝛼1, . . . ,𝛼𝑛) = 0] ≤ 𝑑

|𝑆 |

This lemma immediately gives an upper bound of 𝑑 · 𝑞𝑛−1 solutions for the equations 𝑓 (𝑋1, . . . ,𝑋𝑛) = 0 in F𝑛𝑞 .
Hence

Corollary 3.1.9 Total Degree Solution Bound

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] with deg(𝑓 ) = 𝑑 be a non-zero polynomial. Then the equation 𝑓 (𝑋1, . . . ,𝑋𝑛) = 0 has at most
𝑑 · 𝑞𝑛−1 solutions in F𝑛𝑞 .

We can give another probabilistic upper bound when we control the degree of 𝑓 in each variable separately rather
than just the total degree.

Theorem 3.1.10 Individual Degree Bound

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] be a non-zero polynomial with deg𝑋𝑖 (𝑓 ) ≤ 𝑑 for all 𝑖 ∈ [𝑛]. Then for (𝛼1, . . . ,𝛼𝑛) chosen
uniformly at random from F𝑛𝑞 ,

P
𝛼1 ,...,𝛼𝑛∈F𝑞

[𝑓 (𝛼1, . . . ,𝛼𝑛) = 0] ≤ 1 −
(
1 − 𝑑

𝑞

)𝑛
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Proof: We proceed by induction on 𝑛. For the base case 𝑛 = 1, since 𝑓 ∈ F𝑞 [𝑋1] is non-zero with deg𝑋1
(𝑓 ) ≤ 𝑑 , it has

at most 𝑑 roots in F𝑞 . Hence P
𝑥1∈F𝑞

[𝑓 (𝑥1) = 0] ≤ 𝑑/𝑞 = 1 − (1 −𝑑/𝑞)1.

Assume the bound holds for 𝑛 − 1 variables. Let 𝑡 = deg𝑋𝑛 (𝑓 ). Then write 𝑓 as a polynomial in𝑋𝑛 with coefficients
in F𝑞 [𝑋1, . . . ,𝑋𝑛−1]:

𝑓 (𝑋1, . . . ,𝑋𝑛) =
𝑡∑︁
𝑖=0

𝑓𝑖 (𝑋1, . . . ,𝑋𝑛−1) ·𝑋𝑘𝑛 .

Since deg𝑋 𝑗 (𝑓 ) ≤ 𝑑 for each 𝑗 ∈ [𝑛 − 1], every 𝑓𝑖 satisfies deg𝑋 𝑗 (𝑓𝑖 ) ≤ 𝑑 .
Let 𝛼1, . . . ,𝛼𝑛−1 be uniformly random points on F𝑞 and 𝛼𝑛 be uniform on F𝑞 , independently. Then by induction

hypothesis

P
𝛼1 ,...,𝛼𝑛−1∈F𝑞

[𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) = 0] ≤ 1 −
(
1 − 𝑑

𝑞

)𝑛−1

Now we have

P
𝛼1 ,...,𝛼𝑛∈F𝑞

[𝑓 (𝛼1, . . . ,𝛼𝑛) = 0] ≤ P
𝛼1 ,...,𝛼𝑛−1∈F𝑞

[𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) = 0] + P
𝛼1 ,...,𝛼𝑛∈F𝑞

[𝑓 (𝛼1, . . . ,𝛼𝑛−1,𝛼𝑛) = 0∧ 𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) ≠ 0]

≤ P
𝛼1 ,...,𝛼𝑛−1∈F𝑞

[𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) = 0] +

P
𝛼𝑛∈F𝑞

[𝑓 (𝛼1, . . . ,𝛼𝑛−1,𝛼𝑛) = 0 | 𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) ≠ 0] P
𝛼1 ,...,𝛼𝑛−1∈F𝑞

[𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) ≠ 0]

Let 𝑝 := P
𝛼1 ,...,𝛼𝑛−1∈F𝑞

[𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) = 0]. For the second term after fixing𝛼1, . . . ,𝛼𝑛−1 we have P
𝛼𝑛∈F𝑞

[𝑓 (𝛼1, . . . ,𝛼𝑛−1,𝛼𝑛) =

0 | 𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) ≠ 0] ≤ 𝑑
𝑞

. Now

P
𝛼1 ,...,𝛼𝑛−1∈F𝑞

[𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) ≠ 0] = 1 − P
𝛼1 ,...,𝛼𝑛−1∈F𝑞

[𝑓𝑡 (𝛼1, . . . ,𝛼𝑛−1) = 0]

Therefore together we get

P
𝛼1 ,...,𝛼𝑛∈F𝑞

[𝑓 (𝛼1, . . . ,𝛼𝑛) = 0] ≤ 𝑝 + (1 − 𝑝)𝑑
𝑞
=
𝑑

𝑞
+

(
1 − 𝑑

𝑞

)
𝑝

By induction hypothesis 𝑝 ≤ 1 −
(
1 − 𝑑

𝑞

)𝑛−1
. Therefore we have

P
𝛼1 ,...,𝛼𝑛∈F𝑞

[𝑓 (𝛼1, . . . ,𝛼𝑛) = 0] ≤ 𝑑
𝑞
+

(
1 − 𝑑

𝑞

) [
1 −

(
1 − 𝑑

𝑞

)𝑛−1
]
= 1 −

(
1 − 𝑑

𝑞

)𝑛
So we have the lemma. ■

We can give another upper bound based on individual degrees of each variables. If degree of each variable is at
most 𝑑 then there can be at most 𝑑 (𝑞𝑛−1 − 1) many non-trivial solutions. For this we consider 𝑓 to be homogeneous i.e.
total degree of each monomial is same.

Theorem 3.1.11 Nontrivial Solution Bound for Homogeneous Polynomials

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] be a homogeneous with deg(𝑓 ) = 𝑑 ≥ 1. Then the equation 𝑓 (𝑋1, . . . ,𝑋𝑛) = 0 has at most
𝑑 (𝑞𝑛−1 − 1) non-trivial solutions.

Proof: We use double induction on 𝑛 and 𝑑 . For the base case 𝑛 = 1 then 𝑓 = 𝑎𝑋𝑑1 for some 𝑎 ≠ 0, so the only root is
𝑋1 = 0, giving 𝑍 (𝑓 ) = 0 ≤ 𝑑 (𝑞0 − 1) = 0. If 𝑑 = 1 then 𝑓 = 𝑎1𝑋1 + · · · + 𝑎𝑛𝑋𝑛 is a non-zero linear form whose zero set is
an (𝑛 − 1)-dimensional hyperplane, so 𝑍 (𝑓 ) = 𝑞𝑛−1 − 1 = 𝑑 (𝑞𝑛−1 − 1).

Suppose 𝑛 > 1, 𝑑 > 1, and the bound holds for non-constant homogeneous polynomials in at most 𝑛 variables of
degree less than 𝑑 and for those in fewer than 𝑛 variables of degree at most 𝑑 . We consider two cases.
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Case 1: 𝑋1 | 𝑓 . Write 𝑓 = 𝑋1 · 𝑔 where 𝑔 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] is homogeneous of degree 𝑑 − 1. Every nontrivial solution
(𝛼1, . . . ,𝛼𝑛) ∈ 𝑍 (𝑓 ) with 𝛼𝑖 ∈ F𝑞 for all 𝑖 ∈ [𝑛], satisfies 𝛼1 = 0 or 𝑔(𝛼1, . . . ,𝛼𝑛) = 0. Solutions with 𝛼1 = 0: any
(0,𝛼2, . . . ,𝛼𝑛) ≠ 0 works, giving 𝑞𝑛−1 − 1 solutions. Solutions with 𝛼1 ≠ 0: these are nontrivial zeros of 𝑔, and by the
induction hypothesis on 𝑑 there are at most (𝑑 − 1) (𝑞𝑛−1 − 1). Hence

𝑍 (𝑓 ) ≤ (𝑞𝑛−1 − 1) + (𝑑 − 1) (𝑞𝑛−1 − 1) = 𝑑 (𝑞𝑛−1 − 1).

Case 2: 𝑋1 ∤ 𝑓 . Write 𝑓 =
∑𝑑
𝑘=0 𝑓𝑘 (𝑋2, . . . ,𝑋𝑛) ·𝑋𝑘1 with 𝑓𝑘 homogeneous of degree 𝑑 −𝑘 . Since𝑋1 ∤ 𝑓 we have 𝑓0 ≠ 0, so

for every 𝛼 ∈ F𝑞 such that 𝑓 (𝛼 ,𝑋2, . . . ,𝑋𝑛) is a non-zero polynomial of degree 𝑑 in 𝑛 − 1 variables we have by Schwartz–
Zippel Lemma it has at most 𝑑 · 𝑞𝑛−2 zeros in F𝑛−1

𝑞 . Now summing over 𝛼 ∈ F∗𝑞 gives at most (𝑞 − 1) · 𝑑 · 𝑞𝑛−2 nontrivial
solutions with 𝛼1 ≠ 0. For solutions with 𝛼1 = 0: 𝑓 (0,𝑋2, . . . ,𝑋𝑛) = 𝑓0 (𝑋2, . . . ,𝑋𝑛) is a nonzero homogeneous polynomial
in 𝑛 − 1 variables of degree 𝑑 , so by the induction hypothesis on 𝑛 it has at most 𝑑 (𝑞𝑛−2 − 1) nontrivial zeros. Altogether,
𝑍 (𝑓 ) ≤ (𝑞 − 1)𝑑 · 𝑞𝑛−2 +𝑑 (𝑞𝑛−2 − 1) = 𝑑

(
𝑞𝑛−1 − 𝑞𝑛−2 + 𝑞𝑛−2 − 1

)
= 𝑑 (𝑞𝑛−1 − 1). ■

§ 3.2 Character Sums with Polynomials

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and let 𝑓 ∈ F𝑞 [𝑋 ] be a non-constant polynomial. In this section we
will look sums of the form ∑︁

𝛼∈F𝑞

𝜒 (𝑓 (𝛼))

Such sums are called Weil Sums.

Definition 3.2.1: Weil Sum

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and let 𝑓 ∈ F𝑞 [𝑋 ] be a non-constant polynomial. The Weil sum
associated to 𝜒 and 𝑓 is

𝑊 (𝜒 ; 𝑓 ) :=
∑︁
𝛼∈F𝑞

𝜒 (𝑓 (𝛼)).

More generally, for a multiplicative character 𝜓 ∈ M𝑞 and a additive character 𝜒 ∈ X𝑞 and a polynomials 𝑓 ,𝑔 ∈
F𝑞 (𝑋 ), the Weil sum is

𝑊 (𝜓 ; 𝑓 ) :=
∑︁
𝛼∈F𝑞

𝜓 (𝑓 (𝛼))

𝑊 (𝜓 , 𝜒 ; 𝑓 ,𝑔) :=
∑︁
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)) 𝜒 (𝑔(𝛼)).

Weil sums are extremely difficult to evaluate. One usually has to be satisfied with estimates for the absolute value
of the sum. In certain cases it is easier to find the character sums exactly.

3.2.1 Additive Character Sums

The first family of Weil sums we evaluate exactly are those of the form 𝜒 (𝑎𝑐𝑛 + 𝑏), where the polynomial is a shifted
monomial. The key is to factor the sum over 𝑐 using multiplicative characters of order 𝑑 = gcd(𝑛,𝑞 − 1).

Theorem 3.2.1 Weil Sum of a Shifted Monomial
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Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 , 𝑛 ∈ N, and let 𝜆 ∈ M𝑞 be a multiplicative character of order
𝑑 = gcd(𝑛,𝑞 − 1). Then for any 𝑎,𝑏 ∈ F𝑞 with 𝑎 ≠ 0,

∑︁
𝛾 ∈F𝑞

𝜒 (𝑎 · 𝛾𝑛 +𝑏) = 𝜒 (𝑏)
𝑑−1∑︁
𝑗=1

𝜆
𝑗 (𝑎)𝐺 (𝜆 𝑗 , 𝜒).

Proof: Let 𝜏 ∈ X𝑞 be a non-trivial additive character of F𝑞 defined by 𝜏 (𝛾) = 𝜒 (𝑎 · 𝛾) for all 𝛾 ∈ F𝑞 . Then we get∑︁
𝛾 ∈F𝑞

𝜒 (𝑎 · 𝛾𝑛 +𝑏) = 𝜒 (𝑏)
∑︁
𝛾 ∈F𝑞

𝜒 (𝑎 · 𝛾𝑛) = 𝜒 (𝑏)
∑︁
𝛾 ∈F𝑞

𝜏 (𝛾𝑛)

Now by Observation 2.9(ii) we get 𝜏 (𝛾𝑛) = 1
𝑞−1

∑
𝜓 ∈M𝑞

𝐺 (𝜓 ,𝜏) ·𝜓 (𝛾𝑛) for all 𝛾 ∈ F𝑞 . Therefore we get∑︁
𝛾 ∈F𝑞

𝜏 (𝛾𝑛) = 𝜏 (0) +
∑︁
𝛾 ∈F∗𝑞

1
𝑞 − 1

∑︁
𝜓 ∈M𝑞

𝐺 (𝜓 ,𝜏) ·𝜓 (𝛾𝑛)

= 𝜏 (0) + 1
𝑞 − 1

∑︁
𝜓 ∈M𝑞

𝐺 (𝜓 ,𝜏)
∑︁
𝛾 ∈F∗𝑞

𝜓𝑛 (𝛾)

Now if 𝜓𝑛 is trivial then
∑
𝛾 ∈F∗𝑞 𝜓

𝑛 (𝛾) = 𝑞 − 1 and if 𝜓𝑛 is non-trivial then
∑
𝜓 ∈M𝑞

𝜓𝑛 (𝛾) = 0 by Theorem 2.2.5(i). Now
𝜓𝑛 is trivial if and only if ord(𝜓 ) | 𝑑 . Since ord(𝑙𝑚) = 𝑑 , the characters 𝜓 with order dividing 𝑑 are exactly 𝜆 𝑗 for all
0 ≤ 𝑗 ≤ 𝑑 − 1. Therefore ∑︁

𝛾 ∈F𝑞

𝜏 (𝛾𝑛) = 1 +
𝑑−1∑︁
𝑗=0

𝐺 (𝜆 𝑗 ,𝜏) =
𝑑−1∑︁
𝑗=1

𝐺 (𝜆 𝑗 ,𝜏) =
𝑑−1∑︁
𝑗=1

𝜆
𝑗 (𝑎) ·𝐺 (𝜆 𝑗 , 𝜒)

Hence we have the theorem. ■

From Theorem 2.3.1 we have the absolute value of𝐺 (𝜓 , 𝜒) to be𝑞1/2 if 𝜒 ,𝜓 are non-trivial additive and multiplicative
characters respectively. So we get the absolute value of the above character sum to be at most (𝑑 − 1)𝑞1/2. Therefore as an
immediate consequence we get the following bound on the absolute value of such sums.

Theorem 3.2.2 Bound on Weil Sum of a Shifted Monomial

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 , 𝑛 ∈ N, and 𝑑 = gcd(𝑛,𝑞 − 1). Then for any 𝑎,𝑏 ∈ F𝑞 with 𝑎 ≠ 0,������ ∑︁𝑐∈F𝑞

𝜒 (𝑎𝑐𝑛 +𝑏)

������ ≤ (𝑑 − 1)√𝑞.

So if gcd(𝑛,𝑞 − 1) = 1 then the sum at right hand side is over no elements. So the sum evaluates to be zero. So we
have the following corollary:

Corollary 3.2.3 Vanishing for Coprime Exponent

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 and 𝑛 ∈ N. If gcd(𝑛,𝑞 − 1) = 1 then for any 𝑎,𝑏 ∈ F𝑞 with
𝑎 ≠ 0, ∑︁

𝑐∈F𝑞

𝜒 (𝑎𝑐𝑛 +𝑏) = 0.

For quadratic polynomials in odd characteristic the Weil sum can be evaluated exactly in terms of a Gaussian sum
and the quadratic character.
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Theorem 3.2.4 Weil Sum of a Quadratic Polynomial

Let 𝜒 ∈ X𝑞 be a non-trivial additive character of F𝑞 with 𝑞 odd, and let 𝑓 (𝑋 ) = 𝑎2𝑋
2 + 𝑎1𝑋 + 𝑎0 ∈ F𝑞 [𝑋 ] with

𝑎2 ≠ 0. Then ∑︁
𝛾 ∈F𝑞

𝜒 (𝑓 (𝛾)) = 𝜒
(
𝑎0 − 𝑎2

1 (4𝑎2)−1) 𝜂 (𝑎2)𝐺 (𝜂, 𝜒),

where 𝜂 ∈M𝑞 is the quadratic character of F𝑞 .

Proof: Since 𝑓 is a quadratic polynomial we can express 𝑓 as in the form of Theorem 3.2.1 for degree 2.

𝑓 (𝑋 ) = 𝑎2𝑋
2 + 𝑎1𝑋 + 𝑎0 = 𝑎2

(
𝑋 + 𝑎1 · (2𝑎2)−1)2 +

(
𝑎0 − 𝑎2

1 (4𝑎2)−1)
Let 𝛾 = 𝛾 + 𝑎1 (2𝑎2)−1 and 𝛽 = 𝑎0 − 𝑎2

1 (4𝑎2)−1. Then we have∑︁
𝛾 ∈F𝑞

𝜒 (𝑓 (𝛾)) =
∑︁
𝛾 ∈F𝑞

𝜒 (𝑎2 · 𝛾2 + 𝛽)

So by Theorem 3.2.1 ∑︁
𝛾 ∈F𝑞

𝜒 (𝑓 (𝛾)) = 𝜒 (𝛽) · 𝜂 (𝑎2) ·𝐺 (𝜂, 𝜒)

Hence we have the result. ■

For polynomials whose monomials are all affine 𝑝-polynomials i.e. powers of 𝑝 = char(F𝑞), the sum collapses to either 0
or a full power of 𝑞 depending on a linear condition on the parameter 𝑏.

Theorem 3.2.5 Weil Sum of an Affine 𝑝-Polynomial

Let 𝑝 = char(F𝑞) and let

𝑓 (𝑋 ) = 𝑎𝑟𝑋𝑝
𝑟 + 𝑎𝑟−1𝑋

𝑝𝑟−1 + · · · + 𝑎1𝑋
𝑝 + 𝑎0𝑋 + 𝑎 ∈ F𝑞 [𝑋 ]

be an affine 𝑝-polynomial over F𝑞 . Let 𝜒
𝑏
∈ X𝑞 , 𝑏 ∈ F∗𝑞 , be a non-trivial additive character as defined in Theorem 2.2.1.

Then ∑︁
𝛾 ∈F𝑞

𝜒
𝑏
(𝑓 (𝛾)) =


𝜒
𝑏
(𝑎) · 𝑞 if 𝑏𝑎𝑟 +𝑏 𝑝𝑎𝑟−1 + · · · +𝑏𝑝

𝑟−1
𝑎
𝑝𝑟−1

1 +𝑏𝑝𝑟𝑎𝑝
𝑟

0 = 0,

0 otherwise

Proof: We can bring out the 𝜒
𝑏
(𝑎) factor from 𝜒

𝑏
(𝑓 (𝛾)) as 𝑎 is the constant term. Consider the following polynomial

𝐹 (𝑋 ) = 𝑏 · 𝑓 (𝑋 ). So we have ∑︁
𝛾 ∈F𝑞

𝜒
𝑏
(𝑓 (𝛾)) = 𝜒

𝑏
(𝑎)

∑︁
𝛾 ∈F𝑞

𝜒1 (𝐹 (𝛾))

where 𝜒1 is the canonical additive character of F𝑞 . Let 𝜏 be the additive character defined as 𝜏 (𝛾) = 𝜒
1 (𝐹 (𝛾)) for all

𝛾 ∈ F𝑞 . Then by Theorem 2.2.2(i) we have

∑︁
𝛾

𝜏 (𝛾) =

𝑞 if 𝜏 is trivial

0 otherwise

So now it suffices to characterize those affine 𝑝-polynomials 𝐹 (𝑋 ) for which 𝜏 is trivial. Let 𝑞 = 𝑝𝑠 and let Tr is the absolute
trace function from F𝑞 to F𝑝 . Then 𝜏 is trivial if and only if Tr(𝐹 (𝛾)) = 0 for all 𝛾 ∈ F𝑞 . Therefore we get

𝜏 is trivial ⇐⇒
𝑠−1∑︁
𝑗=0

𝐹𝑝
𝑗 (𝑋 ) ≡ 0 mod ⟨𝑋𝑞 −𝑋 ⟩
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Now we have

𝑠−1∑︁
𝑗=0

𝐹𝑝
𝑗 (𝑋 ) =

𝑠−1∑︁
𝑗=0

(
𝑟∑︁
𝑖=0

𝑏 · 𝑎𝑖 ·𝑋𝑝
𝑖

)𝑝 𝑗
=

𝑠−1∑︁
𝑗=0

𝑟∑︁
𝑖=0

𝑏𝑝
𝑗 · 𝑎𝑝

𝑗

𝑖
·𝑋𝑝𝑖+𝑗 ≡

𝑠−1∑︁
𝑘=0

(
𝑟∑︁
𝑖=0

𝑏𝑝
𝑘−𝑖
𝑎
𝑝𝑘−𝑖

𝑖

)
𝑋𝑝

𝑘 mod ⟨𝑋𝑞 −𝑋 ⟩

Therefore we get
𝑠−1∑︁
𝑗=0

𝐹𝑝
𝑗 (𝑋 ) ≡ 0 mod ⟨𝑋𝑞 −𝑋 ⟩ ⇐⇒

𝑟∑︁
𝑖=0

𝑏𝑝
𝑘−𝑖
𝑎
𝑝𝑘−𝑖

𝑖
= 0, ∀ 0 ≤ 𝑘 ≤ 𝑠 − 1

Now for all 𝑗 ∈ {0, . . . , 𝑠 − 1} we have

𝑟∑︁
𝑖=0

𝑏𝑝
𝑘−𝑖
𝑎
𝑝𝑘−𝑖

𝑖
= 0 ⇐⇒

(
𝑟∑︁
𝑖=0

𝑏𝑝
𝑘−𝑖
𝑎
𝑝𝑘−𝑖

𝑖

)𝑝𝑟−𝑘
= 0 ⇐⇒

𝑟∑︁
𝑖=0

𝑏𝑝
𝑟−𝑖
𝑎
𝑝𝑟−𝑖

𝑖
= 0

So we get the Theorem. ■

The above theorem covers both odd and even characteristic, whereas Theorem 3.2.4 was restricted to odd 𝑞. Specializing
to the case where 𝑓 is a quadratic polynomial 𝑓 (𝑋 ) = 𝑎2𝑋

2 + 𝑎1𝑋 + 𝑎0 and applying the 𝑝-polynomial criterion, we can
fill this gap and obtain the analogue of Theorem 3.2.4 for even characteristic:
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Corollary 3.2.6 Weil Sum of Quadratic Polynomial in Even Characteristic

Let 𝑓 (𝑋 ) = 𝑎2𝑋
2 + 𝑎1𝑋 + 𝑎0 ∈ F𝑞 [𝑋 ] with 𝑞 even, and let 𝜒

𝑏
∈ X𝑞 , 𝑏 ∈ F∗𝑞 , be as defined in Theorem 3.2.5. Then

∑︁
𝑐∈F𝑞

𝜒
𝑏
(𝑓 (𝑐)) =


𝜒
𝑏
(𝑎0) · 𝑞 if 𝑎2 = 𝑏𝑎

2
1,

0 otherwise.

3.2.2 Quadratic Character Sums

When the character is the quadratic character 𝜂, the sums
∑
𝑐 𝜂 (𝑓 (𝑐)) can be evaluated by completing the square (for

quadratic 𝑓 ) or by the continued fraction algorithm (for polynomials with no roots in F𝑞).

Theorem 3.2.7 Quadratic Character Sum of a Quadratic Polynomial

Let 𝑓 (𝑋 ) = 𝑎2𝑋
2 + 𝑎1𝑋 + 𝑎0 ∈ F𝑞 [𝑋 ] with 𝑞 odd and 𝑎2 ≠ 0, let Δ = 𝑎2

1 − 4𝑎0𝑎2 denote the discriminant of 𝑓 , and let
𝜂 be the quadratic character of F𝑞 (extended by 𝜂 (0) = 0). Then

∑︁
𝛾 ∈F𝑞

𝜂 (𝑓 (𝛾)) =

−𝜂 (𝑎2) if Δ ≠ 0,

(𝑞 − 1) · 𝜂 (𝑎2) if Δ = 0.

Proof: Since 4𝑎2
2 = (2𝑎2)2 we have 𝜂 (4𝑎2) = 1. So we multiply the sum by 𝜂 (4𝑎2)2 and the sum stays the same. So we

get for any 𝛾 ∈ F𝑞

𝜂 (𝑓 (𝛾))𝜂 (4𝑎2
2 · 𝑓 (𝛾)) = 𝜂 (𝑎2) · 𝜂 (4𝑎2

2 · 𝛾2 + 4𝑎1𝑎2 · 𝛾 + 4𝑎2𝑎1) = 𝜂 (𝑎2) · 𝜂
(
(2𝑎2 · 𝛾 + 𝑎1)2 − Δ

)
This gives

∑
𝛾 ∈F𝑞

𝜂 (𝑓 (𝛾)) = 𝜂 (𝑎2)
∑
𝛾 ∈F𝑞

𝜂 (𝛾2 − Δ) where for any 𝛾 ∈ F𝑞 define 𝛾 = 2𝑎2 · 𝛾 + 𝑎1. Now if Δ = 0 then
𝜂 (𝛾2) = 1 and hence

∑
𝛾 ∈F𝑞

𝜂 (𝑓 (𝛾)) = −𝜂 (𝑎2).
So suppose Δ ≠ 0. Let for any 𝛽 ∈ F𝑞 , 𝑍 (𝛽) is the number of solutions of 𝛾 ∈ F𝑞 such that 𝛾2 = 𝛽2 − Δ. Then∑

𝛽∈F𝑞
𝑍 (𝛽) is the total number of ordered pairs (𝛾 , 𝛽) ∈ F2

𝑞 such that 𝛾2 − 𝛽2 = Δ. Now

𝛾2 − 𝛽2 = Δ ⇐⇒ (𝛾 + 𝛽) (𝛾 − 𝛽) = Δ

Since Δ ≠ 0, both 𝛾 + 𝛽 and 𝛾 − 𝛽 are nonzero. Take 𝑢 = 𝛾 + 𝛽 and 𝑣 = 𝛾 − 𝛽 . Then there is a one-one correspondence for
each (𝛾 , 𝛽) ∈ F2

𝑞 such that 𝛾2 − 𝛽2 = Δ and each (𝑢, 𝑣) ∈ F2
𝑞 such that 𝑢 · 𝑣 = Δ. For any 𝑢 ∈ F∗𝑞 , we automatically get the

value 𝑣 hence number of such (𝑢, 𝑣) ∈ F2
𝑞 such that𝑢 · 𝑣 = Δ is𝑞− 1. Therefore

∑
𝛽∈F𝑞

𝑍 (𝛽) = 𝑞− 1. So we have the result. ■

3.2.3 Weil Sums of Continued Fractions

There is a remarkable connection between Weil sums for the quadratic character 𝜂 and the continued fraction algorithm
for rational functions over F𝑞 . We collect the necessary algebraic facts about continued fractions of rational functions
in Appendix C; here we set up the specific expansion needed for the application to character sums and state the main
results. Recall from Appendix C that every rational function 𝑟0/𝑟1 ∈ F𝑞 (𝑋 ) with 𝑟1 ≠ 0 admits a unique continued fraction
expansion

𝑟0
𝑟1

= 𝐴0 +
1

𝐴1 +
1

𝐴2 + · · ·

=: [𝐴0,𝐴1, . . . ,𝐴𝑠 ],
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where 𝐴0,𝐴1, . . . ,𝐴𝑠 ∈ F𝑞 [𝑋 ] are the partial quotients produced by the Euclidean algorithm applied to 𝑟0 and 𝑟1, with
𝐴1, . . . ,𝐴𝑠 all of positive degree. Associated to this expansion are the convergents 𝑃𝑖/𝑄𝑖 := [𝐴0,𝐴1, . . . ,𝐴𝑖 ], where the
numerator and denominator sequences are defined by the recurrences

𝑃−1 = 1, 𝑃0 = 𝐴0, 𝑃𝑖 = 𝐴𝑖𝑃𝑖−1 + 𝑃𝑖−2, 𝑄−1 = 0, 𝑄0 = 1, 𝑄𝑖 = 𝐴𝑖𝑄𝑖−1 +𝑄𝑖−2.

Each 𝑃𝑖/𝑄𝑖 is a best rational approximation to 𝑟0/𝑟1, and the denominators𝑄𝑖 are pairwise coprime with strictly increasing
degrees.

For 𝑞 odd, put 𝐺 (𝑋 ) = 𝑋𝑞 − 𝑋 , let 𝑓 ∈ F𝑞 [𝑋 ] be a polynomial of positive degree with no roots in F𝑞 , and set
𝐹 (𝑋 ) = 𝑓 (𝑋 ) (𝑞−1)/2. Consider the continued fraction expansions

𝐹 (𝑋 ) − 1
𝐺 (𝑋 ) = [𝐴0,𝐴1, . . . ,𝐴𝑠 ] and 𝐹 (𝑋 ) + 1

𝐺 (𝑋 ) = [𝑎0,𝑎1, . . . ,𝑎𝑡 ]

with 𝑃𝑖 ,𝑄𝑖 and 𝑝𝑖 ,𝑞𝑖 the corresponding convergent sequences. It is clear that 𝐴0 = 𝑎0. Define 𝑛𝑓 to be the largest integer
𝑚 such that 𝐴𝑖 = 𝑎𝑖 for 𝑖 = 0, 1, . . . ,𝑚.

Lemma 3.2.8

For 𝑞 odd, put 𝐺 (𝑋 ) = 𝑋𝑞 − 𝑋 , let 𝑓 ∈ F𝑞 [𝑋 ] be a polynomial of positive degree with no roots in F𝑞 , and set
𝐹 (𝑋 ) = 𝑓 (𝑋 ) (𝑞−1)/2. Let

𝐹 (𝑋 ) − 1
𝐺 (𝑋 ) = [𝐴0,𝐴1, . . . ,𝐴𝑠 ] and

𝐹 (𝑋 ) + 1
𝐺 (𝑋 ) = [𝑎0,𝑎1, . . . ,𝑎𝑡 ]

Then either 𝑛𝑓 = 𝑠 = 𝑡 − 1 or 𝑛𝑓 = 𝑡 = 𝑠 − 1.

Proof: Let 𝑃𝑖 ,𝑄𝑖 are defined as above from [𝐴0, . . . ,𝐴𝑠 ] and 𝑝𝑖 ,𝑞𝑖 are defined from [𝑎0, . . . ,𝑎𝑡 ]. Then using Corollary C.2
and Corollary C.5 we have

𝑃𝑠

𝑄𝑠
=
𝐹 (𝑋 ) − 1
𝐺 (𝑋 ) and 𝑝𝑡

𝑞𝑡
=
𝐹 (𝑋 ) + 1
𝐺 (𝑋 )

So we get
𝑄𝑠 (𝑋 ) =

𝛼1 ·𝐺 (𝑋 )
gcd(𝐹 (𝑋 ) − 1,𝐺 (𝑋 )) , 𝑞𝑡 (𝑋 ) =

𝛼2 ·𝐺 (𝑋 )
gcd(𝐹 (𝑋 ) + 1,𝐺 (𝑋 )) for some 𝛼1,𝛼2 ∈ F∗𝑞 (3.1)

Since 𝑓 has no roots in F𝑞 , for all 𝛼 ∈ F𝑞 , 𝑓 𝑞−1 (𝛼) = 1. So 𝐺 (𝑋 ) | 𝑓 𝑞−1 (𝑋 ) − 1 i.e. 𝐺 (𝑋 ) | (𝐹 (𝑋 ) − 1) (𝐹 (𝑋 ) + 1). So

gcd(𝐺 (𝑋 ), 𝐹 (𝑋 ) − 1) · gcd(𝐺 (𝑋 ), 𝐹 (𝑋 ) + 1) =𝐺 (𝑋 )

Therefore 𝑄𝑠 (𝑋 ) · 𝑞𝑡 (𝑋 ) = 𝛼 ·𝐺 (𝑋 ) with 𝛼 ∈ F∗𝑞 . Let 𝑛 = 𝑛𝑓 < 𝑠 and 𝑛 < 𝑡 . Therefore by Lemma C.3 we get

𝐹 (𝑋 ) − 1
𝐺 (𝑋 ) =

𝑃𝑛+1 + 𝛽𝑛+1 · 𝑃𝑛
𝑄𝑛+1 + 𝛽𝑛+1 ·𝑄𝑛

, and 𝐹 (𝑋 ) + 1
𝐺 (𝑋 ) =

𝑝𝑛+1 +𝛾𝑛+1 · 𝑝𝑛
𝑞𝑛+1 +𝛾𝑛+1 · 𝑞𝑛

with 𝛽𝑛+1,𝛾𝑛+1 being rational functions with negative degree. Therefore

2
𝐺 (𝑋 ) =

𝐹 (𝑋 ) + 1
𝐺 (𝑋 ) −

𝐹 (𝑋 ) − 1
𝐺 (𝑋 ) =

𝐻 (𝑋 )
(𝑄𝑛+1 + 𝛽𝑛+1 ·𝑄𝑛) (𝑞𝑛+1 +𝛾𝑛+1 · 𝑞𝑛)

(3.2)

where

𝐻 = 𝑝𝑛+1 ·𝑄𝑛+1 − 𝑃𝑛+1 · 𝑞𝑛+1︸                         ︷︷                         ︸
𝐻0

+ 𝛽𝑛+1 (𝑝𝑛+1 ·𝑄𝑛 − 𝑃𝑛 · 𝑞𝑛+1︸                   ︷︷                   ︸
𝐻1

) + 𝛾𝑛+1 (𝑝𝑛 ·𝑄𝑛+1 − 𝑃𝑛+1 · 𝑞𝑛︸                   ︷︷                   ︸
𝐻2

)

+ 𝛽𝑛+1 · 𝛾𝑛+1 (𝑝𝑛 ·𝑄𝑛 − 𝑃𝑛 · 𝑞𝑛︸              ︷︷              ︸
𝐻3

) (3.3)
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Now by definition of𝑛 we have 𝑃𝑖 = 𝑝𝑖 and𝑄𝑖 = 𝑞𝑖 for all−1 ≤ 𝑖 ≤ 𝑛. By Lemma C.4 we have𝐻1 = (−1)𝑛 and𝐻2 = (−1)𝑛+1

and 𝐻3 = 0. So now we have to calculate 𝐻0.

𝐻0 = 𝑝𝑛+1 ·𝑄𝑛+1 − 𝑃𝑛+1 · 𝑞𝑛+1

= (𝐴𝑛+1 · 𝑝𝑛 + 𝑝𝑛−1) (𝐴𝑛+1 ·𝑄𝑛 +𝑄𝑛−1) − (𝐴𝑛+1 · 𝑃𝑛 + 𝑃𝑛−1) (𝑎𝑛+1 · 𝑞𝑛 + 𝑞𝑛−1)
= 𝑎𝑛+1 (𝑝𝑛 ·𝑄𝑛−1 − 𝑃𝑛 · 𝑞𝑛−1) +𝐴𝑛+1 (𝑝𝑛−1 ·𝑄𝑛 − 𝑞𝑛−1 · 𝑃𝑛)
= (−1)𝑛−1𝑎𝑛 − (−1)𝑛−1𝐴𝑛+1

= (−1)𝑛 (𝐴𝑛+1 − 𝑎𝑛+1)

Therefore 𝐻 = (−1)𝑛 (𝐴𝑛+1 − 𝑎𝑛+1 + 𝛽𝑛+1 − 𝛾𝑛+1). Now by definition of 𝑛, 𝐴𝑛+1 ≠ 𝑎𝑛+1. So deg(𝐻 ) ≥ 0. Therefore
from the equation (3.2) we get 𝐺 (𝑋 ) · 𝐻 (𝑋 ) = 2(𝑄𝑛+1 + 𝛽𝑛+1 · 𝑄𝑛) (𝑞𝑛+1 + 𝛾𝑛+1 · 𝑞𝑛). By the definition of 𝐺 we have
deg(𝐺) + deg(𝐻 ) ≥ 𝑞. On the other hand, deg(𝐺) + deg(𝐻 ) = deg(𝑄𝑛+1) + deg(𝑞𝑛+1) ≤ deg(𝑄𝑠 ) + deg(𝑞𝑡 ) ≤ 𝑞. Therefore
we have deg(𝐻 ) = 0. So deg(𝐴𝑛+1) = deg(𝑎𝑛+1). And hence deg(𝑄𝑛+1) = deg(𝑞𝑛+1) = 𝑞/2. But we have 𝑞 to be odd. Hence
contradiction E So we have either 𝑛 = 𝑠 or 𝑛 = 𝑡 . Suppose 𝑛 = 𝑠 . Then 𝑡 > 𝑠 and therefore we can write

𝐹 (𝑋 ) + 1
𝐺 (𝑋 ) =

𝑝𝑠+1 +𝛾𝑠+1 · 𝑝𝑠
𝑞𝑠+1 +𝛾𝑠+1 · 𝑞𝑠

Therefore we get new equality for (3.2)
2

𝐺 (𝑋 ) =
𝐹 (𝑋 ) + 1
𝐺 (𝑋 ) −

𝐹 (𝑋 ) − 1
𝐺 (𝑋 )

=
𝑝𝑠+1 +𝛾𝑠+1 · 𝑝𝑠
𝑞𝑠+1 +𝛾𝑠+1 · 𝑞𝑠

− 𝑃𝑠
𝑄𝑠

=
𝑄𝑠 · 𝑝𝑠+1 − 𝑃𝑠 · 𝑞𝑠+1 +𝛾𝑠+1 (𝑄𝑠 · 𝑝𝑠 − 𝑃𝑠 · 𝑞𝑠 )

𝑄𝑠 (𝑞𝑠+1 +𝛾𝑠+1 · 𝑞𝑠 )

=
(−1)𝑠

𝑄𝑠 (𝑞𝑠+1 +𝛾𝑠+1 · 𝑞𝑠 )
[By Lemma C.4]

So we have (−1)𝑠 ·𝐺 = 2 · 𝑄𝑠 (𝑞𝑠+1 + 𝛾𝑠+1 · 𝑞𝑠 ). Again we will compare the degrees. And since deg(𝐺) = 𝑞 we have
deg(𝑄𝑠 ) + deg𝑞𝑠+1

= 𝑞. On the other hand we have deg(𝑄𝑠 ) + deg𝑞𝑠+1
≤ deg(𝑄𝑠 ) + deg(𝑞𝑡 ) = 𝑞. Therefore deg(𝑞𝑠+1) =

deg(𝑞𝑡 ). Since degrees of 𝑞𝑖 increases strictly we have 𝑡 = 𝑠 + 1. Similarly, if 𝑛 = 𝑡 then we get 𝑡 + 1 = 𝑠 . ■

So now we can derive the Weil sum of quadratic character for any polynomial 𝑓 which has no rooots in F𝑞 where 𝑞 is
odd.

Theorem 3.2.9 Weil Sum via Continued Fractions

Let 𝜂 ∈ M𝑞 be the quadratic character of F𝑞 , 𝑞 odd, and let 𝑓 ∈ F𝑞 [𝑋 ] be a polynomial of positive degree with no
roots in F𝑞 . Then ∑︁

𝛾 ∈F𝑞

𝜂 (𝑓 (𝛾)) =


deg(𝑎𝑠 ) if 𝑛𝑓 = 𝑠 ,

− deg(𝐴𝑠 ) if 𝑛𝑓 = 𝑡 ,

where 𝐴𝑠 and 𝑎𝑠 are obtained from the continued fraction expansions above.

Proof: We define the following two sets 𝑍1 := |{𝛾 ∈ F𝑞 : 𝜂 (𝑓 (𝛾)) = 1}| and 𝑍−1 := |{𝛾 ∈ F𝑞 : 𝜂 (𝑓 (𝛾)) = −1}|.
Then basically we have

∑
𝛾 ∈F𝑞

𝜂 (𝑓 (𝛾)) = 𝑍1 − 𝑍−1. Since 𝜂 (𝑓 (𝛾)) = 1 if and only if 𝐹 (𝛾) = 𝑓
(𝑞−1)/2 (𝛾) = 1 we have

𝑍1 = deg (gcd(𝐹 (𝑋 ) − 1,𝑋𝑞 −𝑋 )) and hence by (3.1) we have 𝑍1 = 𝑞 − deg(𝑄𝑠 ).
Similarly 𝜂 (𝑓 (𝛾)) = −1 if and only if 𝐹 (𝛾) = −1. Hence 𝑍−1 = deg (gcd(𝐹 (𝑋 ) + 1,𝑋𝑞 −𝑋 )) = 𝑞 − deg(𝑞𝑡 ). So if

𝑛𝑓 = 𝑡 = 𝑠 − 1 then 𝑞𝑡 = 𝑄𝑠−1. And therefore 𝑞𝑡 = 𝑄𝑠−1. So 𝑍1 − 𝑍−1 = − deg(𝑄𝑠 ) + deg(𝑄𝑠−1) = deg(𝐴𝑠 ). In case of
𝑛𝑓 = 𝑠 = 𝑡 − 1 we get 𝑍1 −𝑍−1 = deg(𝑞𝑡 ) − deg(𝑞𝑡−1) = deg(𝑎𝑡 ). So the result follows. ■
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Note:-
The hypothesis that 𝑓 has no roots in F𝑞 is essential. For example, take 𝑓 (𝑋 ) = 𝑋 : then

∑
𝛾 ∈F𝑞

𝜂 (𝑓 (𝛾)) = 0 by
Theorem 2.2.5(i), yet 𝐹 (𝑋 )−1

𝑋𝑞−𝑋 = [0,𝑋 (𝑞+1)/2 +𝑋 ] and 𝐹 (𝑋 )+1
𝑋𝑞−𝑋 = [0,𝑋 (𝑞+1)/2 −𝑋 ], giving 𝑠 = 𝑡 = 1 and deg(𝐴𝑠 ) = deg(𝑎𝑡 ) =

𝑞+1/2 ≠ 0. The continued fraction formula does not reproduce the correct value in this case.

In the next section we turn to a statistical perspective and study the average number of solutions of polynomial
equations over F𝑞 . We will show that the average value of 𝑍 (𝑓 ) over all polynomials 𝑓 of bounded degree is exactly 𝑞𝑛−1,
and then compute the variance of the solution count around this mean.

§ 3.3 Average Number of Solutions

We now investigate the average number of solutions of a polynomial equations. Let𝑑 ∈ N. Then define Ω𝑑 := F≤𝑑𝑞 [𝑋1, . . . ,𝑋𝑛]
and 𝜔 (𝑑) be the set of 𝑛−tuples (𝑖1, . . . , 𝑖𝑛) ∈ Z0 such that 𝑖1 + · · · + 𝑖𝑛 ≤ 𝑑 . Then

Observation 3.2. With the definitions of Ω𝑑 and 𝜔 (𝑑) as above we have |Ω𝑑 | = 𝑞 |𝜔 (𝑑 ) | .

Lemma 3.3.1 Average of Solution Count

With the notations of Ω𝑑 and 𝜔 (𝑑) as defined above we have

1
|Ω𝑑 |

∑︁
𝑓 ∈Ω𝑑

𝑍 (𝑓 ) = 𝑞𝑛−1

Proof: We have ∑︁
𝑓 ∈Ω𝑑

𝑍 (𝑓 ) =
∑︁
𝑓 ∈Ω𝑑

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝑓 (𝛼1 ,...,𝛼𝑛 )=0

1 =
∑︁

𝛼1 ,...,𝛼𝑛∈F𝑞

∑︁
𝑓 ∈Ω𝑑

𝑓 (𝛼1 ,...,𝛼𝑛 )=0

1

Let for any 𝑓 ∈ Ω𝑑

𝑓 (𝑋1, . . . ,𝑋𝑛) =
∑︁

(𝑖1 ,...,𝑖𝑛 ) ∈𝜔 (𝑑 )
𝑓𝑖1 ,...,𝑖𝑛𝑋

𝑖1
1 · · ·𝑋

𝑖𝑛
𝑛 𝑓𝑖1 ,...,𝑖𝑛 ∈ F𝑞 , ∀ (𝑖1, . . . , 𝑖𝑛) ∈ 𝜔 (𝑑)

Then for a fixed 𝛼1, . . . ,𝛼𝑛 ∈ F𝑞 we get to choose the coefficients 𝑓𝑖1 ,...,𝑖𝑛 for all (𝑖1, . . . , 𝑖𝑛) ∈ 𝜔 (𝑑) \ {(0, . . . , 0)} arbitrarily
and then determining the constant term 𝑓0,...,𝑜 to make 𝑓 (𝛼1, . . . ,𝛼𝑛) = 0. Thus the number of 𝑓 ∈ 𝜔𝑑 with 𝑓 (𝛼1, . . . ,𝛼𝑛) = 0
is equal to 𝑞 |𝜔 (𝑑 ) |−1. Therefore

∑
𝑓 ∈Ω𝑑 𝑍 (𝑓 ) = 𝑞𝑛 · 𝑞 |𝜔 (𝑑 ) |−1 = |Ω𝑑 | · 𝑞𝑛−1. So we have the lemma. ■

The proof of the above lemma gives us the following observation:

Observation 3.3. For any 𝛼1, . . . ,𝛼𝑛 ∈ F𝑞 , the number of polynomials 𝑓 ∈ Ω𝑑 such that 𝑓 (𝛼1, . . . ,𝛼𝑛) = 0 is 𝑞 |𝜔 (𝑑 ) |−1.

The above lemma implies that a polynomial equation in 𝑛 variables has on average 𝑞𝑛−1 solutions in F𝑛𝑞 . So we
now consider average deviation from the average number of solutions, 𝑞𝑛−1.

Theorem 3.3.2 Variance of Solution Count

With the notations of Ω𝑑 and 𝜔 (𝑑) as defined above we have

1
|Ω𝑑 |

∑︁
𝑓 ∈Ω𝑑

(
𝑍 (𝑓 ) − 𝑞𝑛−1

)2
= 𝑞𝑛−1 − 𝑞𝑛−2
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Proof: Let 𝛼 = (𝛼1, . . . ,𝛼𝑛), 𝛽 = (𝛽1, . . . , 𝛽𝑛) ∈ F𝑛𝑞 be any two points. Then we get

∑︁
𝑓 ∈Ω𝑑

𝑍 (𝑓 )2 =
∑︁
𝑓 ∈Ω𝑑

©­­­­«
∑︁
𝛼∈F𝑛𝑞
𝑓 (𝛼 )=0

1
ª®®®®¬

2

=
∑︁
𝑓 ∈Ω𝑑

∑︁
𝛼∈F𝑛𝑞
𝑓 (𝛼 )=0

∑︁
𝛽∈F𝑛𝑞
𝑓 (𝛽 )=0

1 =
∑︁

𝛼 ,𝛽∈F𝑛𝑞

∑︁
𝑓 ∈Ω𝑑

𝑓 (𝛼 )=𝑓 (𝛽 )=0

1

Now if 𝛼 = 𝛽 then by Observation 3.3 we have
∑
𝑓 ∈Ω𝑑 , 𝑓 (𝛼 )=0 1 = 𝑞 |𝜔 (𝑑 ) |−1. Now suppose 𝛼 ≠ 𝛽 . This gives two linear

equations for the coefficients of 𝑓 . Therefore there are 𝑞 |𝜔 (𝑑 ) |−2 polynomials 𝑓 ∈ Ω𝑑 such that 𝑓 (𝛼) = 𝑓 (𝛽) = 0. Hence
we obtain ∑︁

𝑓 ∈Ω𝑑

𝑍 (𝑓 )2 = =
∑︁
𝛼∈F𝑛𝑞

|Ω𝑑 | · 𝑞−1 +
∑︁

𝛼 ,𝛽∈F𝑛𝑞 ,𝛼≠𝛽
|Ω𝑑 | · 𝑞−2 [By Observation 3.2]

= 𝑞𝑛 · |Ω𝑑 | · 𝑞−1 + 𝑞𝑛 (𝑞𝑛 − 1) |Ω𝑑 | · 𝑞−2

= |Ω𝑑 |
(
𝑞𝑛−1 + 𝑞2𝑛−2 − 𝑞𝑛−2

)
So now we get ∑︁

𝑓 ∈Ω𝑑

(𝑍 (𝑓 ) − 𝑞𝑛−1)2 =
∑︁
𝑓 ∈Ω𝑑

𝑍 (𝑓 )2 + 2 · 𝑞𝑛−1
∑︁
𝑓 ∈Ω𝑑

𝑍 (𝑓 ) + 𝑞2𝑛−2
∑︁
𝑓 ∈Ω𝑑

1

= |Ω𝑑 |
(
𝑞2𝑛−2 + 𝑞𝑛−1 − 𝑞𝑛−2

)
− 2 · 𝑞𝑛−1 · |Ω𝑑 | · 𝑞𝑛−1 + 𝑞2𝑛−2 · |Ω𝑑 |

= |Ω𝑑 | (𝑞𝑛−1 − 𝑞𝑛−2)

So we have the result. ■

From this result we can expect that |𝑍 (𝑓 ) −𝑞𝑛−1 | is often𝑂
(
𝑞
(𝑞−1)/2) . Later we will see instances of such expected behavior

for various polynomial equations. In the next sections we will talk about character sums over polynomial evaluations.

§ 3.4 Quadratic Forms

In this section we will study about quadratic forms and its equivalent forms which are easier to study than a general
quadratic form. We will give bounds on the deviation of number of solutions from average number of solutions. Before
all of that let’s see what is a quadratic form.

Definition 3.4.1: Quadratic Forms

A quadratic form over F𝑞 is a degree-2 homogeneous polynomial or the zero polynomial.

If 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] is a quadratic form. Now if 𝑞 is odd then for any 𝑖 , 𝑗 ∈ [𝑛] we write 𝑎𝑖 ,𝑗𝑋𝑖𝑋 𝑗 = 1
2𝑎𝑖 ,𝑗𝑋𝑖𝑋 𝑗 +

1
2𝑎𝑖 𝑗𝑋 𝑗𝑋𝑖 which leads to the representation

𝑓 (𝑋1, . . . ,𝑋𝑛) =
∑︁

𝑖 ,𝑗∈[𝑛]
𝑎𝑖 ,𝑗𝑋𝑖𝑋 𝑗 for all 𝑎𝑖 ,𝑗 ∈ F𝑞 with 𝑎𝑖 ,𝑗 = 𝑎 𝑗 ,𝑖 .

From this formulation we can represent 𝑓 by a matrix denoted by𝐶𝑓 where (𝑖 , 𝑗)𝑡ℎ entry of𝐶𝑓 is 𝑎𝑖 ,𝑗 . This matrix is called
the coefficient matrix.

Observation 3.4. Since 𝑎𝑖 ,𝑗 = 𝑎 𝑗 ,𝑖 we have 𝐶⊤
𝑓
=𝐶𝑓 .

So if 𝑋 denotes the column vector of all variables then 𝑓 = 𝑋⊤𝐶𝑓𝑋 . With this representation now we can talk
about equivalence of two quadratic forms.
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Definition 3.4.2: Equivalent Quadratic Forms

Let 𝑓 ,𝑔 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] be two quadratic forms over F𝑞 . Then 𝑓 and 𝑔 are said to be equivalent if 𝑓 can be
transformed into 𝑔 by a non-singular linear transformation of the variables.

So let 𝑓 ,𝑔 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] are two equivalent quadratic forms. Then Let 𝑋 be the variable vector for 𝑓 and 𝑋̃
be the variable vector for 𝑔. Then 𝑓 = 𝑋⊤𝐶𝑓𝑋 and 𝑔 = 𝑋̃⊤𝐶𝑔𝑋̃ . Suppose 𝑀 is the non-singular linear transformation of
variables i.e. 𝑋̃ =𝑀𝑋 . For odd 𝑞 we have

𝑋̃⊤𝐶𝑔𝑋̃ = 𝑔 = (𝑀𝑋 )⊤𝐶𝑓 (𝑀𝑋 ) = 𝑋⊤ (𝑀⊤𝐶𝑓𝑀)𝑋 ,

so 𝐶𝑔 =𝑀⊤𝐶𝑓𝑀 .

Observation 3.5. If 𝑓 ,𝑔 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] (𝑞 odd) are two quadratic forms then 𝑓 and 𝑔 are equivalent if and only if there
exists an invertible matrix 𝑀 ∈ F𝑛×𝑛𝑞 such that 𝐶𝑔 =𝑀⊤𝐶𝑓𝑀 where 𝑀 is the non-singular linear transformation.

Since 𝑋̃ =𝑀𝑋 . So𝑀 gives the one-one correspondence betweenV(𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝛼) andV(𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼)
for any 𝛼 ∈ F𝑞 .

Observation 3.6. If 𝑓 ,𝑔 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] (𝑞 odd) are two quadratic forms then 𝑓 and 𝑔 are equivalent by the non-singular
linear transformation 𝑀 ∈ F𝑛×𝑛𝑞 . Then 𝛾 ↦→ 𝑀𝛾 where 𝛾 ∈ F𝑛𝑞 gives an one-one correspondence betweenV(𝑓 (𝑋1, . . . ,𝑋𝑛) =
𝛼) andV(𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) for any 𝛼 ∈ F𝑞 .

We will use another terminology to make our life easier. If 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] is a quadratic form then for any
𝛼 ∈ F𝑞 we will say 𝑓 represents 𝛼 if 𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝛼 has a solution.

To calculate and understand the of solutions of quadratic forms we define the integer-valued function 𝜗 : F𝑞 → Z

by 𝜗 (𝛼) = −1 for all 𝛼 ∈ F∗𝑞 and 𝜗 (0) = 𝑞 − 1. Then we have the following properties of 𝜗 function.

Lemma 3.4.1

For any finite field F𝑞 we have ∑︁
𝛼∈F𝑞

𝜗 (𝛼) = 0,

and for any 𝛼 ∈ F𝑞 and integers 1 ≤ 𝑘 ≤𝑚,

∑︁
𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝜗 (𝛼1) · · ·𝜗 (𝛼𝑘 ) =


0 if 1 ≤ 𝑘 < 𝑚

𝜗 (𝛼) · 𝑞𝑚−1 if 𝑘 =𝑚.

Proof: Since for all 𝛼 ∈ F∗𝑞 , 𝜗 (𝛼) = −1 we have
∑
𝛼∈F∗𝑞 𝜗 (𝛼) = −(𝑞 − 1). Therefore 𝜗 (0) +∑

𝛼∈F∗𝑞 𝜗 (𝛼) = 0. So we have
the first result.

Now suppose 𝑘 < 𝑚. Then we have

∑︁
𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑘∏
𝑗=1

𝜗 (𝛼 𝑗 ) =
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞

(
𝑘∏
𝑗=1

𝜗 (𝛼 𝑗 )
) ∑︁

𝛼𝑘+1 ,...,𝛼𝑚∈F𝑞
𝛼𝑘+1+···+𝛼𝑚=𝛼−𝛼1−···−𝛼𝑘

1

= 𝑞𝑚−𝑘−1
∑︁

𝛼1 ,...,𝛼𝑘 ∈F𝑞

𝑘∏
𝑗=1

𝜗 (𝛼 𝑗 )

= 𝑞𝑚−𝑘−𝑞
𝑘∏
𝑗=1

∑︁
𝛼 𝑗 ∈F𝑞

𝜗 (𝛼 𝑗 ) = 0
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Now assume 𝑘 =𝑚. Here we will use induction. The case𝑚 = 1 holds trivially. Suppose the formula is shown for𝑚 ≥ 1.
Then ∑︁

𝛼1 ,...,𝛼𝑚+1∈F𝑞
𝛼1+···+𝛼𝑚+1=𝛼

𝑚+1∏
𝑗=1

𝜗 (𝛼 𝑗 ) =
∑︁

𝛼1 ,...,𝛼𝑚+1∈F𝑞
𝛼1+···+𝛼𝑚+1=𝛼

𝑚+1∏
𝑗=1

𝜗 (𝛼 𝑗 ) +
∑︁

𝛼1 ,...,𝛼𝑚+1∈F𝑞
𝛼1+···+𝛼𝑚+1=𝛼

𝑚∏
𝑗=1

𝜗 (𝛼 𝑗 )

=
∑︁

𝛼1 ,...,𝛼𝑚+1∈F𝑞
𝛼1+···+𝛼𝑚+1=𝛼

[
𝑚∏
𝑗=1

𝜗 (𝛼 𝑗 )
]
· [𝜗 (𝛼𝑚+1) + 1]

=
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞

[
𝑚∏
𝑗=1

𝜗 (𝛼 𝑗 )
]
·
[
𝜗

(
𝛼 −

𝑚∑︁
𝑗=1

𝛼 𝑗

)
+ 1

]
= 𝑞

∑︁
𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑚∏
𝑗=1

𝜗 (𝛼 𝑗 ) [If 𝛼1 + · · · + 𝛼𝑚 ≠ 𝛼 then the term is 0]

= 𝑞 · 𝑞𝑚−2 · 𝜗 (𝛼) [By Induction Hypothesis]
= 𝑞𝑚−1 · 𝜗 (𝛼)

so now we have the second result too. So we have the lemma. ■

3.4.1 Odd Characteristic Quadratic Forms

We now resume the study of quadratic forms 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] where 𝑞 is odd. We will first show that every quadratic
form 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] where 𝑞 is odd is equivalent to a diagonal quadratic form i.e. a quadratic form of type 𝑎1𝑋

2
𝑞 +

· · · + 𝑎𝑛𝑋 2
𝑛 where 𝑎𝑖 ∈ F𝑞 for all 𝑖 ∈ [𝑛].

Lemma 3.4.2 Reduction by Separating a Variable

Let 𝑞 be odd and 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] be a quadratic form with 𝑛 ≥ 2. If 𝑓 represents 𝛼 ∈ F∗𝑞 then 𝑓 is equivalent to
𝛼 ·𝑋 2

1 +𝑔(𝑋2, . . . ,𝑋𝑛) where 𝑔 is a quadratic form in 𝑛 − 1 variables.

Proof: Since 𝑓 represents 𝛼 , ∃ (𝛾1, . . . ,𝛾𝑛) ∈ F𝑛𝑞 such that 𝑓 (𝛾1, . . . ,𝛾𝑛) = 𝛼 . Since 𝛼 ≠ 0 not all 𝛾𝑖 are zero. So we can
find an invertible matrix 𝑀 ∈ F𝑛×𝑛𝑞 such that in the first column of 𝑀 the entries are 𝛾1, . . . ,𝛾𝑛 . Therefore if we apply the
non-singular linear transformation by 𝑀 to 𝑓 , we obtain a quadratic form in 𝑌1, . . . ,𝑌𝑛 for which the coefficient of 𝑌 2

1 is
𝑓 (𝛾1, . . . ,𝛾𝑛) = 𝛼 . Thus 𝑓 is equivalent to a quadratic form of the type

𝛼𝑌 2
1 + 2𝑏2𝑌1𝑌2 + · · · + 2𝑏𝑌1𝑌𝑛 +ℎ(𝑌2, . . . ,𝑌𝑛) = 𝛼 (𝑌1 +𝑏2 · 𝛼−1 ·𝑌2 + · · ·𝑏𝑛 · 𝛼−1 ·𝑌𝑛)2 +𝑔(𝑌2, . . . ,𝑌𝑛)

for some 𝑏2, . . . ,𝑏𝑛 ∈ F𝑞 where 𝑔,ℎ ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] are two quadratic forms. So now take the non-singular linear
transformation

𝑍1 = 𝑌1 +𝑏2 · 𝛼−1 ·𝑌2 + · · · +𝑏𝑛 · 𝛼−1 ·𝑌𝑛
𝑍𝑖 = 𝑌𝑖 ∀ 𝑖 ∈ {2, . . . ,𝑛}

Then we get a quadratic form of the desired type and this is equivalent to 𝑓 . ■

Applying Lemma 3.4.2 repeatedly separates variables one by one, eventually reaching a diagonal form. The only
subtlety is ensuring at each step that the remaining form represents a non-zero element of F𝑞 ; this is handled in the proof
of Theorem 3.4.3 below.
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Theorem 3.4.3 Diagonal Form of Quadratic Forms over F𝑞

For any quadratic form 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] where 𝑞 is odd, there exists 𝑎1, . . . ,𝑎𝑛 ∈ F𝑞 such that 𝑓 is equivalent to
the diagonal quadratic form 𝑎1𝑋

2
1 + · · · + 𝑎𝑛𝑋 2

𝑛 .

Proof: We will prove this using induction on the number of variables. If 𝑛 = 1 then 𝑓 (𝑋1) = 𝑎1,1𝑋
2
1 . Then its already

diagonal. So suppose 𝑛 ≥ 2 and the result holds for quadratic forms in (𝑛 − 1) variables.

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] be a quadratic form in 𝑛 variables. Now the theorem is trivial if 𝑓 is a zero polynomial. So
suppose 𝑓 is a non-zero polynomial. If there exists 𝑖 ∈ [𝑛], 𝑎𝑖 ,𝑖 ≠ 0 then 𝑓 represents 𝑎𝑖 ,𝑖 since at the point 𝑋𝑖 = 1 and
𝑋 𝑗 = 0 for all 𝑗 ∈ [𝑛] \ {𝑖}, 𝑓 evaluates to be 𝑎𝑖 ,𝑖 . If for all 𝑖 ∈ [𝑛], 𝑎𝑖 ,𝑖 = 0 then ∃ 𝑖 , 𝑗 ∈ [𝑛], 𝑖 ≠ 𝑗 such that 𝑎𝑖 ,𝑗 = 𝑎 𝑗 ,𝑖 ≠ 0.
Then 𝑓 represents 2𝑎𝑖 ,𝑗 since at the point 𝑋𝑖 = 𝑋 𝑗 = 1 and 𝑋𝑡 = 0 for all 𝑡 ∈ [𝑛] \ {𝑖 , 𝑗}, 𝑓 evaluates to be 2𝑎𝑖 ,𝑗 .

So 𝑓 represents some element 𝑎1 ∈ F∗𝑞 and hence by Lemma 3.4.2 we have 𝑓 is equivalent to a quadratic form
𝑎1𝑋

2
1 + 𝑔(𝑋2, . . . ,𝑋𝑛) where 𝑔 is a quadratic form in (𝑛 − 1) variables. Now by induction hypothesis 𝑔 is equivalent to a

diagonal quadratic form 𝑎2𝑋
2
2 + · · ·𝑎𝑛𝑋 2

𝑛 . Therefore 𝑓 is equivalent to the diagonal quadratic form 𝑎1𝑋
2
1 + · · · + 𝑎𝑛𝑋 2

𝑛 . ■

So now we can only talk about the solutions of diagonal quadratic forms since all general quadratic forms in
F𝑞 [𝑋1, . . . ,𝑋𝑛] are equivalent to a diagonal quadratic form. Now let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] is equivalent to 𝑎1𝑋

2
1 + · · · +𝑎𝑛𝑋 2

𝑛 .
Then some 𝑎𝑖 ’s may be zero. Since non-singular linear transformation preserves ranks, equivalent quadratic forms have
coefficient matrices with same rank. Therefore non-singular linear transformation also preserves the non-zero ness of
determinant of the coefficient matrix.

Observation 3.7. Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] is a quadratic form is equivalent to 𝑎1𝑋
2
1 + · · · +𝑎𝑛𝑋 2

𝑛 . Then rank(𝐶𝑓 ) = 𝑛 − |{𝑖 ∈
[𝑛] : 𝑎𝑖 = 0}|. Similarly, det(𝐶𝑓 ) = 0 if and only if

∏𝑛
𝑗=1 𝑎𝑖 = 0.

Observation 3.8. Let 𝑓 ,𝑔 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] are two equivalent quadratic forms by the non-singular linear transformation
𝑀 ∈ F𝑛×𝑛𝑞 . Since by Observation 3.5 we have 𝐶𝑔 =𝑀⊤𝐶𝑓𝑀 and therefore det(𝑔) = det(𝑓 ) · det(𝑀)2.

If the coefficient matrix𝐶𝑓 for any quadratic form 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] has rank𝑛 then we call 𝑓 to be non-degenerate.
We also define determinant of 𝑓 , det(𝑓 ) to be the determinant of the coefficient matrix 𝐶𝑓 .

The two-variable lemma below is the base case for the induction used in Theorem 3.4.5. Once we know 𝑍 (𝑎1𝑋
2
1 +

𝑎2𝑋
2
2 = 𝛼) exactly, the convolution property Lemma 3.4.1 allows us to build up the solution count for 𝑛 variables.

Lemma 3.4.4 Solutions of a Two-Variable Diagonal Quadratic Form

For odd 𝑞, let 𝛼 ∈ F𝑞 , 𝑎1,𝑎2 ∈ F∗𝑞 , and let 𝜂 ∈M𝑞 be the quadratic character of F𝑞 . Then

𝑍
(
𝑎1𝑋

2
1 + 𝑎2𝑋

2
2 = 𝛼

)
= 𝑞 + 𝜗 (𝛼) · 𝜂 (−𝑎1𝑎2).

Proof: Now we can break 𝑍 (𝑎1𝑋
2
1 + 𝑎2𝑋

2
2 = 𝛼) into sum over all 𝛼1,𝛼2 ∈ F𝑞 product of 𝑍 (𝑎1𝑋

2
1 = 𝛼1) and 𝑍 (𝑎2𝑋

2
2 = 𝛼2.
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So we have

𝑍 (𝑎1𝑋
2
1 + 𝑎2𝑋

2
2 = 𝛼) =

∑︁
𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝑍 (𝑎1𝑋
2
1 = 𝛼1) · 𝑍 (𝑎2𝑋

2
2 = 𝛼2)

=
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

(1 + 𝜂 (𝑎−1
1 𝛼1)) · (1 + 𝜂 (𝑎−1

2 𝛼2))

=
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

(
1 + 𝜂 (𝑎−1

1 𝛼1) + 𝜂 (𝑎−1
2 𝛼2) + 𝜂 (𝑎−1

1 𝑎−1
2 𝛼1𝛼2)

)
= 𝑞 + 𝜂 (𝑎1)

∑︁
𝛼1∈F𝑞

𝜂 (𝛼1) + 𝜂 (𝑎2)
∑︁
𝛼2∈F𝑞

𝜂 (𝛼2) + 𝜂 (𝑎1𝑎2)
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝜂 (𝛼1𝛼2)

= 𝑞 + 𝜂 (𝑎1𝑎2)
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝜂 (𝛼1𝛼2) [By Theorem 2.2.5(i)]

= 𝑞 + 𝜂 (𝑎1𝑎2)
∑︁
𝛾 ∈F𝑞

𝜂 (𝛾 (𝛼 −𝛾))

Now consider the polynomial 𝑔(𝑋 ) = 𝛼𝑋 −𝑋 2. Then by Theorem 3.2.7 using the function 𝜗 we have
∑
𝛾 ∈F𝑞

𝜂 (𝑔(𝛾)) =
𝜗 (𝛼)𝜂 (−1). Therefore we have the lemma. ■

Theorem 3.4.5 Solution Count for Non-degenerate Diagonal Quadratic Forms

Let 𝑓 be a non-degenerate quadratic form in F𝑞 [𝑋1, . . . ,𝑋𝑛] with 𝑛 even and 𝑞 odd. Then for any 𝛼 ∈ F𝑞 ,

(i) If 𝑛 is even 𝑍 (𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝜗 (𝛼) · 𝑞 (𝑛−2)/2 · 𝜂
(
(−1)𝑛/2 · det(𝑓 )

)
.

(ii) if 𝑛 is odd 𝑍 (𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝑞 (𝑛−1)/2 · 𝜂
(
(−1) (𝑛−1)/2 · 𝛼 · det(𝑓 )

)
.

Proof: By Theorem 3.4.3 𝑓 is equivalent to a diagonal quadratic form 𝑔(𝑋1, . . . ,𝑋𝑛) = 𝑎1𝑋
2
1 + · · ·𝑎𝑛𝑋 2

𝑛 by the non-
singular linear transformation 𝑀 ∈ F𝑛×𝑛𝑞 . By Observation 3.8, we have 𝜂 (det(𝑓 )) = 𝜂 (det(𝑔)). Hence it suffices to prove
the theorem for 𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼 . Since 𝑓 is non-degenerate by Observation 3.7, 𝑎𝑖 ≠ 0 for all 𝑖 ∈ [𝑛].

(i) Let 𝑛 is even. So take𝑚 = 𝑛/2. Then

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) =
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑚∏
𝑗=1

𝑍

(
𝑎2𝑗−1𝑋

2
2𝑗−1 + 𝑎2𝑗𝑋

2
2𝑗 = 𝛼 𝑗

)
=

∑︁
𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑚∏
𝑗=1

(
𝑞 + 𝜗 (𝛼 𝑗 ) · 𝜂 (−𝑎2𝑗−1𝑎2𝑗 )

)
[By Lemma 3.4.4]

=
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑞𝑚 +
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑚∏
𝑗=1

𝜗 (𝛼 𝑗 ) · 𝜂 (−𝑎2𝑗−1𝑎2𝑗 )

= 𝑞𝑚−1 · 𝑞𝑚 + 𝜂 ((−1)𝑚 det(𝑔))
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑚∏
𝑗=1

𝜗 (𝛼 𝑗 )

= 𝑞2𝑚−1 + 𝜂 ((−1)𝑚 det(𝑔)) · 𝜗 (𝛼) · 𝑞𝑚−1 [By Lemma 3.4.1]

= 𝑞𝑛−1 + 𝜂
(
(−1)𝑛/2 det(𝑓 )

)
· 𝜗 (𝛼) · 𝑞 (𝑛−2)/2
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(ii) Now suppose 𝑛 is odd. We will use induction on 𝑛. Now this formula is valid for 𝑛 = 1. So suppose 𝑛 ≥ 3. Then

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) =
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝑍 (𝑎1𝑋
2
1 = 𝛼1) · 𝑍 (𝑎2𝑋

2
2 + · · · + 𝑎𝑛𝑋 2

𝑛 = 𝛼2)

=
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

(
1 + 𝜂 (𝑎−1

1 𝛼1)
)
·
(
𝑞𝑛−2 + 𝜂

(
(−1)𝑛−1/2𝑎2 · · ·𝑎𝑛

)
· 𝜗 (𝛼) · 𝑞 (𝑛−3)/2

)
[By first part]

=
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝑞𝑛−1 + 𝑞𝑛−2 · 𝜂 (𝑎1)
∑︁
𝛼1∈F𝑞

𝜂 (𝛼1)

+ 𝑞 (𝑞−3)/2 · 𝜂
(
(−1)𝑛−1/2𝑎2 · · ·𝑎𝑛

) ∑︁
𝛼2∈F𝑞

𝜗 (𝛼2)

+ 𝑞 (𝑞−3)/2 · 𝜂
(
(−1)𝑛−1/2𝑎2 · · ·𝑎𝑛

) ∑︁
𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝜗 (𝛼2)𝜂 (𝑎−1
1 𝛼1)

= 𝑞𝑛−1 + 𝑞 (𝑞−3)/2 · 𝜂
(
(−1)𝑛−1/2𝑎1 · · ·𝑎𝑛

) ∑︁
𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝜗 (𝛼2)𝜂 (𝛼1) [By Lemma 3.4.1]

= 𝑞𝑛−1 + 𝑞 (𝑞−3)/2 · 𝜂
(
(−1)𝑛−1/2 · det(𝑓 )

) ∑︁
𝛾 ∈F𝑞

𝜂 (𝛾) · 𝜗 (𝛼 −𝛾)

So now we only have to calculate
∑
𝛾 ∈F𝑞

𝜂 (𝛾) · 𝜗 (𝛼 −𝛾). Now∑︁
𝛾 ∈F𝑞

𝜂 (𝛾) · 𝜗 (𝛼 −𝛾) =
∑︁
𝛾 ∈F𝑞

𝜂 (𝛾) · [𝜗 (𝛼 −𝛾) + 1] = 𝑞 · 𝜂 (𝛼)

So we have the results for both cases. ■

The following alternate proof uses Jacobi sums directly and illustrates how the machinery of the previous chapter
applies to count solutions of polynomial equations.
Alternate Proof : Again it suffices to prove this theorem for the diagonal quadratic form𝑔(𝑋1, . . . ,𝑋𝑛) = 𝑎1𝑋

2
1 + · · ·𝑎𝑛𝑋 2

𝑛

where 𝑎𝑖 ∈ F∗𝑞 for all 𝑖 ∈ [𝑛]. Here we will work with the extended definition of 𝜂. Let 𝜆0 is the trivial multiplicative
character and 𝜆1 = 𝜂. Then

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) =
∑︁

𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

𝑛∏
𝑗=1

𝑍

(
𝑎 𝑗𝑋

2
𝑗 = 𝛼 𝑗

)
=

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

(
𝜆1 (𝑎 𝑗𝛼 𝑗 ) + 𝜆0 (𝑎 𝑗𝛼 𝑗 )

)
=

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

1∑︁
𝑖1 ,...,𝑖𝑛=0

𝜆𝑖1 (𝑎1𝛼1) · · · 𝜆𝑖𝑛 (𝑎𝑛𝛼𝑛)

=

1∑︁
𝑖1 ,...,𝑖𝑛=0

(
𝑛∏
𝑗=1

𝜆𝑖 𝑗 (𝑎 𝑗 )
) ∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

𝑛∏
𝑗=1

𝜆𝑖 𝑗 (𝛼 𝑗 )

=

1∑︁
𝑖1 ,...,𝑖𝑛=0

(
𝑛∏
𝑗=1

𝜆𝑖 𝑗 (𝑎 𝑗 )
)
· 𝐽𝛼

(
𝜆𝑖1 , . . . , 𝜆𝑖𝑛

)
Now if not all but some 𝜆𝑖 𝑗 ’s are trivial then 𝐽𝛼

(
𝜆𝑖1 , . . . , 𝜆𝑖𝑛

)
= 0 by Theorem 2.4.6(ii). So this remains the cases when all

are 𝜆𝑖 ,𝑗 ’s are trivial or non-trivial. Now if 𝑖 𝑗 = 0 for all 𝑗 ∈ [𝑛] then by Theorem 2.4.6(i), 𝐽𝛼
(
𝜆𝑖1 , . . . , 𝜆𝑖𝑛

)
= 𝑞𝑛−1. Therefore
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by
𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝜂 (det(𝑓 )) · 𝐽𝛼 (𝜂, . . . ,𝜂)︸     ︷︷     ︸

𝑛−times

(3.4)

If 𝛼 ≠ 0 then above expression gives us

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝜂 (det(𝑓 )) · 𝜂𝑛 (𝛼) · 𝐽 (𝜂, . . . ,𝜂) (3.5)

(i) Now suppose 𝑛 is even. Let 𝛼 ≠ 0. Since 𝑛 is even 𝜂𝑛 is trivial character. So from the equation (3.5) we have

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝜂 (det(𝑓 )) · 𝐽 (𝜂, . . . ,𝜂)

Let 𝜒 ∈ X𝑞 is a non-trivial additive character of F𝑞 . Then by Theorem 2.4.3(ii) we have

𝐽 (𝜂, . . . ,𝜂) = −1
𝑞
𝐺 (𝜂, 𝜒)𝑛 = −1

𝑞

(
𝐺2 (𝜂, 𝜒)

)𝑛/2
= −1

𝑞
(𝜂 (−1)𝑞)𝑛/2 = −𝑞 (𝑛−2)/2 · 𝜂

(
(−1)𝑛/2

)
Hence if 𝛼 ≠ 0 then we have

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝜂 (det(𝑓 )) ·
(
−𝑞 (𝑛−2)/2 · 𝜂

(
(−1)𝑛/2

))
= 𝑞𝑛−1 − 𝑞 (𝑞−2)/2𝜂

(
(−1)𝑞/2 · det(𝑓 )

)
Now suppose 𝛼 = 0. Then (3.4) gives

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝜂 (det(𝑓 )) · 𝐽0 (𝜂, . . . ,𝜂)

Since 𝑛 is even 𝜂𝑛 is trivial. Therefore by Lemma 2.4.2(ii) we have

𝐽0 (𝜂, . . . ,𝜂)︸     ︷︷     ︸
𝑛−times

= 𝜂 (−1) · (𝑞 − 1) · 𝐽 (𝜂, . . . 𝜂)︸    ︷︷    ︸
(𝑛−1)−times

So by Theorem 2.4.3(i) we have

𝐽 (𝜂, . . . 𝜂)︸    ︷︷    ︸
(𝑛−1)−times

=
𝐺 (𝜂, 𝜒)𝑛−1

𝐺 (𝜂𝑛−1, 𝜒) =𝐺
𝑛−2 (𝜂, 𝜒) =

(
𝐺2 (𝜂, 𝜒)

) (𝑛−2)/2
= 𝑞

(𝑛−2)/2 · 𝜂
(
(−1) (𝑛−2)/2

)
Therefore from (3.4) we get

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + (𝑞 − 1) · 𝑞 (𝑛−2)/2 · 𝜂
(
(−1)𝑛/2 · det(𝑓 )

)
So combining the result of 𝛼 ≠ 0 and 𝛼 = 0 we get the theorem.

(ii) Now suppose 𝑛 is odd. Then 𝜂𝑛 = 𝜂 which is non-trivial. If 𝛼 = 0 then by Lemma 2.4.2(i) we have 𝐽0 (𝜂, . . . ,𝜂) = 0.
So assume 𝛼 ≠ 0. Then in the equation (3.5) by using Theorem 2.4.3(i) we have

𝐽 (𝜂, . . . ,𝜂) = 𝐺 (𝜂, 𝜒)𝑛
𝐺 (𝜂𝑛 , 𝜒) =𝐺

𝑛−1 (𝜂, 𝜒) =
(
𝐺2 (𝜂, 𝜒)

) (𝑛−1)/2
= 𝑞

(𝑛−1)/2 · 𝜂
(
(−1) (𝑛−1)/2

)
So in both cases

𝑍 (𝑔(𝑋1, . . . ,𝑋𝑛) = 𝛼) = 𝑞𝑛−1 + 𝑞 (𝑛−1)/2 · 𝜂
(
(−1) (𝑛−1)/2 · 𝛼 · det(𝑓 )

)
This expression works for 𝛼 = 0 because then the second term becomes zero.

Hence we have theorem. ■
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Note:-
For any general degree-2 polynomial 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] there exists 𝑔,ℎ ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] where 𝑔 is a quadratic form
and deg(ℎ) ≤ 1. Then by some non-singular linear transformation we can transform 𝑓 into an equivalent diagonal
quadratic form. Then we obtain an equation of following form:

𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝑎1𝑋
2
1 + · · ·𝑎𝑘𝑋 2

𝑘
+𝑏1𝑋1 + · · ·𝑏𝑛𝑋𝑛

where 𝑎𝑖 ∈ F∗𝑞 for all 𝑖 ∈ [𝑘], 𝑘 ≤ 𝑛 and 𝑏 𝑗 ∈ F𝑞 for all 𝑗 ∈ [𝑛]. Hence for any 𝛼 ∈ F𝑞 , the number of solutions of
𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝛼 is same as number of solutions of 𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝛼 .
If 𝑘 < 𝑛 then without loss of generality we can assume 𝑏𝑛 ≠ 0. Then the number of solutions is 𝑞𝑛−1 as we can
arbitrarily substitute elements for 𝑋1, . . . ,𝑋𝑛−1 and then value of 𝑋𝑛 is uniquely determined.
If 𝑘 = 𝑛 then takes the non-singular linear transformation 𝑋𝑖 = 𝑌𝑖 − 𝑏𝑖 (2𝑎𝑖 )−1 for all 𝑖 ∈ [𝑛] gives an equivalent
diagonal quadratic form 𝑎1𝑌

2
1 + · · · + 𝑎𝑛𝑌 2

𝑛 = 𝑐 for some 𝑐 ∈ F𝑞 . Now we can use Theorem 3.4.5 to find the number of
solutions.

3.4.2 Even Characteristic Quadratic Forms

We will now study quadratic forms and its number of solutions over finite fields F𝑞 with char(F𝑞) = 2 i.e. 𝑞 is even. Again
like in the case of odd characteristic we will first reduce any general quadratic form to canonical forms and then we will
try to find the number of solutions of such canonical forms.

For even characteristic fields we define non-degenerate quadratic forms differently. Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] is a
quadratic form in 𝑛-variables. Then 𝑓 is called non-degenerate if 𝑓 is not equivalent to a quadratic form in fewer than 𝑛
variables.

Note:-
This definition is consistent with the odd-characteristic case: there, if 𝑓 is equivalent to a form in fewer than𝑛 variables,
Theorem 3.4.3 and Observation 3.7 show that rank(𝐶𝑓 ) < 𝑛, i.e. det(𝑓 ) = 0, which is the standard criterion for
degeneracy. So in both characteristics one can reduce to the non-degenerate case by passing to the equivalent form in
fewer variables.

Lemma 3.4.6 Reduction for Quadratic Forms in even characteristic

A non-degenerate quadratic form 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] with 𝑞 even and 𝑛 ≥ 3 is equivalent to 𝑋1𝑋2 + 𝑔(𝑋3, . . . ,𝑋𝑛)
where 𝑔 is a quadratic form in 𝑛 − 2 variables.

Proof: First we will show that 𝑓 is equivalent to a quadratic form where coefficient of 𝑋 2
1 is 0. So let

𝑓 (𝑋1, . . . ,𝑋𝑛) =
∑︁

𝑖 ,𝑗∈[𝑛]
𝑎𝑖 ,𝑗𝑋𝑖𝑋 𝑗

where 𝑎𝑖 ,𝑗 = 𝑎 𝑗 ,𝑖 ∈ F𝑞 . If there exists 𝑖 ∈ [𝑛] such that 𝑎𝑖 ,𝑖 = 0 then we can permute the variables so that 𝑋𝑖 goes to 𝑋1
and thus 𝑎1,1 = 0. So assume 𝑎𝑖 ,𝑖 ≠ 0 for all 𝑖 ∈ [𝑛]. Now if 𝑎𝑖 ,𝑗 = 0 for all 𝑖 ≠ 𝑗 then

𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝑎1,1𝑋
2
1 + · · · + 𝑎𝑛,𝑛𝑋

2
𝑛 =

(
𝑎
𝑞/2
1,1𝑋1 + · · · + 𝑎

𝑞/2
𝑛,𝑛𝑋𝑛

)2

then 𝑓 is equivalent to 𝑌 2
1 by the non-singular linear transformation

𝑌1 = 𝑎
𝑞/2
1,1𝑋1 + · · · + 𝑎

𝑞/2
𝑛,𝑛𝑋𝑛

𝑌𝑖 = 𝑋𝑖 ∀ 𝑖 ∈ {2, . . . ,𝑛}

This contradicts the non-degenerate property of 𝑓 E So there exists 𝑖 , 𝑗 ∈ [𝑛], 𝑖 ≠ 𝑗 such that 𝑎𝑖 ,𝑗 ≠ 0. Without loss of
generality suppose 𝑎2,3 ≠ 0. Now

𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝑎2,2𝑋2 +𝑋2 (𝑎1,2𝑋1 + 𝑎2,3𝑋3 + · · · + 𝑎2,𝑛𝑋𝑛) +𝑔1 (𝑋1,𝑋3 . . . ,𝑋𝑛)
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Then take the non-singular linear transformation

𝑌3 = 𝑎
−1
2,3 (𝑎1,2𝑋1 + 𝑎2,3𝑋3 + · · · + 𝑎2,𝑛𝑋𝑛)

𝑌𝑖 = 𝑋𝑖 ∀ 𝑖 ∈ [𝑛] \ {3}

This gives an equivalent quadratic form 𝑎22𝑌
2
2 +𝑌2𝑌3 + 𝑔2 (𝑌1,𝑌3, . . . ,𝑌𝑛). Let 𝑏 is the coefficient of 𝑋 2

1 in 𝑔2. So now take
the non-singular linear transformation

𝑍2 =
(
𝑎−1

2,2𝑏
)𝑞/2

𝑌1 +𝑌2

𝑍𝑖 = 𝑌𝑖 ∀ 𝑖 ∈ [𝑛] \ {2}

This transformation makes the coefficient of 𝑍 2
1 to be 0. Now we’ll use 𝑓 to denote this final quadratic form with variables

𝑋1, . . . ,𝑋𝑛 . Since 𝑓 is non-degenerate not all 𝑎𝑖 ,𝑗 ’s are 0 where 𝑖 ≠ 𝑗 . Without loss of generality suppose 𝑎1,2 ≠ 0. Then
take the non-singular linear transformation

𝑌2 = 𝑎
−1
1,2 (𝑌2 + 𝑎1,3𝑌3 + · · · + 𝑎1,𝑛𝑌𝑛)

𝑌𝑖 = 𝑋𝑖 ∀ 𝑖 ∈ [𝑛] \ {2}

Then we get a quadratic form of the type
𝑌1𝑌2 +

∑︁
2≤𝑖 ,𝑗≤𝑛

𝑐𝑖 ,𝑗𝑌𝑖𝑌𝑗

where 𝑐𝑖 ,𝑗 ∈ F𝑞 for all 2 ≤ 𝑖 , 𝑗 ≤ 𝑛. So take the non-singular linear transformation

𝑍1 = 𝑌1 + 𝑐2,2𝑌2 + · · · + 𝑐2,𝑛𝑌𝑛

𝑍𝑖 = 𝑌𝑖 ∀ 𝑖 ∈ [𝑛] \ {1}

This transformation gives a quadratic form of the type 𝑍1𝑍2 +𝑔3 (𝑍3, . . . ,𝑍𝑛). So we have the lemma. ■

So now we will use this theorem to find proper canonical forms for any general quadratic forms. But we have to
treat the cases of odd and even number of variables separately.

Theorem 3.4.7 Canonical Forms for even characteristic

Let 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] be a non-degenerate quadratic form with 𝑞 even.

(i) If 𝑛 is odd then 𝑓 is equivalent to 𝑋1𝑋2 +𝑋3𝑋4 + · · · +𝑋𝑛−2𝑋𝑛−1 +𝑋 2
𝑛 .

(ii) If 𝑛 is even then 𝑓 is

(a) either equivalent to 𝑋1𝑋2 + · · · +𝑋𝑛−1𝑋𝑛 ,

(b) or to 𝑋1𝑋2 + · · · + 𝑋𝑛−3𝑋𝑛−2 + 𝑋 2
𝑛−1 + 𝑎 · 𝑋 2

𝑛 where 𝑎 ∈ F𝑞 satisfies Tr(𝑎) = 1 where Tr is the absolute
trace function from F𝑞 to F2.

Proof:

(i) Suppose 𝑛 is odd. By applying Lemma 3.4.6 again and again on 𝑓 we get an equivalent quadratic form of the type
𝑋1𝑋2 +𝑋3𝑋4 + · · · +𝑋𝑛−2𝑋𝑛−1 + 𝑎𝑋 2

𝑛 for some 𝑎 ∈ F∗𝑞 . Then take the non-singular linear transformation

𝑌𝑛 = 𝑎−
𝑞/2𝑋𝑛

𝑌𝑖 = 𝑋𝑖 ∀ 𝑖 ∈ [𝑛 − 1]

Then we get the desired quadratic form.
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(ii) So now assume 𝑛 is even. Again by applying Lemma 3.4.6 again and again on 𝑓 we get an equivalent quadratic form
of the type

𝑋1𝑋2 + · · · +𝑋𝑛−3𝑋𝑛−2 +𝑏𝑋 2
𝑛−1 + 𝑐𝑋𝑛−1𝑋𝑛 +𝑑𝑋 2

𝑛

with 𝑏, 𝑐 ,𝑑 ∈ F𝑞 . If 𝑐 = 0 then take the non-singular linear transformation

𝑌𝑛−1 = 𝑏
𝑞/2𝑋𝑛−1 +𝑑𝑞/2𝑋𝑛

𝑌𝑖 = 𝑋𝑖 ∀ 𝑖 ∈ [𝑛] \ {𝑛 − 1}

Then we get a quadratic form with (𝑛 − 1)-variables. But 𝑓 is non-degenerate. Hence contradiction E Therefore
𝑐 ∈ F∗𝑞 .

If 𝑏 = 0 then take the non-singular linear transformation

𝑌𝑛−1 = 𝑐𝑋𝑛−1 +𝑑𝑋𝑛
𝑌𝑖 = 𝑋𝑖 ∀ 𝑖 ∈ [𝑛] \ {𝑛 − 1}

With this transformation we get the first form.

If 𝑏 ≠ 0 then take the non-singular linear transformation

𝑌𝑛−1 = 𝑏
−𝑞/2𝑋𝑛−1

𝑌𝑛 = 𝑏
𝑞/2𝑐−1𝑋𝑛

𝑌𝑖 = 𝑋𝑖 ∀ 𝑖 ∈ [𝑛 − 2]

Then we get a quadratic form of the type

𝑌1𝑌2 + · · · +𝑌𝑛−3𝑌𝑛−2 +𝑌 2
𝑛−1 +𝑌𝑛−1𝑌𝑛 + 𝑎𝑌 2

𝑛

for some 𝑎 ∈ F𝑞 . If 𝑋 2 +𝑋 + 𝑎 is reducible in F𝑞 then there exists 𝑐1, 𝑐2 ∈ F𝑞 such that

𝑋 2 +𝑋 + 𝑎 = (𝑋 + 𝑐1) (𝑋 + 𝑐2) =⇒ 𝑌 2
𝑛−1 +𝑌𝑛−1𝑌𝑛 + 𝑎𝑌 2

𝑛 = (𝑌𝑛−1 + 𝑐1𝑌𝑛) (𝑌𝑛−1 + 𝑐2𝑌𝑛)

Therefore if we take the non-singular linear transformation

𝑍𝑛−1 = 𝑌𝑛−1 + 𝑐1𝑌𝑛

𝑍𝑛 = 𝑌𝑛−1 + 𝑐2𝑌𝑛

𝑍𝑖 = 𝑌𝑖 ∀ 𝑖 ∈ [𝑛 − 2]

then we get a quadratic form of the first form. Now 𝑋 2 +𝑋 + 𝑎 is irreducible in F𝑞 [𝑋 ] if Tr(𝑎) = 1. Then we have
the second form.

Therefore we have the canonical forms for all cases. ■

Now by the above theorem it suffices to only find the number of solutions for canonical non-degenerate quadratic forms.
We will first show two results on two variable version then we will use it to show the general version.

Lemma 3.4.8 Solutions of a Two-Variable Quadratic Form in even characteristic

For even 𝑞, let 𝑎,𝛼 ∈ F𝑞 with Tr(𝑎) = 1. Then

𝑍
(
𝑋 2

1 +𝑋1𝑋2 + 𝑎𝑋 2
2 = 𝛼

)
= 𝑞 − 𝜗 (𝛼).

where Tr is the absolute trace function from F𝑞 to F2.
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Proof: Since Tr(𝑎) = 1 the polynomial 𝑋 2 + 𝑋 + 𝑎 is irrducible in F𝑞 [𝑋 ]. So there exists 𝛾 ∈ F𝑞2 \ F𝑞 such that
𝑋 2 +𝑋 + 𝑎 = (𝑋 +𝛾) (𝑋 +𝛾𝑞). So

𝑓 (𝑋1,𝑋2) = 𝑋 2
1 +𝑋1𝑋2 + 𝑎𝑋 2

2 = (𝑋1 +𝛾𝑋2) (𝑋1 +𝛾𝑞𝑋2)

Therefore for any (𝛽1, 𝛽2) ∈ F2
𝑞 we have

𝑓 (𝛽1, 𝛽2) = (𝛽1 +𝛾𝛽2) (𝛽1 +𝛾𝑞𝛽2) = (𝛽1 +𝛾𝛽2) (𝛽1 +𝛾𝛽2)𝑞 = (𝛽1 +𝛾𝛽2)𝑞+1

So we get

𝑍 (𝑓 (𝑋1,𝑋2) = 𝛼) = |{𝛾 ∈ F𝑞2 : 𝛾𝑞+1 = 𝛼}|

Hence if 𝛼 = 0 then 𝑍
(
𝑋 2

1 +𝑋1𝑋2 + 𝑎𝑋 2
2 = 0

)
= 1 = 𝑞 − 𝜗 (0). If 𝛼 ≠ 0 since F∗

𝑞2 is cyclic we have 𝛼 (𝑞2−1)/𝑞+1 = 𝛼𝑞−1 = 1 and
hence there are 𝑞 + 1 elements in F𝑞2 such that 𝛾𝑞+1 = 𝛼 . Hence 𝑍

(
𝑋 2

1 +𝑋1𝑋2 + 𝑎𝑋 2
2 = 𝛼

)
= 𝑞 + 1 = 𝑞 + 𝜗 (𝛼). ■

Lemma 3.4.9

For even 𝑞, let 𝛼 ∈ F𝑞 . Then 𝑍 (𝑋1𝑋2 = 𝛼) = 𝑞 + 𝜗 (𝛼).

Proof: If 𝛼 ≠ 0 then both 𝑋1 and 𝑋2 has to be assigned with non-zero values. After assigning 𝑋1 arbitrarily from F∗𝑞 the
value of 𝑋2 gets uniquely determined. Therefore 𝑍 (𝑋1𝑋2 = 𝛼) = 𝑞 − 1 = 𝑞 + 𝜗 (𝛼).

Suppose 𝛼 = 0. Then at least one of 𝑋1 or 𝑋2 gets assigned 0. Then the other variable can take any value from F∗𝑞 .
Therefore there are 2𝑞 − 1 such solutions. Hence 𝑍 (𝑋1𝑋2 = 𝛼) = 2𝑞 − 1 = 𝑞 + 𝜗 (𝛼). So we have the lemma. ■

Theorem 3.4.10 Solution Counts for Canonical Quadratic Forms in even characteristic

Let F𝑞 be a finite field with 𝑞 even. Then for any 𝛼 ∈ F𝑞 :

(i) If 𝑛 is odd, 𝑍
(
𝑋1𝑋2 + · · · +𝑋𝑛−2𝑋𝑛−1 +𝑋 2

𝑛 = 𝛼
)
= 𝑞𝑛−1 + 𝜗 (𝛼) · 𝑞 (𝑛−1)/2.

(ii) If 𝑛 is even:

(a) 𝑍 (𝑋1𝑋2 + · · · +𝑋𝑛−1𝑋𝑛 = 𝛼) = 𝑞𝑛−1 + 𝜗 (𝛼) · 𝑞 (𝑛−2)/2;

(b) for 𝑎 ∈ F𝑞 with Tr(𝑎) = 1, then 𝑍
(
𝑋1𝑋2 + · · · +𝑋𝑛−1𝑋𝑛 +𝑋 2

𝑛−1 + 𝑎 ·𝑋 2
𝑛 = 𝛼

)
= 𝑞𝑛−1 − 𝜗 (𝛼) · 𝑞 (𝑛−2)/2,

where Tr is the absolute trace function from F𝑞 to F2.

Proof:

(i) Suppose 𝑛 is odd. Since 𝑞 is even the equation 𝑋 2 = 𝛼 for any 𝛼 ∈ F𝑞 has an unique solution in F𝑞 . There-
fore 𝑍

(
𝑋1𝑋2 + · · · +𝑋𝑛−2𝑋𝑛−1 +𝑋 2

𝑛 = 𝛼
)
= 𝑞𝑛−1 + 𝜗 (𝛼) · 𝑞 (𝑛−1)/2 because after assigning the variables 𝑋1, . . . ,𝑋𝑛−1

arbitrarily the value of 𝑋𝑛 is uniquely determined.
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(ii) So let 𝑛 is even. Let𝑚 = 𝑛/2. Then we have

𝑍 (𝑋1𝑋2 + · · · +𝑋𝑛−1𝑋𝑛 = 𝛼) =
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑛∏
𝑗=1

𝑍 (𝑋2𝑗−1𝑋2𝑗 = 𝛼 𝑗 )

=
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑚∏
𝑗=1
(𝑞 + 𝜗 (𝛼 𝑗 )) [By Lemma 3.4.9]

= 𝑞2𝑚−1 +
∑︁

𝛼1 ,...,𝛼𝑚∈F𝑞
𝛼1+···+𝛼𝑚=𝛼

𝑚∏
𝑗=1

𝜗 (𝛼 𝑗 )

= 𝑞2𝑚−1 + 𝜗 (𝛼) · 𝑞𝑚−1 = 𝑞𝑛−1 + 𝜗 (𝛼) · 𝑞 (𝑛−2)/2 [By Lemma 3.4.1]

So we have the first part. Now for the second part we already showed the 𝑛 = 2 case in Lemma 3.4.8. So assume
𝑛 ≥ 4.

𝑍
(
𝑋1𝑋2 + · · · +𝑋𝑛−3𝑋𝑛−2 +𝑋 2

𝑛−1 + 𝑎 ·𝑋 2
𝑛 = 𝛼

)
=

∑︁
𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝑍 (𝑋1𝑋2 + · · · +𝑋𝑛−3𝑋𝑛−2 = 𝛼1) · 𝑍 (𝑋𝑛−1𝑋𝑛 +𝑋 2
𝑛−1 + 𝑎 ·𝑋 2

𝑛 = 𝛼2)

=
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

(
𝑞𝑛−3 + 𝜗 (𝛼1) · 𝑞 (𝑛−4)/2

)
(𝑞 − 𝜗 (𝛼2)) [By first part and Lemma 3.4.8]

= 𝑞𝑛−1 − 𝑞 (𝑛−4)/2
∑︁

𝛼1 ,𝛼2∈F𝑞
𝛼1+𝛼2=𝛼

𝜗 (𝛼1) · 𝜗 (𝛼2) [By Lemma 3.4.1]

= 𝑞𝑛−1 − 𝑞 (𝑛−4)/2 · 𝑞 · 𝜗 (𝛼)
= 𝑞𝑛−1 − 𝜗 (𝛼) · 𝑞 (𝑛−2)/2

So now we have the result for second part

Therefore we get the values of number of solutions of quadratic forms in even characteristic finite fields. ■

§ 3.5 Diagonal Equations

In the previous section we talked about equations involving diagonal quadratic forms. These are a special case of much
general family of equations called diagonal equations

Definition 3.5.1: Diagonall Equations

A diagonal equation over F𝑞 is an equation of the type

𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼

for some positive integers 𝑘1, . . . ,𝑘𝑛 ∈ N with coefficients 𝑎1, . . . ,𝑎𝑛 ∈ F∗𝑞 and 𝛼 ∈ F𝑞 .
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3.5.1 Counting Solutions using Jacobi Sums

Now we express the number of solutions 𝑍
(
𝑎1𝑋

𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼

)
in terms of Jacobi sums.

𝑍

(
𝑎1𝑋

𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼

)
=

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

𝑛∏
𝑗=1

𝑍

(
𝑎 𝑗𝑋

𝑘 𝑗
𝑗

= 𝛼 𝑗

)
=

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

𝑛∏
𝑗=1

𝑍

(
𝑋
𝑘 𝑗
𝑗

= 𝑎−1
𝑗 𝛼 𝑗

)
Let 𝜆 is a multiplicative character of F𝑞 with ord(𝜆) = 𝑑 = gcd(𝑘 ,𝑞 − 1). Then for any 𝑘 ∈ N and 𝛾 ∈ F𝑞 we have
𝑍 (𝑋𝑘 = 𝛾) = ∑𝑑−1

𝑗=0 𝜆
𝑗 . So here let for 𝑗 ∈ [𝑛] let 𝑑𝑖 = gcd(𝑘𝑖 ,𝑞 − 1) and 𝜆𝑖 is the multiplicative character of F𝑞 of order 𝑑𝑖 .

Then we have

𝑍

(
𝑎 𝑗𝑋

𝑘 𝑗
𝑗

= 𝛼 𝑗

)
=

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

𝑛∏
𝑗=1

𝑍

(
𝑋
𝑘 𝑗
𝑗

= 𝑎−1
𝑗 𝛼 𝑗

)
=

∑︁
𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

(
𝑑1−1∑︁
𝑡1=0

𝜆
𝑡1
1 (𝑎

−1
1 𝛼1)

)
· · ·

(
𝑑𝑛−1∑︁
𝑡𝑛=0

𝜆𝑡𝑛𝑛 (𝑎−1
𝑛 𝛼𝑛)

)

=

𝑑1−1∑︁
𝑡1=0
· · ·

𝑑𝑛−1∑︁
𝑡𝑛=0

𝜆
𝑡1
1 (𝑎

−1
1 ) · · · 𝜆𝑡𝑛𝑛 (𝑎−1

𝑛 )
∑︁

𝛼1 ,...,𝛼𝑛∈F𝑞
𝛼1+···+𝛼𝑛=𝛼

𝜆
𝑡1
1 (𝛼1) · · · 𝜆𝑡𝑛𝑛 (𝛼𝑛)

=

𝑑1−1∑︁
𝑡1=0
· · ·

𝑑𝑛−1∑︁
𝑡𝑛=0

𝜆
𝑡1
1 (𝑎1) · · · 𝜆

𝑡𝑛

𝑛 (𝑎𝑛) · 𝐽𝛼
(
𝜆
𝑡1
1 , . . . , 𝜆𝑡𝑛𝑛

)
If (𝑡1, . . . , 𝑡𝑛) = (0, . . . ,𝑜) then by Theorem 2.4.6(i) we have 𝐽𝛼 (𝜆𝑡11 , . . . , 𝜆𝑡𝑛𝑛 ) = 𝑞𝑛−1. Also by Theorem 2.4.6(ii) if at least one
of 𝑡 𝑗 is zero then 𝐽𝛼 (𝜆𝑡11 , . . . , 𝜆𝑡𝑛𝑛 ) = 0. So we have

𝑍

(
𝑎 𝑗𝑋

𝑘 𝑗
𝑗

= 𝛼 𝑗

)
= 𝑞𝑛−1 +

𝑑1−1∑︁
𝑡1=1
· · ·

𝑑𝑛−1∑︁
𝑡𝑛=1

𝜆
𝑡1
1 (𝑎1) · · · 𝜆

𝑡𝑛

𝑛 (𝑎𝑛) · 𝐽𝛼
(
𝜆
𝑡1
1 , . . . , 𝜆𝑡𝑛𝑛

)
So we have the following observation:

Observation 3.9. For any 𝛼 ∈ F𝑞 let 𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼 is a diagonal equation with 𝑘1, . . . ,𝑘𝑛 ∈ N and 𝑎1, . . . ,𝑎𝑛 ∈

F∗𝑞 . Suppose for all 𝑖 ∈ [𝑛], 𝑑𝑖 = gcd(𝑘𝑖 ,𝑞 − 1) and 𝜆𝑖 ∈M𝑞 be a multiplicative character of F𝑞 of order 𝑑𝑖 , then

𝑍

(
𝑎 𝑗𝑋

𝑘 𝑗
𝑗

= 𝛼 𝑗

)
= 𝑞𝑛−1 +

𝑑1−1∑︁
𝑡1=1
· · ·

𝑑𝑛−1∑︁
𝑡𝑛=1

𝜆
𝑡1
1 (𝑎1) · · · 𝜆

𝑡𝑛

𝑛 (𝑎𝑛) · 𝐽𝛼
(
𝜆
𝑡1
1 , . . . , 𝜆𝑡𝑛𝑛

)
(3.6)

Now we distinguish the cases when 𝛼 = 0 and when 𝛼 ≠ 0. If 𝛼 = 0 then by Lemma 2.4.2(i) for any (𝑡1, . . . , 𝑡𝑛) if
𝜆
𝑡1
1 · · · 𝜆

𝑡𝑛
𝑛 is non-trivial then 𝐽0

(
𝜆
𝑡1
1 , . . . , 𝜆𝑡𝑛𝑛

)
= 0. So let 𝑇 denote the set of all tuples (𝑡1, . . . , 𝑡𝑛) ∈

>𝑛
𝑖=1 [𝑑𝑖 − 1] such that

𝜆
𝑡1
1 · · · 𝜆

𝑡𝑛
𝑛 is trivial. Then we have the following result

Theorem 3.5.1 Solution Count for Diagonal Equations at Zero

For any diagonal equation 𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 0 with 𝑘1, . . . ,𝑘𝑛 ∈ N and 𝑎1, . . . ,𝑎𝑛 ∈ F∗𝑞 , the number of solutions

is
𝑍

(
𝑎1𝑋

𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 0

)
= 𝑞𝑛−1 +

∑︁
(𝑡1 ,...,𝑡𝑛 ) ∈𝑇

𝜆
𝑡1
1 (𝑎1) · · · 𝜆

𝑡𝑛

𝑛 (𝑎𝑛) · 𝐽0
(
𝜆
𝑡1
1 , . . . , 𝜆𝑡𝑛𝑛

)
,

where 𝑑𝑖 = gcd(𝑘𝑖 ,𝑞 − 1), 𝜆𝑖 has order 𝑑𝑖 , and 𝑇 is the set of tuples (𝑡1, . . . , 𝑡𝑛) with each 𝑡𝑖 ≥ 1 such that 𝜆𝑡11 · · · 𝜆
𝑡𝑛
𝑛 is

trivial.

Now we can a trivial upper bound on the set 𝑇 . Since 𝑇 ⊆ >𝑛
𝑖=1 [𝑑𝑖 − 1] we have |𝑇 | ≤∏𝑛

𝑖=1 (𝑑𝑖 − 1). So we get the
following upper bound from the above theorem.
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Corollary 3.5.2 Bound on Solutions of Diagonal Equation at Zero

For any diagonal equation 𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 0 with 𝑘1, . . . ,𝑘𝑛 ∈ N and 𝑎1, . . . ,𝑎𝑛 ∈ F∗𝑞 ,���𝑍 (

𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 0

)
− 𝑞𝑛−1

��� ≤ (𝑞 − 1) · 𝑞𝑛/2−1
𝑛∏
𝑖=1
(𝑑𝑖 − 1),

where 𝑑𝑖 = gcd(𝑘𝑖 ,𝑞 − 1) for all 𝑖 ∈ [𝑛].

Proof: For all (𝑡1, . . . , 𝑡𝑛) ∈ 𝑇 we have 𝜆𝑡11 · · · 𝜆
𝑡𝑛
𝑛 is trivial. Therefore |𝐽0 (𝜆𝑡11 , . . . , 𝜆𝑡𝑛𝑛 ) | = (𝑞 − 1) · 𝑞 (𝑛−2)/2 by Theo-

rem 2.4.6(iv) Therefore using the trivial bound of 𝑇 and absolute value of |𝐽0 (𝜆𝑡11 , . . . , 𝜆𝑡𝑛𝑛 ) | we get the above result. ■

Let 𝜆 is the generator of M𝑞 . Then for all 𝑖 ∈ [𝑛], 𝜆𝑖 = 𝜆 (𝑞−1)/𝑑𝑖 . Hence

𝜆
𝑡1
1 · · · 𝜆

𝑡𝑛
𝑛 = 𝜆

𝑡1
𝑞−1
𝑑1
+···+𝑡𝑛 𝑞−1

𝑑𝑛 = 𝜆
(𝑞−1)

(
𝑡1
𝑑1
· · ·+ 𝑡𝑛

𝑑𝑛

)
Therefore 𝜆𝑡11 · · · 𝜆

𝑡𝑛
𝑛 is trivial if and only if

∑𝑛
𝑖=1

𝑡𝑖
𝑑𝑖
∈ Z. So let 𝑀 (𝑑1, . . . ,𝑑𝑛) is the number of all tuples (𝑡1, . . . , 𝑡𝑛) ∈>𝑛

𝑖=1 [𝑑𝑖 − 1] such that
∑𝑛
𝑖=1

𝑡𝑖
𝑑𝑖
∈ Z. Therefore |𝑇 | =𝑀 (𝑑1, . . . ,𝑑𝑛). So we have the following theorem.

Corollary 3.5.3 Bound on Solutions of Diagonal Equation at Zero (via 𝑀)

For any diagonal equation 𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 0 with 𝑘1, . . . ,𝑘𝑛 ∈ N and 𝑎1, . . . ,𝑎𝑛 ∈ F∗𝑞 ,���𝑍 (

𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 0

)
− 𝑞𝑛−1

��� ≤ (𝑞 − 1) · 𝑞 (𝑛−2)/2 ·𝑀 (𝑑1, . . . ,𝑑𝑛),

where 𝑑𝑖 = gcd(𝑘𝑖 ,𝑞 − 1) for all 𝑖 ∈ [𝑛].

So now assume 𝛼 ≠ 0 then we have 𝐽𝛼 (𝜆𝑡11 , . . . , 𝜆𝑡𝑛𝑛 ) =
(
𝜆
𝑡1
1 · · · 𝜆

𝑡𝑛
𝑛

)
(𝛼) 𝐽 (𝜆𝑡11 , . . . , 𝜆𝑡𝑛𝑛 ). So we get the following

formulation of number of solutions for 𝛼 ≠ 0.

Theorem 3.5.4 Solution Count for Diagonal Equations at Nonzero Values

Let 𝛼 ∈ F∗𝑞 . For any diagonal equation 𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼 with 𝑘1, . . . ,𝑘𝑛 ∈ N and 𝑎1, . . . ,𝑎𝑛 ∈ F∗𝑞 ,

𝑍

(
𝑎1𝑋

𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼

)
= 𝑞𝑛−1 +

𝑑1−1∑︁
𝑡1=1
· · ·

𝑑𝑛−1∑︁
𝑡𝑛=1

𝜆
𝑡1
1 (𝑎

−1
1 𝛼) · · · 𝜆𝑡𝑛𝑛 (𝑎−1

𝑛 𝛼) · 𝐽
(
𝜆
𝑡1
1 , . . . , 𝜆𝑡𝑛𝑛

)
,

where 𝑑𝑖 = gcd(𝑘𝑖 ,𝑞 − 1) and 𝜆𝑖 ∈M𝑞 has order 𝑑𝑖 for all 𝑖 ∈ [𝑛].

Now we will show another way to find the number of solutions for 𝛼 ≠ 0 using the notation𝑀 (𝑑1, . . . ,𝑑𝑛) we used
in the case of 𝛼 = 0.

Theorem 3.5.5 Bound on Solutions of Diagonal Equation at Nonzero Values

Let 𝛼 ∈ F∗𝑞 . For any diagonal equation 𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼 with 𝑘1, . . . ,𝑘𝑛 ∈ N and 𝑎1, . . . ,𝑎𝑛 ∈ F∗𝑞 ,���𝑍 (

𝑎1𝑋
𝑘1
1 + · · · + 𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼

)
− 𝑞𝑛−1

��� ≤ [
𝑛∏
𝑖=1
(𝑑𝑖 − 1) −

(
1 − 𝑞−1/2

)
·𝑀 (𝑑1, . . . ,𝑑𝑛)

]
𝑞
(𝑛−2)/2.

Proof: By Theorem 2.4.6(iii-iv) if 𝛼 ≠ 0 then |𝐽𝛼 (𝜆𝑡11 , . . . , 𝜆𝑡𝑛𝑛 ) | = 𝑞 (𝑛−1)/2. So we have���𝑍 (
𝑎1𝑋

𝑘1
1 + · · ·𝑎𝑛𝑋

𝑘𝑛
𝑛 = 𝛼

)
− 𝑞𝑛−1

��� ≤ [
𝑛∏
𝑖=1
(𝑑𝑖 − 1) − |𝑇 |

]
𝑞
(𝑛−1)/2 + |𝑇 | · 𝑞 (𝑞−2)/2 =

[
𝑛∏
𝑖=1
(𝑑𝑖 − 1) −

(
1 − 𝑞−1/2

)
|𝑇 |

]
𝑞
(𝑛−1)/2
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Since |𝑇 | =𝑀 (𝑑1, . . . ,𝑑𝑛) we have the theorem. ■

3.5.2 A General Formula of 𝑀 (𝑑1, . . . ,𝑑𝑛)

We follow the notation from the previous subsection. Now suppose one of the 𝑑𝑖 is relatively prime to all other 𝑑 𝑗 ’s where
𝑗 ≠ 𝑖 i.e. gcd(𝑑𝑖 ,𝑑 𝑗 ) = 1 for all 𝑗 ∈ [𝑛], 𝑗 ≠ 𝑖 . If for some (𝑡1, . . . , 𝑡𝑛) ∈

>𝑛
𝑖=1 [𝑑𝑖 − 1] we have

∑𝑛
𝑖=1

𝑡𝑖
𝑑𝑖

=𝑚 ∈ Z then we
have

𝑡1 · (𝑑2 · · ·𝑑𝑛) + 𝑘 · 𝑑1 =𝑚 · (𝑑1, 𝑐 . . . 𝑑𝑛)

Thus 𝑡1 · (𝑑2 · · ·𝑑𝑛) ≡ 0 mod 𝑑1. Since 𝑑1 is relatively prime with all other 𝑑 𝑗 for all 𝑗 ∈ {2, . . . ,𝑛} we have 𝑑1 | 𝑡1. Hence
contradiction E Hence such tuple (𝑡1, . . . , 𝑡𝑛) does not exist. Therefore 𝑀 (𝑑1, . . . ,𝑑𝑛) = 0.

Now we already have a trivial upper bound on 𝑀 (𝑑1, . . . ,𝑑𝑛) ≤
∏𝑛
𝑖=1(𝑑𝑖 − 1). We will give a general formula for

𝑀 (𝑑1, . . . ,𝑑𝑛). Suppose 𝐷 = lcm(𝑑1, . . . ,𝑑𝑛). Then for any tuple (𝑡1, . . . , 𝑡𝑛) ∈
>𝑛

𝑖=1 [𝑑𝑖 − 1] observe that

1
𝐷

𝐷−1∑︁
ℎ=0

exp
[
2𝜋𝑖ℎ

(
𝑡1
𝑑1
+ · · · + 𝑡𝑛

𝑑𝑛

)]
=


1 if 𝑡1

𝑑1
+ · · · + 𝑡𝑛

𝑑𝑛
∈ Z

0 otherwise
(3.7)

Then using this expression we have

𝑀 (𝑑1, . . . ,𝑑𝑛) =
𝑑1−1∑︁
𝑡1=1
· · ·

𝑑𝑛−1∑︁
𝑡𝑛=1

1
𝐷

𝐷−1∑︁
ℎ=0

exp
[
2𝜋𝑖ℎ

𝑛∑︁
𝑖=1

𝑡𝑖

𝑑𝑖

]
=

1
𝐷

𝐷−1∑︁
ℎ=0

(
𝑑1−1∑︁
𝑡1=1

exp
[
𝑡1 ·

ℎ

𝑑1

] )
· · ·

(
𝑑𝑛−1∑︁
𝑡𝑛=1

exp
[
𝑡𝑛 ·

ℎ

𝑑𝑛

] )
=

1
𝐷

𝐷−1∑︁
ℎ=0

𝑛∏
𝑖=1

(
𝑑𝑖−1∑︁
𝑡𝑖=1

exp
[
𝑡𝑖 ·

ℎ

𝑑𝑖

] )
=

1
𝐷

𝐷−1∑︁
ℎ=0

𝑛∏
𝑖=1

(
𝑑𝑖−1∑︁
𝑡𝑖=0

exp
[
𝑡𝑖 ·

ℎ

𝑑𝑖

]
− 1

)
=

1
𝐷

𝐷−1∑︁
ℎ=0

(−1)𝑛 +
𝑛∑︁
𝑘=1
(−1)𝑛−𝑘

∑︁
1≤𝑖1<· · ·<𝑖𝑘 ≤𝑛

©­«
𝑑𝑖1−1∑︁
𝑡𝑖1=0

exp
[
𝑡𝑖1

ℎ

𝑑𝑖1

]ª®¬ · · · ©­«
𝑑𝑖𝑛 −1∑︁
𝑡𝑖𝑛=0

exp
[
𝑡𝑖𝑛

ℎ

𝑑𝑖𝑛

]ª®¬


= (−1)𝑛 + 1
𝐷

𝐷−1∑︁
ℎ=0

𝑛∑︁
𝑘=1
(−1)𝑛−𝑘

∑︁
1≤𝑖1<· · ·<𝑖𝑘 ≤𝑛

𝑘∏
𝑗=1

©­«
𝑑𝑖 𝑗 −1∑︁
𝑡𝑖 𝑗 =0

exp
[
𝑡𝑖 𝑗

ℎ

𝑑𝑖 𝑗

] ª®¬
Now for any 𝑑 ∈ N we have

𝑑∑︁
𝑗=0

exp
[
𝑗
ℎ

𝑑

]
=


𝑑 if ℎ ≡ 0 mod 𝑑

0 otherwise

So in the product term at the end of the last expression survives if 𝑑𝑖 𝑗 | ℎ for all 𝑗 ∈ [𝑘] i.e. lcm(𝑑𝑖1 , · · · ,𝑑𝑖𝑘 ) | ℎ. So in the
product at the end of last expression we obtain

𝑘∏
𝑗=1

©­«
𝑑𝑖 𝑗 −1∑︁
𝑡𝑖 𝑗 =0

exp
[
𝑡𝑖 𝑗

ℎ

𝑑𝑖 𝑗

]ª®¬ =


𝑑𝑖1 · · ·𝑑𝑖𝑘 if 𝑑𝑖 𝑗 | ℎ for all 𝑗 ∈ [𝑘]
0 otherwise
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Hence we have

𝑀 (𝑑1, . . . ,𝑑𝑛) = (−1)𝑛 + 1
𝐷

𝐷−1∑︁
ℎ=0

𝑛∑︁
𝑘=1
(−1)𝑛−𝑘

∑︁
1≤𝑖1<· · ·<𝑖𝑘 ≤𝑛

lcm(𝑑𝑖1 ,...,𝑑𝑖𝑘 ) |ℎ

(
𝑑𝑖1 · · ·𝑑𝑖𝑘

)
= (−1)𝑛 +

𝐷−1∑︁
ℎ=0

𝑛∑︁
𝑘=1
(−1)𝑛−𝑘

∑︁
1≤𝑖1<· · ·<𝑖𝑘 ≤𝑛

(
𝑑𝑖1 · · ·𝑑𝑖𝑘

) 1
𝐷

𝐷−1∑︁
ℎ=0

lcm(𝑑𝑖1 ,...,𝑑𝑖𝑛 ) |ℎ

1

= (−1)𝑛 +
𝐷−1∑︁
ℎ=0

𝑛∑︁
𝑘=1
(−1)𝑛−𝑘

∑︁
1≤𝑖1<· · ·<𝑖𝑘 ≤𝑛

𝑑𝑖1 · · ·𝑑𝑖𝑘
lcm

(
𝑑𝑖1 , . . . ,𝑑𝑖𝑛

)
So we have the following theorem summarizing the formula.

Theorem 3.5.6 Closed Form for 𝑀 (𝑑1, . . . ,𝑑𝑛)
Let 𝑑1, . . . ,𝑑𝑛 ∈ N such that 𝑑𝑖 | 𝑞 − 1 for all 𝑖 ∈ [𝑛] and set 𝐷 = lcm(𝑑1, . . . ,𝑑𝑛). Then

𝑀 (𝑑1, . . . ,𝑑𝑛) = (−1)𝑛 +
𝑛∑︁
𝑘=1
(−1)𝑛−𝑘

∑︁
1≤𝑖1<· · ·<𝑖𝑘 ≤𝑛

𝑑𝑖1 · · ·𝑑𝑖𝑘
lcm

(
𝑑𝑖1 , . . . ,𝑑𝑖𝑘

) .



Chapter 4
Weil Bounds on Special Cases

A central question in arithmetic geometry is: how many F𝑞-rational points does an algebraic curve have? André Weil
established in a series of papers [Wei41, Wei48, Wei49] that for any smooth projective absolutely irreducible curve of
genus 𝑔 over F𝑞 , the number of rational points 𝑁 satisfies |𝑁 − (𝑞 + 1) | ≤ 2𝑔𝑞1/2. In [Wei41] Weil first proved the Riemann
hypothesis for function fields and deduced point-count bounds for hyperelliptic curves. The subsequent papers [Wei48,
Wei49] refined the approach and applied it to exponential sums and equations over finite fields. Weil’s original proof used
the full machinery of algebraic geometry over function fields. This chapter develops the Weil bounds from first principles,
working with two families of curves that are central to analytic number theory: the superelliptic 𝑌𝑑 = 𝑓 (𝑋 ) and the
Artin–Schreier equation 𝑌𝑞 −𝑌 = 𝑓 (𝑋 ).

Character Sums and Rational Points. The number of F𝑞-rational points on 𝑌𝑑 = 𝑓 (𝑋 ) is not just a geometric count;
it encodes the multiplicative character sum

∑
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)). Precisely, if 𝑑 | 𝑞 − 1 and 𝜓 is a non-trivial multiplicative
character of order 𝑑 , then (by Theorem 4.1.9) bounding 𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) is enough to bounding

∑
𝛼 𝜓 (𝑓 (𝛼)). Analogously,

for 𝑌𝑞 − 𝑌 = 𝑓 (𝑋 ), the solution count encodes the additive character sum
∑
𝛼
𝜒 (𝑓 (𝛼)). Proving sharp bounds on these

character sums is the overarching goal of the chapter.

Two Elementary Proofs. The first two sections establish bounds via the polynomial method: constructing an auxiliary
polynomial that vanishes with high multiplicity on the solution set, then comparing degree with zero-count.

§ Section 4.1 (Stepanov Method: 𝑌𝑑 − 𝑓 (𝑋 )) treats the multiplicative case. Many years after Weil’s original proof,
Stepanov [Ste69] discovered an elementary method to count points on hyperelliptic curves, which he subsequently ex-
tended in [Ste70] to prove congruences for a prime modulus and then presented in a unified form at the 1974 ICM [Ste74].
This approach, now known as the Stepanov polynomial method or polynomial method with multiplicities, works by inter-
polating an auxiliary polynomial 𝑄 that vanishes with high multiplicity on the solution set, then comparing degree with
zero-count. It gives |𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) − 𝑞 | ≤ 4𝑑3/2𝑞1/2 (Stepanov’s Theorem). The proof is presented in two ways: first under
the simplifying assumptions gcd(𝑚,𝑑) = 1 and 𝑞 = 𝑝 or 𝑝2; then in full generality, removing the coprimality assump-
tion via a symmetrization argument with the roots of unity. A connection to genus is drawn: H. M. Stark sharpened the
constant 4𝑑3/2 to 2𝑔 for the hyperelliptic case 𝑑 = 2, recovering the Weil bound.

§ Section 4.2 (Bombieri Method: 𝑌𝑞 −𝑌 − 𝑓 (𝑋 )) treats the additive case. Bombieri [Bom] adapted and generalized
Stepanov’s method in his 1972–73 Bourbaki seminar, giving a streamlined treatment that also covers additive character
sums via the Artin–Schreier curve. An auxiliary polynomial is constructed using the trace map on field extensions, yielding
|𝑍𝐸 (𝑌𝑞 − 𝑌 = 𝑓 (𝑋 )) − 𝑞𝑘 | < 𝑞 [𝑘/2]+4 (Bombieri’s Theorem). The strategy parallels Stepanov but exploits the Frobenius
structure of the Artin–Schreier curve.
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L-function Machinery. The bounds from the polynomial method are sharp in the solution count, but to pass to sharp
bounds on character sums one needs to control the individual reciprocal roots 𝑤 𝑗 of an associated 𝐿-function.

§ Section 4.3 (Special 𝐿-functions) constructs the multiplicative function 𝜉 = (𝜓 ◦ 𝜍) · (𝜒 ◦ 𝜚 ) on the group 𝐺 of
rational functions over F𝑞 (𝑋 ). Here 𝜍 and 𝜚 are the “multiplicative” and “additive” valuations at the roots of 𝑓 , respectively.
Two subgroups 𝐻̃ (where 𝜓 ◦ 𝜍 = 1) and 𝐻 (where 𝜒 ◦ 𝜚 = 1) are identified, and their intersection 𝐻 is where 𝜉 = 1. This
structure is the function-field analog of the Gaussian period decomposition.

§ Section 4.4 (Character Sums of𝜓 (𝑓 (𝑋 ))𝜒 (𝑔(𝑋 ))) uses the 𝜉-function to build the 𝐿-function 𝐿(𝑧, 𝜉) and shows it
is a polynomial of degree 𝑛 +𝑚 − 1 (Theorem 4.4.3). The leading coefficient is

∑
𝛼 𝜓 (𝑓 (𝛼))𝜒 (𝑔(𝛼)), and the polynomial

factors as
∏

𝑗 (1 −𝑤 𝑗𝑧). Lifting 𝜉 to a finite extension field 𝐸 = F𝑞𝑘 and using the factorization of the lifted 𝐿-function
(Theorem 4.4.6) shows that the sums over 𝐸 are −∑

𝑗 𝑤
𝑘
𝑗 , so all information about the character sum over every extension

field is encoded in the finitely many reciprocal roots𝑤1, . . . ,𝑤𝑛+𝑚−1.

Weil Bounds from the Roots. § Section 4.5 (Weil Bounds via the Lifting Method) closes the argument. The polynomial-
method bounds of § Section 4.1 and § Section 4.2 show |𝑍𝐸 (·) − 𝑞𝑘 | = 𝑂 (𝑞𝑘/2) for large 𝑘 , which translates (via the
power-sum bound) into |𝑤 𝑗 | ≤ 𝑞1/2 for every reciprocal root. Summing over 𝑗 then gives:

•
���∑𝛼∈F𝑞

𝜓 (𝑓 (𝛼))
��� ≤ (𝑚 − 1)𝑞1/2 when 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible,

•
���∑𝛼∈F𝑞

𝜒 (𝑔(𝛼))
��� ≤ (𝑛 − 1)𝑞1/2 under appropriate conditions on 𝑌𝑞 −𝑌 −𝑔(𝑋 ),

•
���∑𝛼∈F𝑞

𝜓 (𝑓 (𝛼))𝜒 (𝑔(𝛼))
��� ≤ (𝑛 +𝑚 − 1)𝑞1/2 for mixed sums.

The chapter closes with the general Weil Bound (Weil Bound Theorem): for any absolutely irreducible polynomial of total
degree 𝑑 , |𝑍 (𝑓 (𝑋 ,𝑌 ) = 0) − 𝑞 | <

√
2𝑑5/2𝑞1/2, whose proof rests on the Riemann Hypothesis for curves.

§ 4.1 Stepanov Method: 𝑌𝑑 − 𝑓 (𝑋 )

A curve of the form 𝑌𝑑 = 𝑓 (𝑋 ) over F𝑞 , where 𝑓 ∈ F𝑞 [𝑋 ] and 𝑑 ≥ 2, is called a superelliptic curve. When 𝑑 = 2 it is
a hyperelliptic curve. The main result of this section gives a sharp bound on the number of F𝑞-rational points on such a
curve, proved via an auxiliary polynomial that vanishes with high multiplicity on the solution set. The theorem we will
be proving in this section is the following:

Theorem 4.1.1 Stepanov’s Theorem

Suppose that 𝑌𝑑 − 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ,𝑌 ] is an absolutely irreducible polynomial where deg(𝑓 ) =𝑚. Suppose 𝑞 > 100𝑑𝑚2.
Then

|𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) − 𝑞 | ≤ 4𝑑3/2𝑞
1/2.

4.1.1 Absolute Irreducibility Criteria

The hypothesis that 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible is central to Stepanov’s Theorem. The following theorem gives a
concrete criterion in terms of the factorization of 𝑓 over F𝑞 .

Theorem 4.1.2 Characterisation of Absolute Irreducibility of 𝑌𝑑 − 𝑓 (𝑋 )
Suppose 𝑌𝑑 − 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ,𝑌 ]. Then the following are equivalent:

(i) 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible.

(ii) 𝑌𝑑 − 𝑐 · 𝑓 (𝑋 ) is absolutely irreducible for any 𝑐 ∈ F∗𝑞 .
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(iii) If 𝑓 factors into 𝑓 (𝑋 ) = 𝑎
∏𝑚
𝑖=1 (𝑋 − 𝛼𝑖 )𝑘𝑖 over F𝑞 where 𝛼𝑖 ∈ F𝑞 for some positive integers 𝑘1, . . . ,𝑘𝑚 , then

𝑟 = gcd(𝑑 ,𝑘1, . . . ,𝑘𝑚) = 1.

Proof: We will prove this lemma in three steps:

(i) =⇒ (ii): Suppose 𝑌𝑑 − 𝑐 · 𝑓 (𝑋 ) is reducible over F𝑞 [𝑋 ]. Since 𝑐 ∈ F∗𝑞 , we can write (𝑌/ 𝑑√𝑐)𝑑 − 𝑓 (𝑋 ). Therefore,
(𝑌/ 𝑑√𝑐)𝑑 − 𝑓 (𝑋 ) is also reducible over F𝑞 [𝑋 ]. But we have 𝑌𝑑 − 𝑓 (𝑋 ) irreducible. Hence, contradiction E So 𝑌𝑑 − 𝑐 · 𝑓 (𝑋 )
is absolutely irreducible.

(ii) =⇒ (iii): Assume the contrary i.e, 𝑟 > 1. Then consider the polynomial

𝑔(𝑋 ) =
𝑚∏
𝑖=1
(𝑋 − 𝛼𝑖 )𝑘𝑖/𝑟

Then we have
𝑌𝑑 − 1/𝑎𝑓 (𝑋 ) = 𝑌𝑑 −𝑔(𝑋 )𝑟 = (𝑌 𝑑/𝑟 −𝑔(𝑋 )) (𝑔(𝑋 )𝑟−1 + · · ·𝑔(𝑋 ) + 1)

Therefore, 𝑌𝑑 − 1/𝑎𝑓 (𝑋 ) is reducible over F𝑞 [𝑋 ]. But we are given that 𝑌𝑑 − 𝑐 · 𝑓 (𝑋 ) is absolutely irreducible for any
𝑐 ∈ F∗𝑞 . Hence, contradiction E We have 𝑟 = 1.

(iii) =⇒ (i): Let 𝐸 be the function field F𝑞 (𝑋 ). Then we can consider 𝑌𝑑 − 𝑓 (𝑋 ) as a polynomial of 𝐸 [𝑌 ] = F𝑞 (𝑋 ) [𝑌 ].
Suppose 𝛾 ∈ 𝐸 be a root of 𝑌𝑑 − 𝑓 (𝑋 ) and 𝜁𝑑 be the 𝑑𝑡ℎ root of unity. Then notice that

𝑌𝑑 − 𝑓 (𝑋 ) = (𝑌 −𝛾) (𝑌 − 𝜁𝑑 · 𝛾) · · · (𝑌 − 𝜁𝑑−1
𝑑
· 𝛾)

Therefore, 𝜁 𝑖
𝑑
· 𝛾 for all 0 ≤ 𝑖 < 𝑑 are the roots of 𝑌𝑑 − 𝑓 (𝑋 ) over 𝐸. Now suppose for the sake of contradiction assume

𝑌𝑑 − 𝑓 (𝑋 ) is reducible over F𝑞 [𝑋 ]. Then there exists a 𝑡 ∈ [𝑑] such that(
𝑌 − 𝜁 𝑖1

𝑑
· 𝛾

)
· · ·

(
𝑌 − 𝜁 𝑖𝑡

𝑑
· 𝛾

)
∈ F𝑞 [𝑋 ,𝑌 ]

for some 0 ≤ 𝑖1 < · · · < 𝑖𝑡 ≤ 𝑑 − 1. Now the constant term of this polynomial is 𝛾𝑡
∏𝑡

𝑗=1 𝜁
𝑖 𝑗

𝑑
. Therefore, 𝛾𝑡 ∈ F𝑞 [𝑋 ]. Let

𝑙 ∈ Z0 be the smallest non-negative integer such that 𝛾𝑙 ∈ F𝑞 [𝑋 ]. Then 𝑙 | 𝑑 . So consider the polynomial ℎ(𝑋 ) = 𝛾𝑙 .
Now since 𝛾 is a root of 𝑌𝑑 − 𝑓 (𝑋 ) we have 𝛾𝑑 = 𝑓 (𝑋 ). Therefore, 𝑔𝑑/𝑙 (𝑋 ) = 𝑓 (𝑋 ). So take 𝑘 = 𝑑/𝑙 . Then 𝑘 | 𝑘𝑖

for all 𝑖 ∈ [𝑛]. Therefore, we obtained 𝑘 > 1 such that 𝑘 | gcd(𝑑 ,𝑘1, . . . ,𝑘𝑚). Hence, contradiction E So 𝑌𝑑 − 𝑓 (𝑋 ) is
absolutely irreducible. ■

The most useful special case of Theorem 4.1.2 is when gcd(deg 𝑓 ,𝑑) = 1, which is the criterion used in the first
proof of Stepanov’s Theorem.

Corollary 4.1.3 Absolute Irreducibility from Coprime Degree

Suppose 𝑓 ∈ F𝑞 [𝑋 ] with deg(𝑓 ) =𝑚. Then 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible if gcd(𝑚,𝑑) = 1.

4.1.2 Proof of Stepanov’s Theorem

The proof reduces the solution count 𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) to the count of 𝛼 ∈ F𝑞 for which 𝑓 (𝛼) is a perfect 𝑑-th power; the
following lemma makes this reduction explicit.
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Lemma 4.1.4 Solution Count for 𝑌𝑑 = 𝑓 (𝑋 )
Let 𝑑 | 𝑞 − 1 and 𝑓 ∈ F𝑞 [𝑋 ] be a polynomial. Let 𝐹 (𝑋 ) = 𝑓

(𝑞−1)/𝑑′ (𝑋 ) where 𝑑 ′ = gcd(𝑞 − 1,𝑑). Then the number of
solutions of 𝑌𝑑 = 𝑓 (𝑋 ) in F2

𝑞 is given by

𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) = 𝑍0 +𝑑 ′ · 𝑍1

where 𝑍0 = |{𝛼 ∈ F𝑞 : 𝑓 (𝛼) = 0}| and 𝑍1 = |{𝛼 ∈ F𝑞 : 𝐹 (𝛼) = 1}|.
Furthermore, if 𝑍2 = |{𝛼 ∈ F𝑞 : 𝐹𝑑

′−1 (𝛼) + · · · + 𝐹 (𝛼) + 1 = 0}| then 𝑍0 +𝑍1 +𝑍2 = 𝑞.

Proof: Now for any solution (𝑋 ,𝑌 ) = (𝛼 , 𝛽) such that 𝛽𝑑 = 𝑓 (𝛼) either 𝛽 − 0 or 𝛽 ≠ 0. So we consider these two cases
separately.

Case I: 𝛽 = 0 In this case the notice that the set of all 𝛼 ∈ F𝑞 such that 𝑓 (𝛼) = 0 is exactly the set of solutions such that
𝛽 = 0. Therefore, the number of solutions for which 𝛽 = 0 is 𝑍0.

Case II: 𝛽 ≠ 0 If for any solution (𝛼 , 𝛽) if 𝛽 ≠ 0 then 𝑓 (𝛼) ∈ F∗𝑞
(𝑑 ) . Therefore, for all such 𝛼 ’s we have

𝑓
(𝑞−1)/𝑑′ (𝛼) = 𝐹 (𝛼) = 1, where 𝑑 ′ = gcd(𝑞 − 1,𝑑).

Now if 𝑍1 is the number of 𝛼 ∈ F𝑞 such that 𝑓 (𝑋 ) (𝑞−1)/𝑑′ ) (𝛼) = 1. This is exactly the set 𝑍1. Now for each such 𝛼 ∈ F∗𝑞
there are 𝑑 ′ solutions for 𝛽 in F𝑞 such that 𝛽𝑑 = 𝑓 (𝛼). Hence, there are 𝑑 ′ · 𝑍1 such solutions.

Thus, we get the total number of solutions is 𝑍0 +𝑑 ′ ·𝑍1. Hence, 𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) = 𝑍0 +𝑑 ′ ·𝑍1. So we have the first
part

Now for every 𝛼 ∈ F𝑞 , 𝑓 (𝛼) ∈ F𝑞 . Therefore, 𝑓 𝑞 (𝛼) = 𝑓 (𝛼). Now we get the following factorization.

𝐻 (𝑋 ) = 𝑓 𝑞 (𝑋 ) − 𝑓 (𝑋 ) = 𝑓 (𝑋 ) ·
(
𝑓
(𝑞−1)/𝑑′ − 1

) (
𝐹 (𝑋 )𝑑 ′−1 + · · · + 𝐹 (𝑋 ) + 1

)
.

So deg𝐻 = 𝑞 and for all 𝛼 ∈ F𝑞 ,𝐻 (𝛼) = 0. Now if𝐻 (𝛼) = 0 then either 𝑓 (𝛼) = 0 or 𝐹 (𝛼) = 0 or 𝐹𝑑−1(𝛼) + · · · + 𝐹 (𝛼) + 1 =

0. The number of zeros in these three cases are 𝑍0, 𝑍1 and 𝑍2 respectively. Therefore, we get 𝑍0 +𝑍1 +𝑍2 = 𝑞. ■

4.1.2.1 Stepanov’s Theorem with Restricted Conditions

To prove Stepanov’s Theorem we will assume 𝑑 | 𝑞 − 1 and gcd(𝑑 ,𝑚) = 1, so 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible over F𝑞 .
We also temporarily assume that 𝑞 = 𝑝 or 𝑞 = 𝑝2 where 𝑝 is a prime. The key linear-independence property below ensures
that a vanishing relation amongℎ0, . . . ,ℎ𝑑−1 forces each coefficientℎ𝑖 𝑗 to vanish — it is what makes the polynomial method
work.

Lemma 4.1.5

Let𝑚,𝑑 ∈ N such that gcd(𝑑 ,𝑚) = 1. Suppose ℎ0,ℎ1, . . . ,ℎ𝑑−1 (𝑋 ) ∈ F𝑞 [𝑋 ] are polynomials of the type

ℎ𝑖 (𝑋 ) =
𝑡∑︁
𝑗=0

ℎ𝑖 𝑗 (𝑋 ) ·𝑋𝑞𝑗 , ∀ 0 ≤ 𝑖 ≤ 𝑑 − 1

where ℎ𝑖 𝑗 ∈ F𝑞 [𝑋 ] with deg(ℎ𝑖 𝑗 ) ≤ 𝑞

𝑑
−𝑚. If

ℎ(𝑋 ) = ℎ0 (𝑋 ) +ℎ1 (𝑋 ) · 𝐹 (𝑋 ) + · · · +ℎ𝑑−1 (𝑋 ) · 𝐹 (𝑋 )𝑑−1 ≡ 0

then for all 𝑖 ∈ {0, 1, . . . ,𝑑 − 1} and 𝑗 ∈ {0, . . . , 𝑡} we have ℎ𝑖 𝑗 ≡ 0.
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Proof: A summand of ℎ(𝑋 ) is of the form ℎ𝑖 𝑗 (𝑋 ) ·𝑋𝑞𝑗 · 𝐹 (𝑋 )𝑖 .
Want: We want to show that for any 𝑖 ∈ {0, 1, . . . ,𝑑 − 1} and 𝑗 ∈ {0, . . . , 𝑡} the degree of term 𝑞𝑖 ,𝑗 := ℎ𝑖 𝑗 (𝑋 ) ·𝑋𝑞𝑗 · 𝐹 (𝑋 )𝑖

are distinct. Then ℎ(𝑋 ) ≡ 0 directly implies ℎ𝑖 𝑗 ≡ 0 for all 𝑖 ∈ {0, 1, . . . ,𝑑 − 1} and 𝑗 ∈ {0, . . . , 𝑡}.

Now for any 𝑖 ∈ {0, 1, . . . ,𝑑 − 1} and 𝑗 ∈ {0, . . . , 𝑡} we have

deg(𝑞𝑖 𝑗 ) = 𝑞 𝑗 + 𝑖
𝑞 − 1
𝑑

𝑚 + deg(ℎ𝑖 𝑗 ) =
𝑞

𝑑
(𝑑 𝑗 + 𝑖𝑚) − 𝑖

𝑑
𝑚 + deg(ℎ𝑖 𝑗 )

Therefore,
𝑞

𝑑
(𝑑 𝑗 + 𝑖𝑚) −𝑚 < deg(𝑞𝑖 𝑗 ) ≤

𝑞

𝑑
(𝑑 𝑗 + 𝑖𝑚) + 𝑞

𝑑
−𝑚

Enough to Show: For pairs (𝑖 , 𝑗) ≠ (𝑖′, 𝑗 ′) we have 𝑑 𝑗 + 𝑖𝑚 ≠ 𝑑 𝑗 ′ + 𝑖′𝑚

Suppose there exists (𝑖 , 𝑗) ≠ (𝑖′, 𝑗 ′) such that 𝑑 𝑗 + 𝑖𝑚 = 𝑑 𝑗 ′ + 𝑖′𝑚. Then we have

𝑖𝑚 ≡ 𝑖′𝑚 mod 𝑑 =⇒ 𝑖 ≡ 𝑖′ mod 𝑑

where the implication comes from gcd(𝑚,𝑑) = 1. But 𝑖 , 𝑖′ ∈ {0, 1, . . . ,𝑑 − 1} so we have 𝑖 = 𝑖′. So now we have 𝑗 = 𝑗 ′.
Hence, contradiction E So the degrees of each summand in ℎ(𝑋 ) are distinct. Therefore, ℎ𝑖 𝑗 ≡ 0 for all 𝑖 ∈ {0, 1, . . . ,𝑑 − 1}
and 𝑗 ∈ {0, . . . , 𝑡}. ■

The heart of the proof is the construction of a nonzero polynomial 𝑄 of controlled degree that vanishes with high
multiplicity on the zero set of 𝑓 and on the preimage of 𝑔 under 𝐹 .

Lemma 4.1.6 Existence of Auxiliary Polynomial 𝑄

Let 1 ≤ 𝑟 ≤ 𝑑 − 1 and let 𝑔 ∈ F𝑞 [𝑋 ] be a polynomial of degree 𝑟 . Let𝑀 ∈ N be a positive integer satisfying𝑀 ≥𝑚 + 1
and (𝑀 + 3)2 ≤ 2𝑞/𝑑. Then there exists a non-zero polynomial𝑄 (𝑋 ) ∈ F𝑞 [𝑋 ] with deg(𝑄) ≤ 𝑟/𝑑 ·𝑞𝑀 + 4𝑚𝑞 such that
for every 𝛼 ∈ F𝑞 :

(i) if 𝑔(𝐹 (𝛼)) = 0, then 𝑄 (𝛼) = 0 with multiplicity at least 𝑀 ; and

(ii) if 𝑓 (𝛼) = 0, then 𝑄 (𝛼) = 0 with multiplicity at least 𝑀 .

Proof: We will construct 𝑄 of the form

𝑄 (𝑋 ) = 𝑓 (𝑋 )𝑀
𝑑−1∑︁
𝑖=0

ℎ𝑖 (𝑋 ) · 𝐹 (𝑋 )𝑖

where ℎ𝑖 (𝑋 ) =
∑𝑡
𝑗=0 ℎ𝑖 𝑗 (𝑋 ) · 𝑋𝑞𝑗 with deg(ℎ𝑖 𝑗 ) ≤ 𝑞

𝑑
−𝑚 for all 𝑖 ∈ {0, 1, . . . ,𝑑 − 1} and 𝑗 ∈ {0, . . . , 𝑡} like Lemma 4.1.5.

Take 𝑡 = ⌊(𝑀 +𝑚 + 1)𝑟/𝑑⌋.

Computing the Hasse Derivatives. We will calculate 𝐻 (𝑛) (𝑄) for 0 ≤ 𝑛 ≤ 𝑀 − 1 for the multiplicity condition. Now
for every term 𝑓 𝑀 · ℎ𝑖 𝑗 · 𝐹 𝑖 we have 𝐻 (𝑛) (𝑓 𝑀 · ℎ𝑖 𝑗 · 𝐹 𝑖 ) = 𝑓 𝑀−𝑛ℎ𝑖 𝑗 ,𝑛 · 𝐹 𝑖 where

deg(ℎ𝑖 𝑗 ,𝑛) ≤ deg(ℎ𝑖 𝑗 ) +𝑛(𝑘 − 1) ≤ 𝑞
𝑑
−𝑚 +𝑛(𝑘 − 1) ≤ 𝑞

𝑚
+𝑛(𝑘 − 1) − 1 (4.1)
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Condition for Multiplicity at zeros of 𝑔(𝐹 (𝛼)). Now we can write 𝑄 (𝑋 ) = 𝑄̃ (𝑋 ,𝑋𝑞) for some 𝑄̃ ∈ F𝑞 [𝑋 ,𝑌 ] where

𝑄̃ (𝑋 ,𝑌 ) = 𝑓 (𝑋 )𝑀
𝑑−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ𝑖 𝑗 (𝑋 ) ·𝑌 𝑗 · 𝐹 (𝑋 )𝑖

Since 𝑀 ≤ 𝑞 we have

𝐻 (𝑛) (𝑄 (𝑋 )) = 𝑓 𝑀−𝑛 (𝑋 )
𝑑−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ𝑖 𝑗 ,𝑛 (𝑋 ) · 𝐹 (𝑋 )𝑖 ·𝑋𝑞𝑗 .

Let 𝑔(𝑋 ) = 𝑔0 +𝑔1 ·𝑋 + · · ·𝑔𝑟 ·𝑋 𝑟 where 𝑔𝑖 ∈ F𝑞 Then from these 𝑔𝑖 ’s we get 𝑠𝑖 𝑗 ’s such that for all 𝛼 ∈ F𝑞 with 𝑔(𝛼) = 0
we have

𝛼𝑖 =

𝑟−1∑︁
𝑖=0

𝑠𝑖 𝑗 · 𝛼 𝑗

for all 0 ≤ 𝑖 , 𝑗 ≤ 𝑟 . So if for any 𝛼 ∈ F𝑞 we have 𝑔(𝐹 (𝛼)) = 0 we get 𝐹 𝑖 (𝛼) = ∑𝑟−1
𝑖=0 𝑠𝑖 𝑗 · 𝐹 (𝛼) 𝑗 . So now replacing with 𝑠𝑖 ,𝑗 ’s

we get for any 𝑛 ∈ {0, 1, . . . ,𝑀 − 1} we get for any 𝛼 ∈ F𝑞 such that 𝑔(𝐹 (𝛼)) = 0:

(𝐻 (𝑛)𝑄) (𝛼) = 𝑓 𝑀−𝑛 (𝛼)
𝑑−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ𝑖 𝑗 ,𝑛 (𝛼) · 𝐹 𝑖 (𝛼) · 𝛼𝑞𝑗

= 𝑓 𝑀−𝑛 (𝛼)
𝑑−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ𝑖 𝑗 ,𝑛 (𝛼) · 𝐹 𝑖 (𝛼) · 𝛼 𝑗 [𝛼𝑞 = 𝛼 ∀ 𝛼 ∈ F𝑞]

= 𝑓 𝑀−𝑛 (𝛼)
𝑑−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

𝑟−1∑︁
𝑙=0

ℎ𝑖 𝑗 ,𝑛 (𝛼) · 𝐹 𝑖 (𝛼) · 𝑠 𝑗 ,𝑙 · 𝛼𝑙

= 𝑓 𝑀−𝑛 (𝛼)
𝑟−1∑︁
𝑙=0

𝑞𝑙 ,𝑛 (𝛼) · 𝐹 𝑖 (𝛼)
[
where 𝑞𝑖 ,𝑛 (𝑋 ) =

𝑑−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ𝑖 𝑗 ,𝑛 (𝑋 ) ·𝑋 𝑗

]

Counting Number of Equations. From the degree bound of ℎ𝑖 𝑗 ,𝑛 in (4.1) we have deg(𝑞𝑙 ,𝑛) ≤ 𝑞/𝑑 +𝑛(𝑘 − 1) − 1+ 𝑡 . We
want (𝐻 (𝑛)𝑄) (𝛼) = 0 for all 𝑛 ∈ {0, . . . ,𝑀 − 1} for all 𝛼 ∈ F𝑞 such that 𝑔(𝐹 (𝛼)) = 0. So it suffices to have the polynomials
𝑞𝑙 ,𝑛 be identically zero. So if 𝑠 is the total number of equations 𝑠 then we have

𝑠 <

𝑀−1∑︁
𝑛=0

𝑟

(𝑞
𝑑
+𝑛(𝑘 − 1) + 𝑡

)
= 𝑟𝑀

(𝑞
𝑑
+ 𝑡

)
+ 1

2𝑟 (𝑚 − 1)𝑀 (𝑀 − 1) ≤ 𝑟𝑞
𝑑
𝑀 + 𝑟𝑀 𝑟

𝑑
(𝑀 +𝑚 + 1) + 1

2𝑟 (𝑚 − 1)𝑀2

<
𝑟𝑞

𝑑
𝑀 + 1

2𝑟𝑀
2 (𝑚 + 1) + 𝑟𝑀 (𝑚 + 1) (4.2)

Here the last inequality follows from the fact that 𝑟 < 𝑑 .

Counting Number of Variables. Since we want a non-zero solution for the polynomials ℎ𝑖 which satisfies the above
equations, the coefficients of ℎ𝑖 𝑗 are the variables. Let 𝑣 be the total number of possible coefficients of ℎ𝑖 𝑗 ,𝑛 for all 0 ≤ 𝑖 ≤
𝑑 − 1 and 0 ≤ 𝑗 ≤ 𝑡 . Then we have

𝑣 ≥
(𝑞
𝑑
−𝑚

)
𝑑 (𝑡 + 1) ≥ (𝑞 −𝑚𝑑) 𝑟

𝑑
(𝑀 +𝑚 + 1) = 𝑟𝑞

𝑑
𝑀 + 𝑟𝑞

𝑑
(𝑚 + 1) − 𝑟𝑚(𝑀 + 𝑘 + 1) ≥ 𝑟𝑞

𝑑
𝑀 + 𝑟𝑞

𝑑
(𝑚 + 1) − 2𝑟𝑚𝑀 (4.3)
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Existence of non-zero solution. So now if number of variables is more than the number of equations then we get a
non-zero solution for the polynomials ℎ𝑖 ,𝑗 and henceforth for ℎ𝑖 . So we want 𝑣 > 𝑠 . From (4.2) and (4.3) it suffices to have

𝑟𝑞

𝑑
𝑀 + 1

2𝑟𝑀
2 (𝑚 + 1) + 𝑟𝑀 (𝑚 + 1) ≤ 𝑟𝑞

𝑑
𝑀 + 𝑟𝑞

𝑑
(𝑚 + 1) − 2𝑟𝑚𝑀

⇐⇒ 1
2𝑟𝑀

2 (𝑚 + 1) + 𝑟𝑀 (𝑚 + 1) ≤ 𝑟𝑞
𝑑
(𝑚 + 1) − 2𝑟𝑚𝑀

⇐⇒ 1
2𝑀

2 (𝑚 + 1) +𝑀 (𝑚 + 1) ≤ 𝑞
𝑑
(𝑚 + 1) − 2𝑚𝑀

⇐=== 1
2𝑀

2 (𝑚 + 1) + 3𝑀 (𝑚 + 1) ≤ 𝑞
𝑑
(𝑚 + 1)

⇐⇒ 1
2𝑀

2 + 3𝑀 ≤ 𝑞
𝑑

The last inequality holds from the assumption that (𝑀 + 3)2 ≤ 2𝑞
𝑑

. So we get a non-zero solution for the polynomials ℎ𝑖 𝑗
for all 0 ≤ 𝑖 ≤ 𝑑 − 1 and 0 ≤ 𝑗 ≤ 𝑡 . Therefore, 𝑄 is a non-zero polynomial otherwise Lemma 4.1.5 will show every ℎ𝑖 𝑗 is a
zero polynomial. So 𝑄 vanishes with multiplicity at least 𝑀 for all 𝛼 ∈ F𝑞 such that 𝑔(𝐹 (𝛼)) = 0.

Multiplicity at Zeros of 𝑓 . Since 𝑄 has a factor 𝑓 𝑀 (𝑋 ), every 𝛼 ∈ F𝑞 with 𝑓 (𝛼) = 0 is a zero of 𝑄 with multiplicity at
least 𝑀 .

Degree Bound. Since deg(ℎ𝑖 𝑗 ) ≤ 𝑞

𝑑
−𝑚 we have deg(ℎ𝑖 ) ≤ 𝑞

𝑑
−𝑚 + 𝑡𝑞. Therefore,

deg(𝑄) ≤ 𝑚𝑀︸︷︷︸
deg(𝑓 𝑀 )

+ 𝑞
𝑑
−𝑚 + 𝑞𝑡︸       ︷︷       ︸
deg(ℎ𝑖 )

+ (𝑑 − 1) 𝑞 − 1
𝑑

𝑚︸              ︷︷              ︸
deg(𝐹 𝑖 )

< 𝑚𝑀 + 𝑞
𝑑
+ 𝑞𝑚 + 𝑞𝑟

𝑑
(𝑀 +𝑚 + 1)

< 𝑚𝑞
1/2 + 𝑟

𝑑
𝑞𝑀 + 𝑞

(
1
𝑑
+ 2𝑚 + 1

)
<
𝑟

𝑑
𝑞𝑀 + 4𝑚𝑞

So we have the required degree bound for 𝑄 . Hence, we have the lemma. ■

Combining Lemma 4.1.4, Lemma 4.1.5, and Lemma 4.1.6, we now prove Stepanov’s Theorem under the temporary
assumptions gcd(𝑑 ,𝑚) = 1 and 𝑞 = 𝑝 or 𝑞 = 𝑝2; these are removed in the following subsubsection.

Theorem 4.1.7 Stepanov’s Theorem under Simplifying Assumptions

Let 𝑑 | 𝑞 − 1 and 𝑓 ∈ F𝑞 [𝑋 ] be a polynomial of degree𝑚. Assume that

(i) gcd(𝑑 ,𝑚) = 1,

(ii) 𝑞 ≥ 100𝑑𝑚2

then
|𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) − 𝑞 | < 4𝑚𝑑3/2𝑞

1/2.

Proof: For any 𝑔 ∈ F𝑞 [𝑋 ] of degree 𝑟 in Lemma 4.1.6 we constructed a polynomial 𝑄 ∈ F𝑞 [𝑋 ] where for all 𝛼 ∈ F𝑞

such that 𝑔(𝐹 (𝛼)) = 0 or 𝑓 (𝛼) = 0, 𝛼 is a zero of 𝑄 with multiplicity at least 𝑀 . Let 𝑇𝑔 be the set of all 𝛼 ∈ F𝑞 such that
𝑔(𝐹 (𝛼)) = 0 or 𝑓 (𝛼) = 0. Therefore,

|𝑇𝑔 | ·𝑀 ≤ deg(𝑄) ≤ 𝑟/𝑑 · 𝑞𝑀 + 4𝑞𝑚 =⇒ |𝑇𝑔 | ≤
𝑟

𝑑
+ 4𝑞𝑚

𝑀
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So now we choose 𝑀 =

[√︁
2𝑞/𝑑

]
− 3. Since 𝑞 > 100𝑑𝑚2 we have 𝑀 ≥

√︁
2𝑞/𝑑 − 4 ≥

√︁
𝑞/𝑑 ≥𝑚 + 1. Therefore, we get

|𝑇𝑔 | ≤
𝑟

𝑑
𝑞 + 4𝑚𝑑1/2𝑞

1/2

Now take 𝑔(𝑋 ) = 𝑋 − 1. Then 𝑟− = 1. Observe that in this case 𝑇𝑔 is the set of all 𝛼 ∈ F𝑞 such that either 𝐹 (𝛼) = 1
or 𝑓 (𝛼) = 0. Then |𝑇𝑔 | = 𝑍0 +𝑍1 where 𝑍0 and 𝑍1 are defined in Lemma 4.1.4. Thus,

|𝑇𝑔 | = 𝑍0 +𝑍1 ≤
𝑞

𝑑
+ 4𝑚𝑑1/2𝑞

1/2

Therefore,
𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) = 𝑍0 +𝑍1 ≤ 𝑑 · |𝑇𝑔 | ≤ 𝑞 + 4𝑚𝑑3/2𝑞

1/2 =⇒ 𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) − 𝑞 ≤ 4𝑚𝑑3/2𝑞
1/2

Now we have to show the lower bound.
Now select 𝑔(𝑋 ) = 𝑋𝑑−1 + · · · +𝑋 + 1. Then 𝑟 = 𝑑 − 1. Notice that in this case 𝑇𝑔 = 𝑍0 +𝑍2. Therefore, in this case

we have
|𝑇𝑔 | = 𝑍0 +𝑍2 ≤

𝑑 − 1
𝑑

𝑞 + 4𝑚𝑑1/2𝑞
1/2 =⇒ 𝑍1 = 𝑞 −𝑍0 −𝑍2 ≥

𝑞

𝑑
− 4𝑚𝑑1/2𝑞

1/2

Therefore we have
𝑍 (𝑌𝑑 = 𝑓 (𝑋 )) ≥ 𝑑 · 𝑍1 ≥ 𝑞 − 4𝑚𝑑3/2𝑞

1/2

Thus, we have the theorem. ■

4.1.2.2 Removal of the assumption gcd(𝑚,𝑑) = 1

In this part we will remove the assumption that gcd(𝑚,𝑑) = 1. So now we can not draw conclusion from gcd(𝑑 ,𝑚) = 1
that 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible. We have to prove Theorem 4.1.7 just using the assumption that 𝑌𝑑 − 𝑓 (𝑋 ) is
absolutely irreducible.

Note:-
Now observe that this condition was only required in the proof of Lemma 4.1.5.

Reduction to 𝑓 (0) ≠ 0. We can assume 𝑓 (0) ≠ 0 without loss of generality. Since 𝑓 is a non-zero polynomial there
exists 𝑐 ∈ F𝑞 such that 𝑓 (𝑐) ≠ 0. Then we can replace 𝑓 by 𝑓 (𝑋 + 𝑐) and the number of solutions of 𝑌𝑑 = 𝑓 (𝑋 ) will not
change as well as the polynomials ℎ𝑖 (𝑋 +𝐶) in Lemma 4.1.5 and Lemma 4.1.6 doesn’t change. So from now on we will
assume that 𝑓 (0) ≠ 0.

Constructing Auxiliary polynomials. Let 𝜁1, . . . , 𝜁𝑑 ∈ F𝑞 be the roots of 𝑋𝑑 − 1, so 𝑋𝑑 − 1 = (𝑋 − 𝜁1) · · · (𝑋 − 𝜁𝑑 ).
Working in F𝑞 [𝑇0, . . . ,𝑇𝑑−1,𝑌 ] with formal variables 𝑇0, . . . ,𝑇𝑑−1,𝑌 , consider the polynomial

𝐻 (𝑌 ,𝑇0, . . . ,𝑇𝑑−1) =𝑇0 +𝑇1𝑌 + · · · +𝑇𝑑−1𝑌
𝑑−1

and define

𝐺 =

𝑑∏
𝑖=1

𝐻 (𝜁𝑖𝑌 ,𝑇0, . . . ,𝑇𝑑−1) ∈ F𝑞 [𝑇0, . . . ,𝑇𝑑−1,𝑌 ].

Since permuting the 𝜁𝑖 ’s only permutes the factors of the product,𝐺 is symmetric in 𝜁1𝑌 , . . . , 𝜁𝑑𝑌 . By Theorem A.5.2,𝐺 is
a polynomial in elementary symmetric polynomials in 𝜁1𝑌 , . . . , 𝜁𝑑𝑌 . Since 𝑋𝑑 − 1 = (𝑋 − 𝜁1) · · · (𝑋 − 𝜁𝑑 ) we have

ESym𝑗 (𝜁1, . . . , 𝜁𝑑 ) ≡ 0 for all 𝑗 ∈ [𝑑 − 1], and ESym𝑑 (𝜁1, . . . , 𝜁𝑑 ) ≡= −𝑌𝑑+1.
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Therefore, every monomial of𝐺 with non-zero𝑌 -degree as𝑌 -degree multiples of𝑑 . Hence, there exists𝐺 ∈ F𝑞 [𝑇0, . . . ,𝑇𝑑−1,𝑌 ]
such that𝐺 ≡ 𝐺 (𝑌𝑑 ,𝑇0, . . . ,𝑇𝑑−1) where deg𝑌 (𝐺) = 𝑑 − 1 and for all 𝑗 ∈ {0, . . . ,𝑑 − 1}, deg𝑇𝑗 (𝐺) = 𝑑 . So now we construct
the polynomial 𝑃 ∈ F𝑞 [𝑌1,𝑌2,𝑇0, . . . ,𝑇𝑑−1] as

𝑃 (𝑌1,𝑌2,𝑇0, . . . ,𝑇𝑑−1) = 𝑌𝑑−1
2 ·𝐺

(
𝑌1
𝑌2

,𝑇0, . . . ,𝑇𝑑−1

)
then deg(𝑌1)𝑃 = 𝑑 − 1 and deg𝑌2

(𝑃) = 𝑑 − 1 and deg𝑇𝑗 = 𝑑 for all 𝑗 ∈ {0, . . . ,𝑑 − 1}.
Want: We want to show that Lemma 4.1.5 holds even with the only assumption that 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible.
After that we can apply Lemma 4.1.6 and therefore we have Theorem 4.1.7 without the assumption gcd(𝑚,𝑑) = 1.

Getting to the Case of 𝑷 applied on 𝒉𝒊0’s. Suppose ℎ0, . . . ,ℎ𝑑−1 ∈ F𝑞 [𝑋 ] with ℎ𝑖 (𝑋 ) =
∑𝑡
𝑗=0 ℎ𝑖 𝑗 (𝑋 ) · 𝑋𝑞𝑗 for all

0 ≤ 𝑖 ≤ 𝑑 − 1 with degree bounds as defined in Lemma 4.1.5 such that

ℎ0 (𝑋 ) +ℎ1 (𝑋 ) · 𝐹 (𝑋 ) + · · · +ℎ𝑑−1 (𝑋 ) · 𝐹 (𝑋 )𝑑−1 ≡ 0

Therefore, we have 𝐻 (𝐹 ,ℎ0, . . . ,ℎ𝑑−1) ≡ 0. Hence, by construction we have 𝐺 (𝐹𝑑 ,ℎ0, . . . ,ℎ𝑑−1) ≡ 0. Now 𝐹 (𝑋 ) =

𝑓
(𝑞−1)/𝑑 (𝑋 ). So 𝐹 (𝑋 )𝑑 = 𝑓 𝑞−1 (𝑋 ) = 𝑓 𝑞 (𝑋 )/𝑓 (𝑋 ). Therefore,

𝑃 (𝑓 𝑞 , 𝑓 ,ℎ0, . . . ,ℎ𝑑−1) = 𝑓 𝑑−1 (𝑋 )𝐺
(
𝑓 𝑞 (𝑋 )
𝑓 (𝑋 ) ,ℎ0, . . . ,ℎ𝑑−1

)
= 𝑓 (𝑑−1)𝐺 (𝐹𝑑 ,ℎ0, . . . ,ℎ𝑑−1) ≡ 0

Gathering all terms with no factor of 𝑋𝑞 gives

𝑃 (𝑓 (0), 𝑓 (𝑋 ),ℎ00, · · · ,ℎ𝑑−1,0) +𝑋𝑞 · 𝑃 ′ (𝑋 ) ≡ 0 (4.4)

Now deg(𝑃 (𝑓 (0), 𝑓 (𝑋 ),ℎ00, · · · ,ℎ𝑑−1,0)) ≤ (𝑑 − 1)𝑚 +𝑑 (𝑞/𝑑 −𝑚) < 𝑞. Hence, 𝑃 (𝑓 (0), 𝑓 (𝑋 ),ℎ00, · · · ,ℎ𝑑−1,0) ≡ 0 by (4.4).
Enough to Show: It suffices to show that ℎ00, . . . ,ℎ𝑑−1,0 are identically zero. If that happens then we can divide every
thing by 𝑋𝑞 and run the same argument to show that ℎ𝑖 𝑗 ≡ 0 for all 𝑖 ∈ {0, . . . ,𝑑 − 1} and 𝑗 ∈ {0, . . . , 𝑡}.

Concluding 𝒉𝒊,0 ≡ 0. Let 𝛾 ∈ F𝑞 (𝑋 ) such that 𝛾𝑑 =
𝑓 (𝑋 )
𝑓 (0) . Since 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible by Theorem 4.1.2

𝑌𝑑 − 1
𝑓 (0) 𝑓 (𝑋 ) is also absolutely irreducible. Now we already have 𝑃 (𝑓 (0), 𝑓 (𝑋 ),ℎ00, · · · ,ℎ𝑑−1,0) ≡ 0. And

𝑃 (𝑓 (0), 𝑓 (𝑋 ),ℎ00, · · · ,ℎ𝑑−1,0) = 𝑓 𝑑−1 (𝑋 ) ·𝐺
(
𝑓 (0)
𝑓 (𝑋 ) ,ℎ00, . . . ,ℎ𝑑−1,0

)
≡ 0

Since 𝑓 is a non-zero polynomial we have 𝐺
(
𝑓 (0)
𝑓 (𝑋 ) ,ℎ00, . . . ,ℎ𝑑−1,0

)
≡ 0. Since 𝛾𝑑 = 𝑓 (𝑋 )/𝑓 (0) we have

0 ≡ 𝐺
(
𝑓 (0)
𝑓 (𝑋 ) ,ℎ00, . . . ,ℎ𝑑−1,0

)
=𝐺

(
1
𝛾𝑑

,ℎ00, . . . ,ℎ𝑑−1,0

)
=𝐺

(
1/𝛾 ,ℎ00, . . . ,ℎ𝑑−1,0

)
(4.5)

Therefore, there exists 𝑖 ∈ [𝑑] such that 𝐻
(
𝜁𝑖/𝛾 ,ℎ00, . . . ,ℎ𝑑−1,0

)
≡ 0. Expanding it out we obtain

ℎ00 (𝑋 ) +
𝜁𝑖

𝛾
ℎ10 (𝑋 ) + · · · +

(
𝜁𝑖

𝛾

)𝑑−1
ℎ𝑑−1,0(𝑋 ) ≡ 0 ⇐⇒ ℎ00 · 𝛾𝑑−1 +ℎ10 · 𝛾𝑑−2 · 𝜁𝑖 + · · · +ℎ𝑑−1,0 · 𝜁𝑑−1

𝑖 ≡ 0

Let 𝑅(𝑌 ) = ℎ00 · 𝑌𝑑−1 + ℎ10 · 𝑌𝑑−2 · 𝜁𝑖 + · · · + ℎ𝑑−1,0 · 𝜁𝑑−1
𝑖 ∈ (𝑋 ) [𝑌 ]. Now since 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible,

[F𝑞 (𝑋 ,𝛾) : F𝑞 (𝑋 )] = 𝑑 . But we obtained a polynomial 𝑅(𝑌 ) of degree 𝑑 − 1 over F𝑞 (𝑋 ) such that 𝑅(𝛾) ≡ 0. Therefore,
𝑅(𝑌 ) is a zero polynomial. So ℎ𝑖 ,0 ≡ 0 for all 𝑖 ∈ {0, . . . ,𝑑 − 1}. Hence, we are done.

So now we have finally proved the Stepanov’s Theorem.
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4.1.3 Connection between the Bound and Genus of Curve

The constant 4𝑚𝑑3/2 in Stepanov’s Theorem, while explicit, is not tight as a function of the curve’s geometry. For the
hyperelliptic case 𝑑 = 2, the correct geometric measure of complexity is the genus 𝑔, and H. M. Stark [Sta73] showed that
the Stepanov argument can be refined to replace 4𝑚𝑑3/2 with a constant of size 2𝑔, recovering the sharp Weil bound.

Genus of a Hyperelliptic Curve. Let 𝑓 ∈ F𝑞 [𝑋 ] have degree 𝑚 with 𝑚 distinct roots, so 𝑌 2 − 𝑓 (𝑋 ) is absolutely
irreducible. The smooth projective model C of the affine curve 𝑌 2 = 𝑓 (𝑋 ) has genus

𝑔 =


𝑚 − 1

2 if𝑚 is odd,

𝑚 − 2
2 if𝑚 is even.

(4.6)

Equivalently, 𝑔 = ⌊ (𝑚−1)/2⌋. The difference between the two cases has a geometric explanation: when 𝑚 is odd the
projective closure of 𝑌 2 = 𝑓 (𝑋 ) is already smooth at the point at infinity, so the genus is 𝑚−1

2 ; when𝑚 is even there is a
singularity at infinity, and resolving it lowers the genus by 1

2 , giving 𝑚−2
2 . In both cases

2𝑔 ≤𝑚 − 1, with equality iff𝑚 is odd.

The genus is a birational invariant that captures the arithmetic complexity of C more faithfully than the raw degree𝑚: it
counts the number of independent holomorphic differentials on C, and it governs both the structure of the Jacobian and
the growth rate of the number of rational points.

Weil’s Theorem in Terms of Genus. For any smooth projective absolutely irreducible curve of genus𝑔 over F𝑞 , Weil’s
theorem gives

|𝑁 − (𝑞 + 1) | ≤ 2𝑔𝑞1/2

where 𝑁 is the number of F𝑞-rational points (including those at infinity). For the hyperelliptic curve C : 𝑌 2 = 𝑓 (𝑋 ) with
𝑁 = 𝑍 (𝑌 2 = 𝑓 (𝑋 )), writing this out using (4.6) yields

|𝑁 − 𝑞 | ≤ 2𝑔𝑞1/2 (𝑚 odd), |𝑁 − 𝑞 + 1| ≤ 2𝑔𝑞1/2 (𝑚 even). (4.7)

The constant 2𝑔 is sharp: it cannot be replaced by any smaller constant independent of 𝑞. Comparing with the Stepanov
bound |𝑁 − 𝑞 | < 4𝑚 · 23/2 𝑞1/2 ≈ 11.3𝑚𝑞1/2, the Weil constant 2𝑔 ≤𝑚 − 1 is smaller by roughly a factor of 5.6.

Stark’s Sharpening. For 𝑞 = 𝑝 prime and 𝑓 with𝑚 distinct roots, Stark [Sta73] proved the sharper bound

|𝑁 − 𝑞 | ≤ (𝑚 − 1) 𝑞1/2.

Translating via (4.6):
|𝑁 − 𝑞 | ≤ 2𝑔𝑞1/2 (𝑚 odd), |𝑁 − 𝑞 | ≤ (2𝑔 + 1) 𝑞1/2 (𝑚 even). (4.8)

For odd 𝑚 this matches the Weil bound (4.7) exactly. For even 𝑚 it falls short by 𝑞1/2, which is explained by the same
infinity-point singularity that reduces the genus by 1

2 .

4.1.4 Bound for Multiplicative Character Sum of 𝑓 (𝑋 )

To bound
∑
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)) via Stepanov’s Theorem, we first need to understand when 𝑓 (𝑋 ) is a 𝑑-th power in F𝑞 [𝑋 ], since
that case must be handled separately.
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Lemma 4.1.8 Characterisation of 𝑑-th Powers in F𝑞 [𝑋 ]
Let 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] and let 𝑑 | 𝑞 − 1. Then the following are equivalent:

(i) 𝑓 (𝑋 ) = 𝑎𝑘𝑑 (𝑋 ) with 𝑎 ∈ F𝑞 and 𝑘 (𝑋 ) ∈ F𝑞 [𝑋 ].

(ii) 𝑓 (𝑋 ) = ℎ𝑑 (𝑋 ) with ℎ(𝑋 ) ∈ F𝑞 [𝑋 ].

(iii) 𝑓 (𝑋 ) = 𝑎(𝑋 − 𝛼1)𝑘1 · · · (𝑋 − 𝛼𝑚)𝑘𝑚 with 𝛼𝑖 ∈ F𝑞 and 𝑑 | 𝑘𝑖 for all 𝑖 ∈ [𝑚].

Proof: We will prove this in three steps.

(i) =⇒ (ii): Let 𝛾 ∈ F𝑞 be such that 𝛾𝑑 = 𝑎. Then take ℎ(𝑋 ) = 𝛾 · 𝑘 (𝑋 ). Then we have 𝑓 (𝑋 ) = ℎ𝑑 (𝑋 ).

(ii) =⇒ (iii): This direction comes directly.

(iii) =⇒ (i): Consider the polynomial 𝑘 (𝑋 ) = ∏𝑚
𝑖=1(𝑋 − 𝛼)𝑖)

𝑘𝑖/𝑚 . Then 𝑓 (𝑋 ) = 𝑎 · 𝑘𝑑 (𝑋 ).
Enough to Show: 𝑘 (𝑋 ) ∈ F𝑞 [𝑋 ].

Since 𝑎 ∈ F𝑞 we have 𝑘𝑑 (𝑋 ) ∈ F𝑞 [𝑋 ]. Let 𝑘 (𝑋 ) = 𝑋𝑢 + 𝑐1𝑋
𝑢−1 + · · · + 𝑐𝑢 where 𝑐𝑖 ∈ F𝑞 for all 𝑖 ∈ [𝑢]. Now we look at the

coefficients of 𝑘𝑑 (𝑋 ). We will prove via induction that each 𝑐𝑖 ∈ F𝑞 . The coefficient of𝑋𝑑𝑢−1 is 𝑑 · 𝑐1. As 𝑑 ≠ 0 and 𝑑 ∈ F𝑞 ,
we have 𝑐1 ∈ F𝑞 . So suppose 𝑐1, . . . , 𝑐𝑖−1 ∈ F𝑞 . Now the coefficient of 𝑋𝑑𝑢−𝑖 is 𝑑𝑐𝑖+ some polynomial over 𝑐1, . . . , 𝑐𝑖−1.
Since 𝑐1, . . . , 𝑐𝑖−1 ∈ F𝑞 and coefficient of 𝑋𝑑𝑢−𝑖 is in F𝑞 we have 𝑑𝑐𝑖 ∈ F𝑞 =⇒ 𝑐𝑖 ∈ F𝑞 . Therefore, 𝑘 (𝑋 ) ∈ F𝑞 [𝑋 ]. Hence,
we have the lemma. ■

When 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible, the Stepanov solution-count bound translates directly into a Weil-type
bound on the character sum

∑
𝛼 𝜓 (𝑓 (𝛼)).

Theorem 4.1.9 Bound for𝑊 (𝜓 ; 𝑓 ): Absolutely Irreducible Case

Suppose 𝑑 | 𝑞 − 1 and let 𝜓 ∈ M
(𝑑 )
𝑞 be a non-trivial multiplicative character of exponent 𝑑 . Let 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] be a

polynomial of degree𝑚 such that 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible. Suppose 𝑞 > 100𝑑𝑚3. Then������ ∑︁𝛼∈F𝑞

𝜓 (𝑓 (𝛼))

������ < 5𝑚𝑑3/2𝑞
1/2.

Proof: Let 𝑔 be a primitive element of F𝑞 . Let 𝑁𝑘 be the number of 𝛼 ∈ F𝑞 such that 𝑓 (𝛼) is in the coset 𝑔𝑘 · F∗𝑞 (𝑑 ) .in
the group F∗𝑞 /F∗𝑞

(𝑑 ) . Then we have

𝑊 (𝜓 ; 𝑓 ) =
𝑑−1∑︁
𝑘=0

𝑁𝑘 ·𝜓 (𝑔𝑘 )

Let 𝑍𝑘 be the number of (𝛼 , 𝛽) ∈ F2
𝑞 such that 𝛽𝑑 = 𝑓 (𝛼) ·𝑔−𝑘 . Since 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible, by Theorem 4.1.2

we have 𝑌𝑑 − 𝑓 (𝑋 ) · 𝑔−𝑘 is also absolutely irreducible. So by Stepanov’s Theorem we get

|𝑍𝑘 − 𝑞 | < 4𝑚𝑑3/2𝑞
1/2

Let 𝑍𝑘 be the number of solutions (𝛼 , 𝛽) ∈ F2
𝑞 such that 𝛽𝑑 = 𝑓 (𝛼) · 𝑔−𝑘 and 𝛽 ≠ 0. Then |𝑍𝑘 −𝑍𝑘 | ≤𝑚. So we have

|𝑍𝑘 − 𝑞 | < 5𝑚𝑑3/2𝑞
1/2
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Now notice that 𝑁𝑘 = 𝑍𝑘/𝑑. We can write 𝑍𝑘 = 𝑞/𝑑 + 𝑅𝑘 . Therefore, we have

|𝑅𝑘 | < 5𝑚𝑑1/2𝑞
1/2

So now

𝑊 (𝜓 ; 𝑓 ) =
𝑑−1∑︁
𝑘=0

𝑁𝑘 ·𝜓 (𝑔𝑘 ) =
𝑑−1∑︁
𝑘=0

(𝑞
𝑑
+ 𝑅𝑘

)
𝑝𝑠𝑖 (𝑔𝑘 ) =

𝑑−1∑︁
𝑘=0

𝑅𝑘 ·𝜓𝑘 (𝑔)

So we get the bound on the absolute value of𝑊 (𝜓 ; 𝑓 ) as

|𝑊 (𝜓 ; 𝑓 ) | ≤
𝑑−1∑︁
𝑘=0
|𝑅𝑘 | < 5𝑚𝑑3/2𝑞

1/2

Thus, we have the theorem. ■

The absolute irreducibility hypothesis in Theorem 4.1.9 can be weakened to the condition that 𝑓 is not a 𝑑-th power,
which covers all remaining non-trivial cases.

Theorem 4.1.10 Bound for𝑊 (𝜓 ; 𝑓 ): Non-𝑑-th-Power Case

Suppose 𝑑 | 𝑞 − 1 and let𝜓 ∈M
(𝑑 )
𝑞 be a non-trivial multiplicative character with ord(𝜓 ) = 𝑑 > 1. Let 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ]

be a polynomial of degree𝑚 which is not a 𝑑-th power. Suppose 𝑞 > 100𝑑𝑚3. Then������ ∑︁𝛼∈F𝑞

𝜓 (𝑓 (𝛼))

������ < 5𝑚𝑑3/2𝑞
1/2.

Proof: Let 𝑓 (𝑋 ) factors as 𝑓 (𝑋 ) = 𝑎(𝑋 −𝛼1)𝑘1 · · · (𝑋 −𝛼𝑡 )𝑘𝑡 where𝛼𝑖 ’s are distinct elements of F𝑞 . Let 𝑒 = gcd(𝑑 ,𝑘1, . . . ,𝑘𝑡 ).
Suppose 𝑒 is a proper divisor of 𝑑 . Then consider the polynomial

𝑘 (𝑋 ) =
𝑡∏
𝑖=1
(𝑋 − 𝛼𝑖 )𝑘𝑖/𝑒

then by Lemma 4.1.8 𝑓 (𝑋 ) = 𝑎 · 𝑘 (𝑋 )𝑒 . Now in 𝑘 (𝑋 ), gcd(𝑑/𝑒, 𝑘1/𝑒, . . . , 𝑘𝑡/𝑒) = 1. So by Theorem 4.1.2 we have 𝑌 𝑑/𝑒 − 𝑘 (𝑋 )
is absolutely irreducible. Now the character𝜓𝑒 is also of exponent 𝑑/𝑒. So for any 𝛼 ∈ F𝑞 we have

𝜓 (𝑓 (𝛼)) =𝜓 (𝑎) ·𝜓𝑒 (𝑘 (𝛼))

So by Theorem 4.1.9 we have

|𝑊 (𝜓 ; 𝑓 ) | =

������ ∑︁𝛼∈F𝑞

𝜓 (𝑎) ·𝜓𝑟 (𝑘 (𝛼)

������ =
������ ∑︁𝛼∈F𝑞

𝜓𝑒 (𝑘 (𝛼))

������ < 5
(𝑚
𝑒

) (
𝑑

𝑒

) 3/2
𝑞

1/2 ≤ 5𝑚𝑑3/2𝑞
1/2

Thus, we have the theorem. ■

§ 4.2 Bombieri Method: 𝑌𝑞 −𝑌 − 𝑓 (𝑋 )
A curve of the form 𝑌𝑞 − 𝑌 = 𝑓 (𝑋 ) over F𝑞 , where 𝑓 ∈ F𝑞 [𝑋 ], is called an Artin–Schreier curve. Let 𝐸 be the finite
extension of F𝑞 with [𝐸 : F𝑞] = 𝑘 . The main result of this section is:
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Theorem 4.2.1 Bombieri’s Theorem

Let 𝑓 ∈ F𝑞 [𝑋 ] with (𝑞, deg 𝑓 ) = 1 and deg 𝑓 < 𝑞. Then���𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) − 𝑞𝑘
��� < 𝑞 [𝑘/2]+4

Note:-
The bound is meaningful when 𝑘 is large. For small 𝑘 like 𝑘 = 2 it gives

��𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) − 𝑞𝑘
�� < 𝑞5, whereas the

solution space 𝐸2 = F2
𝑞2 has size only 𝑞4.

4.2.1 Proof of Bombieri’s Theorem via the Polynomial Method

The proof mirrors the Stepanov method: reduce the solution count to a count by trace value, then construct an auxiliary
univariate polynomial𝑄 that vanishes with high multiplicity at each point with a given trace value, and bound its degree.

Lemma 4.2.2 Trace Decomposition of Solutions

Let for any 𝛼 ∈ F𝑞 , 𝑍𝛼 denote the number of 𝛾 ∈ 𝐸 such that Tr𝐸/F𝑞 (𝛾) = 𝛼 .∑︁
𝛼∈F𝑞

𝑍𝛼 = 𝑞𝑘 and 𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) = 𝑞 · 𝑍0.

Proof: The first statement is obvious and the later follows from Theorem 1.3.9 ■

Set 𝑟 = [𝑘/2]; we may assume 𝑘 ≥ 3 so 𝑟 ≥ 1. Split Tr𝐸/F𝑞 (𝑓 (𝑋 )) = 𝑔0 (𝑋 ) +𝑔𝑟 (𝑋 ) by defining

𝑔𝑟 (𝑋 ) = 𝑓 (𝑋 )𝑞
𝑟 + 𝑓 (𝑋 )𝑞𝑟+1 + · · · + 𝑓 (𝑋 )𝑞𝑘−1 ,

𝑔0 (𝑋 ) = 𝑓 (𝑋 ) + 𝑓 (𝑋 )𝑞 + · · · + 𝑓 (𝑋 )𝑞
𝑟−1 .

The key lemma constructs a polynomial𝑄 that vanishes with high multiplicity on every𝛾 ∈ 𝐸 such that Tr𝐸/F𝑞 (𝑓 (𝛾)) = 𝛼 .

Lemma 4.2.3 Existence of Auxiliary Polynomial 𝑄

Let 𝛼 ∈ F𝑞 and let 𝑀 ∈ N satisfy 𝑞 | 𝑀 and 0 < 𝑀 ≤ 𝑞𝑘−𝑟−1 where 𝑟 = [𝑘/2]. Then there exists a non-zero
polynomial 𝑄 ∈ F𝑞 [𝑋 ] with deg(𝑄) ≤ 𝑀 · 𝑞𝑘−1 + 𝑞𝑘+1 such that every 𝛾 ∈ 𝐸 with Tr𝐸/F𝑞 (𝑓 (𝛾)) = 𝛼 is a zero of 𝑄
with multiplicity at least 𝑀 .

Proof: We follow the same approach as Stepanov’s Theorem. Construct polynomials ℎ0, . . . ,ℎ𝑞−1 where ℎ𝑖 (𝑋 ) =∑𝑡
𝑗=0 ℎ𝑖 𝑗 (𝑋 ) ·𝑋𝑞

𝑘 · 𝑗 with deg(ℎ𝑖 𝑗 ) < 𝑞𝑘−1, and set

𝑄 (𝑋 ) =
𝑞−1∑︁
𝑖=0

ℎ𝑖 (𝑋 ) · 𝑔𝑟 (𝑋 )𝑖 .

The goal is to choose the ℎ𝑖 𝑗 so that 𝑄 vanishes at every 𝛾 ∈ 𝐸 with Tr𝐸/F𝑞 (𝑓 (𝛾)) = 𝛼 with multiplicity at least 𝑀 . Take
𝑡 = ⌊𝑀/𝑞⌋. Since 𝑘 ≤ 2𝑟 + 1 we have 𝑀 ≤ 𝑞𝑟 .

Computing the Hasse Derivatives. Since 𝑔𝑟 (𝑋 ) =
∑𝑘−1
𝑖=𝑟 𝑓

𝑞𝑖 (𝑋 ) = ∑𝑘−𝑟−1
𝑖=0 𝑓

(
𝑋𝑞

𝑟 )𝑞𝑖 , define 𝑔𝑟 ∈ F𝑞 [𝑌 ] by 𝑔𝑟 (𝑌 ) =∑𝑘−𝑟−1
𝑖=0 𝑓 (𝑌 )𝑞𝑖 , so 𝑔𝑟

(
𝑋𝑞

𝑟 )
= 𝑔𝑟 (𝑋 ). Then 𝑄 (𝑋 ) = 𝑄̃

(
𝑋 ,𝑋𝑞𝑟

)
where

𝑄̃ (𝑋 ,𝑌 ) =
𝑞−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ𝑖 𝑗 (𝑋 ) · 𝑔𝑟 (𝑌 )𝑖 ·𝑌𝑞
𝑘−𝑟 .
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Since 𝑀 ≤ 𝑞𝑟 , for any 𝑛 < 𝑀 the Hasse derivative satisfies

𝐻 (𝑛)𝑄 (𝑋 ) =
𝑞−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ
(𝑛)
𝑖 𝑗
(𝑋 ) · 𝑔𝑟 (𝑋 )𝑖 ·𝑋𝑞

𝑟 · 𝑗

where ℎ (𝑛)
𝑖 𝑗
(𝑋 ) = 𝐻 (𝑛)ℎ𝑖 𝑗 (𝑋 ).

Imposing the Multiplicity Condition. Since Tr𝐸/F𝑞 (𝑓 (𝑋 )) = 𝑔0 (𝑋 ) +𝑔𝑟 (𝑋 ), for any 𝛾 ∈ 𝐸 with Tr𝐸/F𝑞 (𝑓 (𝛾)) = 𝛼 we
have 𝑔𝑟 (𝛾) = 𝛼 − 𝑔0 (𝛾) and 𝛾𝑞𝑘 = 𝛾 . Substituting, the condition 𝐻 (𝑛) (𝑄) (𝛾) = 0 for all such 𝛾 and all 0 ≤ 𝑛 < 𝑀 reduces
to requiring that the polynomials

𝑄𝑛 (𝑋 ) =
𝑞−1∑︁
𝑖=0

𝑡∑︁
𝑗=0

ℎ
(𝑛)
𝑖 𝑗
(𝑋 ) · (𝛼 −𝑔0 (𝑋 ))𝑖 ·𝑋 𝑗

be identically zero for all 0 ≤ 𝑛 < 𝑀 .

Counting Equations. From the degree bound of ℎ𝑖 𝑗 we have deg(𝑄𝑛) ≤ 𝑞𝑘−1 + (𝑞 − 1)2𝑞𝑟−1 + 𝑡 ≤ 𝑞𝑘−1 + 𝑞𝑟+1 − 2 for
all 0 ≤ 𝑛 < 𝑀 . Hence the total number of linear equations 𝑠 on the coefficients of ℎ𝑖 𝑗 satisfies

𝑠 ≤
𝑀−1∑︁
𝑛=0

deg(𝑄𝑛) + 1 < 𝑀 (𝑞𝑘−1 + 𝑞𝑟+1) ≤ 𝑀 · 𝑞𝑘−1 + 𝑞𝑘 . (4.9)

Counting Variables. The unknowns are the coefficients of ℎ𝑖 𝑗 for all 0 ≤ 𝑖 ≤ 𝑞 − 1 and 0 ≤ 𝑗 ≤ 𝑡 . Their total count is

𝑣 =

𝑞−1∑︁
𝑖=0

𝑡∑︁
𝑗=0
(deg(ℎ𝑖 𝑗 ) + 1) = 𝑞(𝑡 + 1)𝑞𝑘−1 =𝑀 · 𝑞𝑘−1 + 𝑞𝑘 . (4.10)

Existence of a Non-Zero Solution. Comparing (4.9) and (4.10) gives 𝑣 > 𝑠 , so there exists a non-zero solution for the
ℎ𝑖 𝑗 , and hence a non-zero 𝑄 vanishing with multiplicity at least 𝑀 at every 𝛾 ∈ 𝐸 with Tr𝐸/F𝑞 (𝑓 (𝛾)) = 𝛼 . Now

deg(𝑄) ≤ 𝑞𝑘−1 · 𝑡 + (𝑞 − 1)2𝑞𝑘−1 + 𝑞𝑘−1 ≤ 𝑀 · 𝑞𝑘−1 + 𝑞𝑘+1

Non-Vanishing of𝑄 . Each summand of𝑄 has the form ℎ𝑖 𝑗 (𝑋 ) ·𝑔𝑟 (𝑋 )𝑖 ·𝑋𝑞
𝑘 · 𝑗 , of degree 𝑞𝑘−1 (𝑞 𝑗 + 𝑖 · deg 𝑓 ) + deg(ℎ𝑖 𝑗 ).

By the same degree-separation argument as in Lemma 4.1.5, distinct pairs (𝑖 , 𝑗) give summands of distinct degree. Hence,
𝑄 . 0, so we have the lemma. ■

We now deduce Bombieri’s Theorem from Lemma 4.2.3 and Lemma 4.2.2. Fix 𝛼 ∈ F𝑞 . Applying Lemma 4.2.3 with
parameter 𝑀 gives a polynomial 𝑄 of degree at most 𝑀 · 𝑞𝑘−1 + 𝑞𝑘+1 that vanishes with multiplicity ≥ 𝑀 at every 𝛾 ∈ 𝐸
with Tr𝐸/F𝑞 (𝑓 (𝛾)) = 𝛼 . Counting zeros gives

𝑍𝛼 ·𝑀 ≤ deg𝑄 ≤ 𝑀 · 𝑞𝑘−1 + 𝑞𝑘+1 =⇒ 𝑍𝛼 ≤ 𝑞𝑘−1 + 𝑞
𝑘+1

𝑀
.

Choose 𝑀 = 𝑞𝑘−𝑟−1; then 𝑞 | 𝑀 for 𝑘 ≥ 3, and the hypothesis 𝑀 ≤ 𝑞𝑘−𝑟−1 is satisfied, giving 𝑍𝛼 ≤ 𝑞𝑘−1 + 𝑞𝑟+2. Since∑
𝛼∈F𝑞

𝑍𝛼 = 𝑞𝑘 by Lemma 4.2.2, we also obtain a lower bound:

𝑍𝛼 = 𝑞𝑘 −
∑︁
𝛽≠𝛼

𝑍𝛽 ≥ 𝑞𝑘 − (𝑞 − 1) (𝑞𝑘−1 + 𝑞𝑟+2) > 𝑞𝑘−1 − 𝑞𝑘+3.

Hence |𝑍𝛼 − 𝑞𝑘−1 | < 𝑞𝑟+3 for every 𝛼 ∈ F𝑞 , and in particular |𝑍0 − 𝑞𝑘−1 | < 𝑞𝑟+3. Since 𝑍𝐸 (𝑌𝑞 − 𝑌 = 𝑓 (𝑋 )) = 𝑞 · 𝑍0 by
Lemma 4.2.2, ���𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) − 𝑞𝑘

��� = 𝑞 · |𝑍0 − 𝑞𝑘−1 | < 𝑞𝑟+4 = 𝑞 [
𝑘/2]+4,

which is Bombieri’s Theorem.
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4.2.2 Alternate Proof via Bézout’s Theorem

We now give an alternate approach, following [Kop13] and [Kum24]. The argument is more direct but yields a weaker
bound. Let 𝐸 be the finite extension field of F𝑞 with [𝐸 : F𝑞] = 𝑘 .

Theorem 4.2.4 Bombieri’s Bound via Bézout

Let [𝐸 : F𝑞] = 𝑘 so |𝐸 | = 𝑞𝑘 . Let 𝑓 ∈ F𝑞 [𝑋 ] be a polynomial of degree 𝑑 such that 𝑑 < 𝑞. Then

𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) ≤ 𝑞𝑘 +𝑂 (𝑞 · 𝑑 · 𝑞𝑘/2).

The final bound on 𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) comes from bounding the number of common zeros of 𝑃 and the auxiliary
polynomial 𝑄 we will construct. The standard Bézout theorem counts common zeros by the product of degrees, but
𝑃 = 𝑌𝑞 − 𝑌 − 𝑓 (𝑋 ) has a very unbalanced structure (high 𝑌 -degree, low 𝑋 -degree). The following weighted version
exploits this imbalance by assigning different weights to the two variables, producing a bound of the form 𝐷 + 𝑞𝑑 rather
than 𝐷𝑞.

Lemma 4.2.5 Weighted Bézout’s Theorem

For integers 𝑎,𝑏 > 0, the (𝑎,𝑏)-degree of a monomial 𝑋 𝑖𝑌 𝑗 is 𝑎𝑖 + 𝑏 𝑗 and of a polynomial is the maximum over its
monomials. Let 𝑃 (𝑋 ,𝑌 ) = 𝑢 (𝑌 ) − 𝑓 (𝑋 ) ∈ 𝐸 [𝑋 ,𝑌 ] with deg𝑋 𝑃 = 𝑑𝑋 and deg𝑌 𝑃 = 𝑑𝑌 . If 𝑄 (𝑋 ,𝑌 ) is relatively prime
to 𝑃 and has (𝑑𝑌 ,𝑑𝑋 )-degree at most 𝐷 , then

𝑍 (𝑃 ,𝑄) ≤ 𝐷 +𝑑𝑋 · 𝑑𝑌 .

Proof: Since 𝑃 is monic in 𝑌 , reduce 𝑄 modulo 𝑃 to get 𝑄0 with deg𝑌 𝑄0 ≤ 𝑑𝑌 − 1, without increasing the (𝑑𝑌 ,𝑑𝑋 )-
degree. Then𝑄0 has 𝑋 -degree ≤ 𝐷/𝑑𝑌 and 𝑌 -degree ≤ 𝑑𝑌 − 1. By the resultant bound, 𝑍 (𝑃 ,𝑄) = 𝑍 (𝑃 ,𝑄0) ≤ 𝑑𝑋 (𝑑𝑌 − 1) +
𝑑𝑌 · 𝐷/𝑑𝑌 = 𝐷 +𝑑𝑋𝑑𝑌 −𝑑𝑋 ≤ 𝐷 +𝑑𝑋𝑑𝑌 . ■

The dimension argument that produces the auxiliary polynomial 𝑄̃ rests on comparing the number of free coeffi-
cient variables against the number of linear constraints forced by the vanishing condition. Both counts are expressed in
terms of |𝑆𝑁 |, the number of monomials 𝑀𝑖 ,𝑗 = 𝑋

𝑖𝑌 𝑗 whose (𝑞,𝑑)-degree does not exceed a threshold 𝑁 . The following
lemma gives the precise asymptotic.

Lemma 4.2.6 Size of 𝑆𝑁 for (𝑞,𝑑)-Degrees

Let 𝑆𝑁 = {(𝑖 , 𝑗) : 𝑖 ≥ 0, 𝑗 ∈ {0, . . . ,𝑞 − 1}, 𝑞𝑖 +𝑑 𝑗 ≤ 𝑁 }. For 𝑁 ≥ (𝑞 − 1)𝑑 we have |𝑆𝑁 | = 𝑁 − (𝑞−1)𝑑/2 +𝑂 (𝑞).

Proof: We count |𝑆𝑁 | by summing over the 𝑞 possible values of 𝑗 . Fix 𝑗 ∈ {0, . . . ,𝑞 − 1}. The condition 𝑞𝑖 + 𝑑 𝑗 ≤ 𝑁
with 𝑖 ≥ 0 is equivalent to 0 ≤ 𝑖 ≤ (𝑁−𝑑 𝑗 )/𝑞. Since 𝑁 ≥ (𝑞 − 1)𝑑 ≥ 𝑑 𝑗 , this range is non-empty for every 𝑗 , and the number
of valid non-negative integers 𝑖 is

⌊(𝑁 −𝑑 𝑗)/𝑞⌋ + 1 =
𝑁 −𝑑 𝑗
𝑞
+𝑂 (1),

where the 𝑂 (1) accounts for the fractional part discarded by the floor. Summing over all 𝑗 ∈ {0, . . . ,𝑞 − 1}:

|𝑆𝑁 | =
𝑞−1∑︁
𝑗=0
(⌊(𝑁 −𝑑 𝑗)/𝑞⌋ + 1) =

𝑞−1∑︁
𝑗=0

𝑁 −𝑑 𝑗
𝑞
+𝑂 (𝑞)

=
1
𝑞

(
𝑞𝑁 −𝑑

𝑞−1∑︁
𝑗=0

𝑗

)
+𝑂 (𝑞) = 1

𝑞

(
𝑞𝑁 −𝑑 · 𝑞(𝑞 − 1)

2

)
+𝑂 (𝑞) = 𝑁 − (𝑞 − 1)𝑑

2 +𝑂 (𝑞).

■
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Once𝑄 is constructed, we must show it is not a multiple of 𝑃 — otherwise the Bézout bound is vacuous. The argu-
ment reduces to showing that the reduced monomials appearing in 𝑄 all have distinct (𝑞,𝑑)-degrees, so no cancellation
can occur. This distinctness follows from the injectivity of the map (𝑖 , 𝑗) ↦→ 𝑞𝑖 + 𝑑 𝑗 , which in turn relies on 𝑞 ∤ 𝑑 , a
consequence of 𝑓 being 𝑞-free.

Lemma 4.2.7 Injectivity of (𝑞,𝑑)-Degrees

Since 𝑓 is 𝑞-free, 𝑞 ∤ 𝑑 , and the map (𝑖 , 𝑗) ↦→ 𝑞𝑖 +𝑑 𝑗 is injective on {(𝑖 , 𝑗) : 𝑖 ≥ 0, 𝑗 ∈ {0, . . . ,𝑞 − 1}}.

Proof: If 𝑞𝑖 +𝑑 𝑗 = 𝑞𝑖′ +𝑑 𝑗 ′ set 𝑒 = gcd(𝑞,𝑑); then (𝑞/𝑒) (𝑖 − 𝑖′) = (𝑑/𝑒) ( 𝑗 ′ − 𝑗) and gcd(𝑞/𝑒 ,𝑑/𝑒) = 1 force 𝑞/𝑒 | ( 𝑗 ′ − 𝑗).
Since 𝑞 ∤ 𝑑 we have 𝑞/𝑒 ≥ 2, so | 𝑗 ′ − 𝑗 | < 𝑞/𝑒 forces 𝑗 = 𝑗 ′ and then 𝑖 = 𝑖′. ■

Let 𝑀𝑖 ,𝑗 (𝑋 ,𝑌 ) = 𝑋 𝑖𝑌 𝑗 for 𝑖 ≥ 0 and 𝑗 ∈ {0, . . . ,𝑞 − 1}. Set 𝑑𝑌 = 𝑞 and 𝑑𝑋 = 𝑑 .

Reduction Modulo 𝑃 and Degree Preservation. Since 𝑃 is monic of degree 𝑞 in 𝑌 , every 𝑅(𝑋 ,𝑌 ) reduces mod 𝑃 to 𝑅
of 𝑌 -degree ≤ 𝑞 − 1 by replacing 𝑌𝑞 ↦→ 𝑌 + 𝑓 (𝑋 ). A single step on 𝑋𝑎𝑌𝑏 (𝑏 ≥ 𝑞) gives

𝑋𝑎𝑌𝑏 ↦−→ 𝑋𝑎𝑌𝑏−𝑞+1 + 𝑓 (𝑋 ) ·𝑋𝑎𝑌𝑏−𝑞 .

The first term has (𝑞,𝑑)-degree 𝑞𝑎 + 𝑑𝑏 − 𝑑 (𝑞 − 1) < 𝑞𝑎 + 𝑑𝑏, and each monomial 𝑋𝑎+ℓ𝑌𝑏−𝑞 (0 ≤ ℓ ≤ 𝑑) in the second
has degree 𝑞(𝑎 + ℓ) + 𝑑 (𝑏 − 𝑞) ≤ 𝑞𝑎 + 𝑑𝑏. By induction, reduction preserves (𝑞,𝑑)-degree, and if 𝑅 has degree ≤ 𝑁 then
𝑅 ∈ 𝐸-span{𝑀𝑖 ,𝑗 : (𝑖 , 𝑗) ∈ 𝑆𝑁 }. By Lemma 4.2.7 the monomials in 𝑆𝑁 have distinct (𝑞,𝑑)-degrees.

Irreducibility of 𝑃 . Since 𝑓 is 𝑞-free, 𝑓 ∉ ℘(𝐸 (𝑋 )) where ℘(ℎ) = ℎ𝑞 −ℎ, so 𝑃 is irreducible over 𝐸 [𝑋 ] by Artin–Schreier
theory.

Constructing 𝑄̃ : Dimension Argument. Set 𝑟 = [𝑘/2]. Let 𝐴,𝐵 > 0 with 𝐵 < 𝑞𝑘−𝑟 . Define

𝑄̃ (𝑋 ,𝑌 ) :=
∑︁
(𝑖 ,𝑗 ) ∈𝑆𝐴
(𝑠 ,𝑡 ) ∈𝑆𝐵

𝑎 (𝑖 ,𝑗 ) ,(𝑠 ,𝑡 ) ·𝑀𝑖 ,𝑗 (𝑋 ,𝑌 ) ·𝑀𝑠 ,𝑡 (𝑋 ,𝑌 )𝑞𝑟

with formal variables 𝑎 (𝑖 ,𝑗 ) ,(𝑠 ,𝑡 ) . Its (𝑞,𝑑)-degree is at most𝐴+𝑞𝑟𝐵, so 𝑄̃ ∈ 𝐸-span{𝑀𝑢,𝑣 : (𝑢, 𝑣) ∈ 𝑆𝐴+𝑞𝑟𝐵}. By Lemma 4.2.6
the condition (

𝐴 − (𝑞−1)𝑑
2

) (
𝐵 − (𝑞−1)𝑑

2

)
> 𝐴 + 𝑞𝑟𝐵 − (𝑞−1)𝑑

2 (4.11)

ensures |𝑆𝐴 | · |𝑆𝐵 | > |𝑆𝐴+𝑞𝑟𝐵 |, giving a nonzero tuple with 𝑃 | 𝑄̃ . Fix such a 𝑄̃ .

Constructing 𝑄 and the Frobenius Identity. Define

𝑄 (𝑋 ,𝑌 ) :=
∑︁
(𝑖 ,𝑗 ) ∈𝑆𝐴
(𝑠 ,𝑡 ) ∈𝑆𝐵

𝑎
𝑞𝑘−𝑟

(𝑖 ,𝑗 ) ,(𝑠 ,𝑡 ) ·𝑀𝑖 ,𝑗 (𝑋 ,𝑌 )𝑞𝑘−𝑟 ·𝑀𝑠 ,𝑡 (𝑋 ,𝑌 ).

Lemma 4.2.8

𝑄 (𝑋 ,𝑌 ) ≡ 𝑄̃ (𝑋 ,𝑌 )𝑞𝑘−𝑟 mod ⟨𝑋𝑞𝑘 −𝑋 , 𝑌𝑞𝑘 −𝑌 ⟩

Proof: Taking the 𝑞𝑘−𝑟 power distributes over the sums:

𝑄̃𝑞
𝑘−𝑟

=
∑︁
(𝑖 ,𝑗 ) ∈𝑆𝐴
(𝑠 ,𝑡 ) ∈𝑆𝐵

𝑎
𝑞𝑘−𝑟

(𝑖 ,𝑗 ) ,(𝑠 ,𝑡 ) ·𝑀
𝑞𝑘−𝑟

𝑖 ,𝑗 ·𝑀
𝑞𝑟 ·𝑞𝑘−𝑟
𝑠 ,𝑡 =

∑︁
(𝑖 ,𝑗 ) ∈𝑆𝐴
(𝑠 ,𝑡 ) ∈𝑆𝐵

𝑎
𝑞𝑘−𝑟

(𝑖 ,𝑗 ) ,(𝑠 ,𝑡 ) ·𝑀
𝑞𝑘−𝑟

𝑖 ,𝑗 ·𝑀
𝑞𝑘

𝑠 ,𝑡 .
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For 𝛼 , 𝛽 ∈ 𝐸 we have 𝛼𝑞𝑘 = 𝛼 and 𝛽𝑞𝑘 = 𝛽 , so 𝑀𝑠 ,𝑡 (𝛼 , 𝛽)𝑞𝑘 = 𝛼𝑞
𝑘𝑠𝛽𝑞

𝑘𝑡 = 𝛼𝑠𝛽𝑡 =𝑀𝑠 ,𝑡 (𝛼 , 𝛽), giving the identity. ■

Verifying the Three Properties.

(i) Vanishing on 𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )): For (𝛼 , 𝛽) ∈ 𝑉 ⊆ 𝐸2: 𝑃 | 𝑄̃ gives 𝑄̃ (𝛼 , 𝛽) = 0, hence 𝑄 (𝛼 , 𝛽) = 𝑄̃ (𝛼 , 𝛽)𝑞𝑘−𝑟 = 0 by
Lemma 4.2.8.

(ii) Relative primality to 𝑃 .

Lemma 4.2.9 Distinct (𝑞,𝑑)-Degrees

All monomials of 𝑄 have distinct (𝑞,𝑑)-degrees; hence 𝑄̄ ≠ 0 and gcd(𝑃 ,𝑄) = 1.

Proof: The degree of𝑀𝑞𝑘−𝑟

𝑖 ,𝑗 ·𝑀𝑠 ,𝑡 is𝑞𝑘−𝑟 (𝑞𝑖 +𝑑 𝑗) + (𝑞𝑠 +𝑑𝑡). If two pairs give the same value then𝑞𝑘−𝑟
[
(𝑞𝑖 +𝑑 𝑗) − (𝑞𝑖′ +

𝑑 𝑗 ′)
]
= (𝑞𝑠′ + 𝑑𝑡 ′) − (𝑞𝑠 + 𝑑𝑡). Since | (𝑞𝑠 + 𝑑𝑡) − (𝑞𝑠′ + 𝑑𝑡 ′) | ≤ 𝑞𝐵 + 𝑑 (𝑞 − 1) < 𝑞 · 𝑞𝑘−𝑟 (using 𝐵 < 𝑞𝑘−𝑟 and 𝑑 < 𝑞𝑘−𝑟 ),

the left side (a multiple of 𝑞𝑘−𝑟 ) must equal zero. By Lemma 4.2.7 applied twice, both pairs are equal. Hence, degrees are
distinct, 𝑄̄ ≠ 0, and since 𝑃 is irreducible, gcd(𝑃 ,𝑄) = 1. ■

(iii) Applying Lemma 4.2.5 with 𝐷 = 𝑞𝑘−𝑟𝐴 + 𝐵:

𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) ≤ 𝐷 +𝑑𝑋 · 𝑑𝑌 = 𝑞𝑘−𝑟𝐴 + 𝐵 + 𝑞𝑑 .

Choosing Parameters and the Final Bound. Set 𝐵 = 𝑞𝑘−𝑟 − 1 and 𝐴 = 𝑞𝑟 + (𝑞−1)𝑑+2/2. One verifies (4.11) holds.
Substituting:

𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) ≤ 𝑞𝑘−𝑟
(
𝑞𝑟 + (𝑞−1)𝑑+2

2

)
+ (𝑞𝑘−𝑟 − 1) + 𝑞𝑑 = 𝑞𝑘 + (𝑞−1)𝑑+2

2 · 𝑞𝑘−𝑟 + 𝑞𝑘−𝑟 − 1 + 𝑞𝑑 .

Since 𝑟 = [𝑘/2], 𝑞𝑘−𝑟 ≤ 𝑞
√︁
𝑞𝑘 , so all error terms are 𝑂 (𝑞𝑑

√︁
𝑞𝑘 ):

𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑓 (𝑋 )) ≤ 𝑞𝑘 +𝑂
(
𝑞 · 𝑑 ·

√︃
𝑞𝑘

)
,

which is the required bound. So we have Theorem 4.2.4.

§ 4.3 Special 𝐿-functions

In this section we will construct special 𝐿-functions which will help us study polynomials like 𝑌𝑑 − 𝑓 (𝑋 ) or 𝑌𝑞 − 𝑌 −
𝑓 (𝑋 ) where they are absolutely irreducible and character sums related to such polynomials. Remember the notions we
introduced in section 2.5.

Let 𝐺 be the group of all rational functions 𝑟 (𝑋 ) ∈ F𝑞 (𝑋 ) such that for any 𝑟 (𝑋 ) = ℎ1 (𝑋 )/ℎ2 (𝑋 ) where ℎ1,ℎ2 ∈ Φ.
Let 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] be a monic polynomial in F𝑞 [𝑋 ]. Let 𝑓 (𝑋 ) factors into

𝑓 (𝑋 ) = (𝑋 −𝛾1)𝑎1 · · · (𝑋 −𝛾𝑚)𝑎𝑚

in the field F𝑞 [𝑋 ] i.e., 𝑓 has𝑚 distinct roots. Then define the subgroup 𝐺 such that 𝑟 = ℎ1/ℎ2 ∈ 𝐺 then

ℎ1 (𝛾𝑖 ) · ℎ2 (𝛾𝑖 ) ≠ 0 ∀ 𝑖 ∈ [𝑚]
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Then 𝐺 has the property that if 𝑟1 · 𝑟2 ∈ 𝐺 then 𝑟1, 𝑟2 ∈ 𝐺 .
Now we define a multiplicative function 𝜍 : 𝐺 → F𝑞 . Let 𝑟 = ℎ1/ℎ2 ∈ 𝐺 factors into

𝑟 (𝑋 ) =
𝑑1∏
𝑖=1
(𝑋 − 𝛼𝑖 ) ·

𝑑2∏
𝑗=1
(𝑋 − 𝛽 𝑗 )−1

in F𝑞 (𝑋 ). Then define

𝜍 (𝑟 ) =
𝑑1∏
𝑖=1

𝑓 (𝛼𝑖 ) ·
𝑑2∏
𝑗=1

𝑓 (𝛽 𝑗 )−1 =
𝑚∏
𝑡=1

𝑟 (𝛾𝑡 )𝑎𝑡

Take 𝜍 (𝑟 ) = 1 if 𝑓 (𝑋 ) ≡ 1. Then 𝜍 (𝑟 ) ∈ F𝑞 . Then we have the following observation

Observation 4.1. For all 𝑟1, 𝑟2 ∈ 𝐺 we have 𝜍 (𝑟1 · 𝑟2) = 𝜍 (𝑟1) · 𝜍 (𝑟2).

If𝜓 ∈M𝑞 is a multiplicative character of F𝑞 then for any 𝑟1, 𝑟2 ∈ 𝐺 we have

𝜓 (𝜍 (𝑟1 · 𝑟2)) =𝜓 (𝜍 (𝑟1)) ·𝜓 (𝜍 (𝑟2))

Therefore 𝜓 ◦ 𝜍 is a character on 𝐺 . Now we extend 𝜓 ◦ 𝜍 to 𝐺 by setting 𝜓 ◦ 𝜍 (𝑟 ) = 0 for all 𝑟 ∈ 𝐺 \𝐺 . So 𝜓 ◦ 𝜍 is a
character on 𝐺 .

Let 𝐻̃ be a subgroup of𝐺 consisting only 𝑟 = ℎ1/ℎ2 with ℎ1 (𝛾𝑖 ) = ℎ2 (𝛾𝑖 ) ≠ 0 for all 𝑖 ∈ [𝑚]. Therefore, by definition
of 𝜍 we have the following lemma

Lemma 4.3.1

For all 𝑟 ∈ 𝐻̃ ,𝜓 ◦ 𝜍 (𝑟 ) = 1.

Now let 𝑔 ∈ F𝑞 [𝑋 ] be any fixed polynomial of degree 𝑛 and constant term is 0. Again for any 𝑟 = ℎ1/ℎ2 ∈ 𝐺 let 𝑟
factors like above. Then define a function 𝜚 : 𝐺 → F𝑞 .

𝜚 (𝑟 ) =
𝑑1∑︁
𝑖=1

𝑔(𝛼𝑖 ) −
𝑑2∑︁
𝑗=1

𝑔(𝛽 𝑗 )

Take 𝜚 (𝑟 ) = 0 if 𝑟 (𝑋 ) ≡ 1. Then for all 𝑟 ∈ F𝑞 therefore 𝜚 (𝑟 ) ∈ F𝑞 . Then we have the following observation

Observation 4.2. For all 𝑟1, 𝑟2 ∈ 𝐺 we have 𝜚 (𝑟1 · 𝑟2) = 𝜚 (𝑟1) + 𝜚 (𝑟2).

Now if 𝜒 ∈ X𝑞 is an additive character of F𝑞 then for all 𝑟1, 𝑟2 ∈ 𝐺 we have

𝜒 (𝜚 (𝑟1 · 𝑟2)) = 𝜒 (𝜚 (𝑟1) + 𝜚 (𝑟2)) = 𝜒 (𝜚 (𝑟1)) · 𝜒 (𝜚 (𝑟2))

Therefore 𝜒 ◦ 𝜚 is a character on 𝐺 .
Let 𝐻 be a subset of 𝐺 consisting of rational functions 𝑟 = ℎ1/ℎ2 where

ℎ1 (𝑋 ) = 𝑋𝑑1 +
𝑑1∑︁
𝑖=1
(−1)𝑖 · 𝑎𝑖 ·𝑋𝑑1−𝑖 , ℎ2 (𝑋 ) = 𝑋𝑑2 +

𝑑2∑︁
𝑖=1
(−1)𝑖 · 𝑏𝑖 ·𝑋𝑑2−𝑖

such that 𝑎𝑖 = 𝑏𝑖 for all 𝑖 ∈ [𝑛]. Therefore, 𝐻 is a subgroup of 𝐺 . Now notice that suppose ℎ(𝑋 ) is a monic polynomial
and 𝑟 = ℎ1/ℎ2 ∈ 𝐺 be a rational function. Now we will show another way of writing this condition which is more algebraic
to work with.

ℎ1 (𝑋 ) = 𝑋𝑑1

(
1 +

𝑑1∑︁
𝑖=1
(−1)𝑖 · 𝑎𝑖 ·

1
𝑋 𝑖

)
, ℎ2 (𝑋 ) = 𝑋𝑑2

(
1 +

𝑑2∑︁
𝑗=1
(−1)𝑖 · 𝑏 𝑗 ·

1
𝑋 𝑗

)
So take the polynomials ℎ̂1 (𝑌 ) = 1+∑𝑑1

𝑖=1 (−1)𝑖 ·𝑎𝑖 ·𝑌 𝑖 and ℎ̂2 (𝑌 ) = 1+∑𝑑2
𝑗=1 (−1)𝑖 ·𝑏 𝑗 ·𝑌 𝑗 . Now since 𝑎𝑖 = 𝑏𝑖 for all 𝑖 ∈ [𝑛]

we have ℎ̂1 ≡ ℎ̂2 mod ⟨𝑋 ⟩𝑛+1 So we have the following observations
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Observation 4.3. If 𝑟 = ℎ1
ℎ2
∈ 𝐺 where ℎ1 = 𝑋

𝑑1 +∑𝑑1
𝑖=1(−1)𝑖 · 𝑎𝑖 ·𝑋𝑑1−𝑖 and ℎ1 = 𝑋

𝑑2 +∑𝑑2
𝑗=1(−1) 𝑗 · 𝑎 𝑗 ·𝑋𝑑2− 𝑗 then consider

the polynomial ℎ̂1 (𝑌 ) =
∑𝑑1
𝑖=1(−1)𝑖 · 𝑎𝑖 ·𝑌 𝑖 and ℎ̂2 (𝑌 ) =

∑𝑑2
𝑗=1 (−1) 𝑗 · 𝑎 𝑗 ·𝑌 𝑗 that is we have

ℎ̂1 = 𝑌
𝑑1ℎ1 (1/𝑌 ), and ℎ̂2 = 𝑌

𝑑2ℎ(1/𝑌 )

Then 𝑟 ∈ 𝐻 ⇐⇒ ℎ̂1 ≡ ℎ̂2 mod ⟨𝑋 ⟩𝑛+1.

Lemma 4.3.2

Let 𝑟 = ℎ1/ℎ2 ∈ 𝐺 be a rational function with ℎ1,ℎ2 ∈ Φ with degrees 𝑑1,𝑑2 respectively and let ℎ be a monic polynomial
of degree 𝑑 . Suppose ℎ/𝑟 ∈ 𝐻 . Then

ℎ̂ ≡ 𝑟 mod ⟨𝑋 ⟩𝑛+1

Proof: From ℎ1,ℎ2,ℎ we construct the corresponding polynomials ℎ̂1 (𝑌 ), ℎ̂2 (𝑌 ), ℎ̂(𝑌 ). Since ℎ
𝑟
=
ℎ ·ℎ2
ℎ1

we have (ℎ ·ℎ2 )/ℎ1 ∈
𝐻 . Now we construct the polynomial �ℎ · ℎ2 (𝑌 ) from ℎ · ℎ2. Then we have�ℎ · ℎ2 (𝑌 ) = 𝑌𝑑+𝑑2 (ℎ(1/𝑌 ) · ℎ2 (1/𝑌 )) =

(
𝑌𝑑ℎ(1/𝑌 )

)
·
(
𝑌𝑑2ℎ(1/𝑌 )

)
= ℎ̂ · ℎ̂2

Since ℎ/𝑟 ∈ 𝐻 we have ℎ̂1 ≡ ℎ̂2 · ℎ̂ mod ⟨𝑋 ⟩𝑛+1. Now we compute 𝑟̂ . Now 𝑟 = ℎ1/ℎ2 so ℎ2 · 𝑟 = ℎ1 and therefore �ℎ2 · 𝑟 = ℎ̂2 · 𝑟̂ .
Hence,

ℎ̂2 · 𝑟̂ ≡ ℎ̂1 ≡ ℎ̂2 · ℎ̂

Since ℎ̂2 is a non-zero polynomial we have 𝑟̂ ≡ ℎ̂ mod ⟨𝑋 ⟩𝑛+1. ■

Lemma 4.3.3

For all 𝑟 ∈ 𝐻 , 𝜒 ◦ 𝜚 (𝑟 ) = 1

Proof: Let 𝑟 ∈ 𝐻 and 𝑟 = ℎ1/ℎ2 where ℎ1,ℎ2 ∈ Φ and

ℎ1 (𝑋 ) = 𝑋𝑑1 +
𝑑1∑︁
𝑖=1
(−1)𝑖 · 𝑎𝑖 ·𝑋𝑑1−𝑖 , ℎ1 (𝑋 ) = 𝑋𝑑2 +

𝑑2∑︁
𝑖=1
(−1)𝑖 · 𝑏𝑖 ·𝑋𝑑2−𝑖

such that 𝑎𝑖 = 𝑏𝑖 for all 𝑖 ∈ [𝑛]. The polynomial
∑𝑘
𝑖=1 𝑔(𝑌𝑖 ) is a symmetric polynomial for any 𝑘 ∈ N of degree 𝑁 in

variables 𝑌1, . . . ,𝑌𝑘 . Hence, it is a polynomial in the first 𝑛 elementary symmetric polynomials ESym𝑗 (𝑌1, . . . ,𝑌𝑘 ) for all
𝑗 ∈ [𝑛]. Hence, there exists a polynomial 𝑃 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] such that for any 𝑘 ∈ N,

𝑘∑︁
𝑖=1

𝑔(𝑌𝑖 ) = 𝑃
(
ESym1, . . . , ESym𝑛

)
Now if we take 𝑘 = 𝑑1 and plugin 𝛼1, . . . ,𝛼𝑑1 in 𝑌1, . . . ,𝑌𝑑1 we obtain

𝑑1∑︁
𝑖=1

𝑔(𝛼𝑖 ) = 𝑃
(
ESym1 (𝛼1, . . . ,𝛼𝑑1 ), . . . , ESym𝑛 (𝛼1, . . . ,𝛼𝑑1 )

)
= 𝑃 (𝑎1, . . . ,𝑎𝑛)

And similarly for 𝑘 = 𝑑2 and assign 𝛽1, . . . , 𝛽𝑑2 for 𝑌1, . . . ,𝑌𝑑2 we obtain

𝑑2∑︁
𝑗=1

𝑔(𝛽 𝑗 ) = 𝑃
(
ESym1 (𝛽1, . . . , 𝛽𝑑2 ), . . . , ESym𝑛 (𝛽1, . . . , 𝛽𝑑2 )

)
= 𝑃 (𝑏1, . . . ,𝑏𝑛)

Since 𝑟 ∈ 𝐻 we have 𝑎𝑖 = 𝑏𝑖 for all 𝑖 ∈ [𝑛]. Therefore,
∑𝑑1
𝑖=1 𝑔(𝛼𝑖 ) =

∑𝑑2
𝑗=1 𝑔(𝛽 𝑗 ). Therefore, for all 𝑟 ∈ 𝐻 we have 𝜚 (𝑟 ) = 0

and hence 𝜒 ◦ 𝜚 (𝑟 ) = 1 for all 𝑟 ∈ 𝐻 . ■
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So now we define the multiplicative function 𝜉 : 𝐺 → C where

𝜉 (𝑟 ) = (𝜓 ◦ 𝜍) (𝑟 ) · (𝜒 ◦ 𝜚 ) (𝑟 )

Note:-
Recall the proof of Davenport-Hasse Theorem. We defined similar multiplicative function in the proof. There the
corresponding 𝑓 and 𝑔 was 𝑓 (𝑋 ) = 𝑔(𝑋 ) = 𝑋 .

Let 𝐻 = 𝐻 ∩ 𝐻̃ . Then from Lemma 4.3.1 and Lemma 4.3.3 we have the following:

Corollary 4.3.4

For all 𝑟 ∈ 𝐻 we have 𝜉 (𝑟 ) = 1.

Lemma 4.3.5

Suppose 𝑡 ∈ Z0. Then every coset of 𝐻 in 𝐺 in the group 𝐺 /𝐻 contains precisely 𝑞𝑡 polynomials of degree 𝑛 +𝑚 + 𝑡 .

Proof: Suppose 𝑟 (𝑋 ) = ℎ1/ℎ2 ∈ 𝐺 . Then it suffices to show that there are precisely 𝑞𝑡 polynomials ℎ(𝑋 ) = 𝑋𝑛+𝑚+𝑡 +∑𝑛+𝑚+𝑡
𝑖=1 (−1)𝑖 · 𝑏𝑖 ·𝑋𝑛+𝑚+𝑡−𝑖 with ℎ/𝑟 ∈ 𝐻 . By Lemma 4.3.2 this means there are 𝑞𝑡 polynomials ℎ(𝑋 ) ∈ Φ with deg(ℎ) =

𝑛 +𝑚 + 𝑡 such that

ℎ̂ ≡ 𝑟̂ mod ⟨𝑋 ⟩𝑛+1 (4.12)

𝑘 (𝛾𝑖 ) = 𝑟 (𝛾𝑖 ) ∀𝑖 ∈ [𝑚] (4.13)

Now the coefficients 𝑏1, . . . ,𝑏𝑛 are already determined by the condition (4.12). Now the equations in (4.13) gives𝑚 linear
equations. The matrix of this equation is an𝑚 ×𝑚 Vandermonde matrix over 𝛾 𝑗

𝑖
for all 𝑖 ∈ [𝑚] and 𝑗 ∈ {0, 1, . . . ,𝑚 − 1}.

Hence, by the system of linear equations 𝑚 coefficients {𝑏𝑛+𝑡+1, . . . ,𝑏𝑛+𝑡+𝑚} gets uniquely determined. Hence, we can
pick 𝑏𝑛+1, . . . ,𝑏𝑛+𝑡 arbitrarily. Therefore, there are 𝑞𝑡 many choices for ℎ(𝑋 ). ■

§ 4.4 Characters sums of𝜓 (𝑓 (𝑋 ))𝜒 (𝑔(𝑋 ))
In this section we will use the multiplicative function 𝜉 : 𝐺 → C in the previous section and prove bounds on character
sums like

∑
𝛼∈F

𝑞𝑘
𝜓 (𝑘 ) (𝑓 (𝑋 ))𝜒 (𝑘 ) (𝑔(𝑋 )) where 𝜒 ∈ X𝑞 and 𝜓 ∈ M𝑞 , and they are lifted to 𝜒 (𝑘 ) and 𝜓 (𝑘 ) for the field

F𝑞𝑘 .
So suppose we have an additive character 𝜒 ∈ X𝑞 and a multiplicative character𝜓 ∈M𝑞 of F𝑞 . Let 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ]

be a monic polynomial in F𝑞 [𝑋 ]. Let 𝑓 (𝑋 ) factors into

𝑓 (𝑋 ) = (𝑋 −𝛾1)𝑎1 · · · (𝑋 −𝛾𝑚)𝑎𝑚

in the field F𝑞 [𝑋 ] i.e., 𝑓 has𝑚 distinct roots. And let 𝑔 ∈ F𝑞 [𝑋 ] be any fixed polynomial of degree 𝑛 and constant term
is 0. Define the 𝐺 ,𝐺 , 𝐻̃ ,𝐻 and 𝐻 like previous section. Then we define the maps 𝜍 : 𝐺 → F𝑞 and 𝜚 : 𝐺 → F𝑞 and the
corresponding multiplicative map 𝜉 : 𝐺 → C.

4.4.1 𝐿-function on 𝜉

We want to create the 𝐿-function on 𝜉 and use it to calculate the character sums and get bounds on absolute value of the
character sum. We will show that the 𝐿-function 𝐿(𝑧, 𝜉) is of finite degree. First we will show 𝜉 is indeed non-trivial.
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Theorem 4.4.1 Non-triviality of 𝜉

Suppose either𝜓 ∈M𝑞 is a nontrivial multiplicative character of exponent 𝑑 and 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible.
If the map 𝜉 is non-trivial i.e. ∃ 𝑟 ∈ 𝐺 such that 𝜒 (𝑟 ) ≠ 1.

Proof: Suppose 𝜉 (𝑟 ) = 1 for all 𝑟 ∈ 𝐺 . Then (𝜓 ◦ 𝜍) (𝑟 ) · (𝜒 ◦ 𝜚 ) (𝑟 ) = 1. Since𝜓 ◦ 𝜍 (𝑟 ) is a 𝑑𝑡ℎ root of unity and 𝜒 ◦ 𝜚 (𝑟 )
is a 𝑝𝑡ℎ roots of unity with gcd(𝑑 , 𝑝) = 1 we have

𝜓 ◦ 𝜍 (𝑟 ) = 𝜒 ◦ 𝜚 (𝑟 ) = 1

Therefore it suffices to find a 𝑘 ∈ 𝐺 such that 𝜓 ◦ 𝜍 (𝑘) ≠ 1 in the first case and in the second case it will suffice to find a
𝑘 ∈ 𝐺 such that 𝜒 ◦ 𝜚 (𝑘) ≠ 1.

𝜓 is non-trivial: Suppose ord(𝜓 ) = 𝑒 where 𝑒 | 𝑑 . Since 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible not all 𝑎𝑖 are multiplies
of 𝑒 by Theorem 4.1.2. Without loss of generality suppose 𝑒 ∤ 𝑎1. For any 𝑐2, . . . , 𝑐𝑚 ∈ F∗𝑞 we can pick 𝑐1 ∈ F∗𝑞 such

that 𝑐𝑎1
1 · · · 𝑐

𝑎𝑚
𝑚 ∉

(
F∗𝑞

) (𝑒 )
and hence 𝜓

(
𝑐
𝑎1
1 · · · 𝑐

𝑎𝑚
𝑚

)
≠ 1. Now by the arguments of Lemma 4.3.5 there exists a polynomial

𝑘 (𝑋 ) ∈ 𝐺 such that 𝑘 (𝛾𝑖 ) = 𝑐𝑖 for all 𝑖 ∈ [𝑚]. Therefore 𝜍 (𝑘) = 𝑐𝑎1
1 · · · 𝑐

𝑎𝑚
𝑚 and hence𝜓 ◦ 𝜍 (𝑘) ≠ 1.

𝜒 is non-trivial:

(i) Suppose first that gcd(𝑛,𝑞) = 1. Then suppose 𝑔(𝑋 ) = 𝑎𝑋𝑛 + 𝑔1 (𝑋 ) where deg(𝑔1) < 𝑛 and 𝑔1 (0) = 0. If 𝑘 (𝑋 ) =
𝑋𝑛 + 𝛼 =

∏𝑛
𝑗=1(𝑋 − 𝛼 𝑗 ) where 𝛼 𝑗 ∈ F𝑞 . Then 𝑔1 (𝛼1) + · · ·𝑔𝑛 (𝛼𝑛) = 0 since 𝑔1 is a polynomial with constant term 0

and it is a polynomial in the first 𝑛 − 1 elementary symmetric polynomials in 𝛼1, . . . ,𝛼𝑛 . Therefore

𝑛∑︁
𝑗=1

𝑔(𝛼 𝑗 ) = 𝑎
𝑛∑︁
𝑗=1

𝛼𝑛𝑗 = 𝑎 · 𝑛 · (−1)𝑛+1 · 𝛼

Therefore 𝜚 (𝑘) = 𝑎 · 𝑛 · (−1)𝑛+1 · 𝛼 and thus 𝜒 ◦ 𝜚 (𝑘) = 𝜒
(
𝑎 · 𝑛 · (−1)𝑛+1 · 𝛼

)
. So for a proper choice of 𝛼 we get

𝜒 ◦ 𝜚 (𝑘) ≠ 1 since 𝑛 is not divisible by the char(F𝑞).

(ii) Suppose 𝑌𝑞 −𝑌 − 𝑓 (𝑋 ) is absolutely irreducible. Now for any 𝛼 ∈ F∗𝑞 we have

𝛼 ·𝑌𝑞 − 𝛼 ·𝑌 −𝑔(𝑋 ) = (𝛼 ·𝑌 )𝑞 − (𝛼 ·𝑌 ) − 𝑓 (𝑋 )

therefore 𝛼 ·𝑌𝑞 −𝛼 ·𝑌 −𝑔(𝑋 ) is absolutely irreducible. Hence 𝑌 𝑝 −𝑌 −𝛼 ·𝑔(𝑋 ) is also absolutely irreducible where
𝑝 = char(F𝑞). Let 𝑎 is such that 𝜒 (𝛾) = 𝜒

𝑎 (𝛾) for all 𝛾 ∈ F𝑞 as defined in Theorem 2.2.1. Let 𝑍𝑟 (𝑌𝑞 −𝑌 −𝑎 ·𝑔(𝑋 )) is
the number of solutions of 𝑌𝑞 −𝑌 − 𝑎 ·𝑔(𝑋 ) over F𝑞𝑟 . Now by Weil Bound Theorem we have 𝑍𝑟 (𝑌𝑞 −𝑌 = 𝑔(𝑋 )) =
𝑞𝑟 +𝑂 (𝑞𝑟/2). Hence if 𝑟 is large 𝑍𝑟 (𝑌𝑞 − 𝑌 = 𝑔(𝑋 )) < 𝑝 · 𝑞𝑟 . Let 𝐸 denote the field F𝑞𝑟 . Now suppose 𝑐 ∈ F𝑞𝑟 . If
Tr𝐸 (𝑎 · 𝑔(𝑐)) = 0 then there are 𝑝 values of 𝑏 ∈ such that 𝑏𝑞 −𝑏 − 𝑎 · 𝑔(𝑐) = 0. If Tr𝐸 (𝑎 · 𝑔(𝑐)) ≠ 0 there are no such
𝑏 ∈ F𝑞𝑟 . Since 𝑍𝑟 (𝑌𝑞 −𝑌 = 𝑔(𝑋 )) < 𝑝 · 𝑞𝑟 there is a 𝑏 ∈ F𝑞𝑟 with Tr𝐸 (𝑎 · 𝑔(𝑐)) ≠ 0. So take 𝑘 (𝑋 ) = ∏𝑟−1

𝑖=0 (𝑋 − 𝑐𝑞
𝑖 ).

Then
𝜚 (𝑘) = 𝑔(𝑐) +𝑔(𝑐𝑞) + · · ·𝑔(𝑐𝑞𝑟−1 ) = Tr𝐸 (𝑔(𝑐))

So 𝜒 ◦ 𝜚 (𝑘) ≠ 1.

Therefore we have the theorem. ■

We eventually want to construct the 𝐿-function using the multiplicative function 𝜉 . The above theorem helps us to invoke
Theorem 2.5.7.
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Lemma 4.4.2 Vanishing of Character Sum on 𝜉

Suppose either𝜓 ∈M𝑞 is a nontrivial multiplicative character of exponent 𝑑 and 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible.
Or, 𝜒 ∈ X𝑞 is a non-trivial additive character and

(i) either, gcd(𝑛,𝑞) = 1

(ii) or, more generally 𝑌𝑞 −𝑌 −𝑔(𝑋 ) is absolutely irreducible.

Suppose 𝑡 ≥ 0. Then ∑︁
ℎ∈Φ

deg(ℎ)=𝑛+𝑚+𝑡

𝜉 (𝑔) = 0

Proof: By Corollary 4.3.4 and Theorem 4.4.1, 𝜉 induces a non-trivial character on the finite group 𝐺 /𝐻 . As ℎ runs
through all polynomials of 𝐺 of degree 𝑛 +𝑚 + 𝑡 then by Lemma 4.3.5 it will lie precisely land 𝑞𝑙 times in every coset of
𝐺 /𝐻 . So by Theorem 2.2.2(i) and Theorem 2.2.5(i) we have the lemma. ■

As we mentioned in the previous section. We can extend 𝜉 to 𝐺 by setting 𝜉 (ℎ) = 0 if ℎ is a polynomial not in 𝐺 .
So now we form the 𝐿-functions, 𝐿(𝑠 , 𝜉) and 𝐿(𝑍 , 𝜉) on 𝜉 . And using the above lemma we have the following theorem:

Theorem 4.4.3 Finite Degree of 𝐿(𝑧, 𝜉)
Suppose either𝜓 ∈M𝑞 is a nontrivial multiplicative character of exponent 𝑑 and 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible.
Or, 𝜒 ∈ X𝑞 is a non-trivial additive character and

(i) either, gcd(𝑛,𝑞) = 1

(ii) or, more generally 𝑌𝑞 −𝑌 −𝑔(𝑋 ) is absolutely irreducible.

Then
𝐿(𝑧, 𝜉) = 1 + 𝑐1𝑧 + · · · + 𝑐𝑛+𝑚−1𝑧

𝑛+𝑚−1, 𝐿(𝑠 , 𝜉) = 1 + 𝑐1𝑢 + · · · + 𝑐𝑛+𝑚−1𝑢
𝑛+𝑚−1

where 𝑢 = 𝑞−𝑠 .

So we can use Theorem 2.5.7 and factorize 𝐿(𝑧, 𝜉) and get complex numbers𝑤1, . . . ,𝑤𝑛+𝑚−1 such that

𝐿(𝑧, 𝜉) =
𝑛+𝑚−1∏
𝑗=1
(1 −𝑤𝑖𝑧).

We can say a lot about the coefficients, specifically 𝑐1.

Theorem 4.4.4 Leading Coefficient 𝑐1 of 𝐿(𝑧, 𝜉)
If𝜓 is nontrivial or if𝜓 is trivial and 𝑓 (𝑋 ) = 1 then

𝑐1 =
∑︁
𝛾 ∈F𝑞

𝜓 (𝑓 (𝛾))𝜒 (𝑔(𝛾)).
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Proof: We have

𝑐1 =
∑︁
ℎ∈Φ+1

deg(𝑔)=𝑡

𝜉 (ℎ)

=
∑︁
𝛼∈F𝑞

𝛼≠𝛾𝑖 ∀𝑖∈[𝑚]

𝜉 (𝑋 − 𝛼)

=
∑︁
𝛼∈F𝑞

𝛼≠𝛾𝑖 ∀𝑖∈[𝑚]

𝜓 ◦ 𝜍 (𝑋 − 𝛼) · 𝜒 ◦ 𝜚 (𝑋 − 𝛼)

=
∑︁
𝛼∈F𝑞
𝑓 (𝛼 )≠0

𝜓 (𝑓 (𝛼)) · 𝜒 (𝑔(𝛼))

=
∑︁
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)) · 𝜒 (𝑔(𝛼))

So we have the theorem. ■

4.4.2 Field Extensions

Suppose we aer given a finite field extension 𝐸 of F𝑞 where [𝐸 : F𝑞] = 𝑟 . So like subsection 2.2.3 we can lift 𝜓 and 𝜒

to 𝜓 (𝑟 ) and 𝜒 (𝑟 ) for 𝐸. And using these two characters we can define the lifted multiplicative function 𝜉 (𝑟 ) on the group
𝐺𝑟 ,𝐺𝑟 with rational functions defined similarly as 𝐺 ,𝐺 but on 𝐸. So for any 𝑟 ∈ 𝐺𝑟 we define

𝜉 (𝑟 ) =𝜓 (𝑟 ) ◦ 𝜍 (𝑟 ) · 𝜒 (𝑟 ) ◦ 𝜚 (𝑟 )

We define 𝐻̃𝑟 ,𝐻𝑟 ,𝐻𝑟 for 𝐺𝑟 ,𝐺𝑟 similarly as 𝐻̃ ,𝐻 ,𝐻 . Now using 𝜉 (𝑟 ) we also create the 𝐿-functions, 𝐿 (𝑟 ) (𝑠 , 𝜉 (𝑟 ) ) and
𝐿
(𝑟 ) (𝑧, 𝜉 (𝑟 ) ). The norm of a polynomial ℎ ∈ Φ(𝑟 ) over 𝐸 is 𝔫 (𝑟 ) (ℎ) := 𝑞𝑟 ·deg(ℎ) = |𝐸 |deg(ℎ) , the analog of 𝔫(ℎ) = 𝑞deg(ℎ) for

the base field. So we have

𝐿 (𝑟 ) (𝑠 , 𝜉 (𝑟 ) ) =
∑︁
ℎ∈Φ(𝑟 )

𝜉 (𝑟 ) (ℎ) · 𝔫 (𝑟 ) (ℎ)−𝑠 , 𝐿
(𝑟 ) (𝑧, 𝜉 (𝑟 ) ) =

∑︁
ℎ∈Φ(𝑟 )

𝜉 (𝑟 ) (ℎ) · 𝑧deg(ℎ)

where Φ(𝑟 ) is the set of all monic polynomials over 𝐸. We similarly define Φ𝑑 for any 𝑑 ∈ Z0. We also use the Weil sum
notation from section 3.2:

𝑊 (𝜓 , 𝜒 ; 𝑓 ,𝑔) :=
∑︁
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)) · 𝜒 (𝑔(𝛼)), 𝑊 (𝑟 ) (𝜓 (𝑟 ) , 𝜒 (𝑟 ) ; 𝑓 ,𝑔) :=
∑︁
𝛼∈𝐸

𝜓 (𝑟 ) (𝑓 (𝛼)) · 𝜒 (𝑟 ) (𝑔(𝛼))

where the superscript (𝑟 ) indicates the sum is over the extension field 𝐸 = F𝑞𝑟 using the lifted characters.

Lemma 4.4.5 Splitting of Irreducible Polynomials over F𝑞𝑘

Let 𝐾 = F𝑞𝑘 and 𝐸 = F𝑞𝑟 . Suppose ℎ(𝑋 ) = 𝑋𝑑 −𝑎1𝑋
𝑑−1 + · · · + (−1)𝑑𝑎𝑑 be an irreducible polynomial in F𝑞 [𝑋 ]. Then

in F𝑞𝑘 [𝑋 ], ℎ splits into 𝑟 = gcd(𝑘 ,𝑑) many irreducible polynomials of degree 𝑑/𝑟 :

ℎ(𝑋 ) = ℎ1 (𝑋 ) · · ·ℎ𝑟 (𝑋 )

If we normalize ℎ𝑖 (𝑋 ) such that ℎ𝑖 is monic then ℎ𝑖 (𝑋 ) ∈ F𝑞𝑟 [𝑋 ] for all 𝑖 ∈ [𝑟 ]. Then

(i) 𝔫 (𝑘 ) (ℎ𝑖 ) = 𝔫(ℎ)𝑘/𝑟

(ii) 𝜉 (𝑘 ) (ℎ𝑖 ) = 𝜉
𝑘/𝑟
(ℎ)

Proof:
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(i) Now by definition 𝔫 (𝑘 ) (ℎ𝑖 ) = 𝑞𝑘 (𝑑/𝑟 ) = 𝔫(ℎ)𝑘/𝑟 . So we get the first result.

(ii) Since ℎ = ℎ1 · · ·ℎ𝑟 we have 𝜍 (ℎ) = ∏𝑟
𝑖=1 𝜍 (ℎ𝑖 ). Now by Theorem A.1.1 we have 𝜍 (ℎ𝑖 ) ∈ 𝐸 for all 𝑖 ∈ [𝑟 ] and they are

conjugates of each other over F𝑞 . Therefore 𝜍 (ℎ) = 𝑁𝐸/F𝑞 (𝜍 (ℎ𝑖 )) for any 𝑖 ∈ [𝑟 ]. Therefore

𝑁𝐾/F𝑞 (𝜍 (ℎ𝑖 )) =
(
𝑁𝐸/F𝑞 (ℎ𝑖 )

)𝑘/𝑟
= 𝜍 (ℎ)𝑘/𝑟 ∀ 𝑖 ∈ [𝑟 ]

On the other hand we have 𝜚 (ℎ) = ∑𝑟
𝑖=1 𝜍 (ℎ𝑖 ) for any 𝑖 ∈ [𝑟 ]. Therefore 𝜚 (ℎ) = Tr𝐸/F𝑞 . Thus

Tr𝐾/F𝑞 (𝜍 (ℎ𝑖 )) =
𝑘

𝑟
Tr𝐸/F𝑞 (𝜚 (ℎ𝑖 )) =

𝑘

𝑟
𝜚 (𝑟 )

So together we have

𝜉 (𝑘 ) (ℎ𝑖 ) =𝜓 (𝑘 ) ◦ 𝜍 (ℎ𝑖 ) · 𝜒 (𝑘 ) ◦ 𝜚 (ℎ) =𝜓
(
𝑁𝐾/F𝑞 (𝜍 (ℎ𝑖 ))

)
· 𝜒

(
Tr𝐾/F𝑞 (𝜚 (ℎ𝑖 ))

)
=𝜓

𝑘/𝑟 (𝜍 (ℎ)) · 𝜒𝑘/𝑟 (𝜍 (ℎ)) = 𝜉𝑘/𝑟 (ℎ)

So we have the theorem.

■

Now we can write 𝐿 (𝑘 ) (𝑠 , 𝜉 (𝑘 ) ) and 𝐿 (𝑘 ) (𝑧, 𝜉 (𝑘 ) ) in terms of 𝐿-functions on the field F𝑞 using 𝜉 and factorize the lifted
𝐿-function as product of 𝐿-function on the base field.

Theorem 4.4.6 Factorisation of the Lifted 𝐿-function

Let 𝐾 = F𝑞𝑘 be a finite extension of F𝑞 and let 𝜁𝑘 = 𝑒2𝜋𝑖/𝑘 be a primitive 𝑘-th root of unity. Then

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
=

𝑘∏
𝑡=1

𝐿

(
𝑠 − 2𝜋𝑖𝑡

𝑘 log𝑞 , 𝜉
)

.

Proof: By Euler Product for 𝐿(𝑠 , 𝜒) we have

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
=

∏
𝑙 (𝑋 ) ∈Irr(Φ(𝑘 ) )

(
1 − 𝜉 (𝑘 )𝔫−𝑠 (𝑘) (𝑙)

)−1

Since ℎ is an irreducible monic polynomial in F𝑞 [𝑋 ] of degree 𝑑 it splits intro 𝑟 polynomials over 𝐾 where 𝑟 = gcd(𝑑 ,𝑘)
i.e. ℎ = ℎ1 · ℎ𝑟 . Now by Lemma 4.4.5

𝜉 (𝑘 ) (ℎ𝑖 )𝔫−𝑠 (𝑘) (ℎ𝑖 ) = (𝜉 (ℎ)𝔫−𝑠 (ℎ))
𝑘/𝑟

On the other hand, every monic irreducible polynomial 𝑙 (𝑋 ) ∈ 𝑘 [𝑋 ] is the factor of an unique monic irreducible ℎ(𝑋 ) ∈
F𝑞 [𝑋 ]. Therefore

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
=

∏
ℎ∈Irr(Φ)

(
1 − (𝜉 (ℎ)𝔫−𝑠 (ℎ))

𝑘
gcd(𝑘 ,deg(ℎ) )

)− gcd(𝑘 ,deg(ℎ) )
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Then by Lemma A.4.1 we have

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
=

∏
ℎ∈Irr(Φ)

(
1 − (𝜉 (ℎ)𝔫−𝑠 (ℎ))

𝑘
gcd(𝑘 ,deg(ℎ) )

)− gcd(𝑘 ,deg(ℎ) )

=
∏

ℎ∈Irr(Φ)

𝑘∏
𝑡=1

(
1 − 𝑒2𝜋𝑖 𝑡 ·deg(ℎ)

𝑘 𝜉 (ℎ)𝔫−𝑠 (ℎ)
)−1

=

𝑘∏
𝑡=1

∏
ℎ∈Irr(Φ)

(
1 − 𝑞2𝜋𝑖 𝑡 ·deg(ℎ)

𝑘
log𝑞 𝑒𝜉 (ℎ)𝔫−𝑠 (ℎ)

)−1

=

𝑘∏
𝑡=1

∏
ℎ∈Irr(Φ)

(
1 − 𝜉 (ℎ)𝔫−

(
𝑠−2𝜋𝑖 𝑡

𝑘 log𝑞

)
(ℎ)

)−1

=

𝑘−1∏
𝑡=0

𝐿

(
𝑠 − 2𝜋𝑖𝑡

𝑘 log𝑞 , 𝜉
)

So we have the theorem. ■

Now by Theorem 4.4.3, 𝐿 (𝑠 , 𝜉) is a polynomial. So there exist complex numbers 𝑤1, . . . ,𝑤𝑙 ∈ C such that 𝐿 (𝑠 , 𝜉) =

(1−𝑤1𝑢) · · · (1−𝑤𝑙𝑢) for some 𝑙 ∈ N where 𝑢 = 𝑞−𝑠 . By Theorem 4.4.6, 𝐿 (𝑘 )
(
𝑧, 𝜉 (𝑘 )

)
or 𝐿 (𝑘 )

(
𝑠 , 𝜉 (𝑘 )

)
is also a polynomial

(a product of finitely many polynomials). We will prove that the reciprocal roots of 𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
are𝑤𝑘𝑖 for all 𝑖 ∈ [𝑙].

Corollary 4.4.7 Reciprocal Roots of the Lifted 𝐿-function

If 𝐿 (𝑠 , 𝜉) = (1 −𝑤1𝑢) · · · (1 −𝑤𝑙𝑢) with 𝑢 = 𝑞−𝑠 then

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
= (1 −𝑤𝑘1 ·𝑢𝑘 ) · · · (1 −𝑤𝑘𝑙 ·𝑢𝑘 )

where 𝑢𝑘 = 𝑞−𝑘𝑠 .

Proof: By Theorem 4.4.6 we have

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
=

𝑘∏
𝑡=1

𝐿

(
𝑠 − 2𝜋𝑖𝑡

𝑘 log𝑞 , 𝜉
)

Now for any 𝑡 ∈ [𝑘] we have 𝑞−
(
𝑠−2𝜋𝑖 𝑡

𝑘 log𝑞

)
= 𝑒2𝜋𝑖 𝑡

𝑘 · 𝑞−𝑠 = 𝑒2𝜋𝑖 𝑡
𝑘 ·𝑢. So we get

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
=

𝑘∏
𝑡=1

𝐿

(
𝑠 − 2𝜋𝑖𝑡

𝑘 log𝑞 , 𝜉
)

=

𝑘∏
𝑡=1

𝑙∏
𝑗=1

(
1 −𝑤 𝑗𝑒

2𝜋𝑖 𝑡
𝑘𝑢

)
=

𝑙∏
𝑗=1

𝑘∏
𝑡=1

(
1 −𝑤 𝑗𝑒

2𝜋𝑖 𝑡
𝑘𝑢

)
=

𝑙∏
𝑗=1

(
1 −𝑤𝑘𝑗 𝑢𝑘

)
=

𝑙∏
𝑗=1

(
1 −𝑤𝑘𝑗 ·𝑢𝑘

)
So we have the result. ■
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So now we can give an analog of Theorem 4.4.4 for the lifted sum and give a relation with𝑊 (𝑘 ) (𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔
)

with the coefficients of 𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
.

Corollary 4.4.8 Character Sum via Reciprocal Roots

Suppose either𝜓 ∈M𝑞 is a nontrivial multiplicative character of exponent 𝑑 and 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible.
If 𝜒 ∈ X𝑞 is a additive character either non-trivial or trivial and 𝑓 (𝑋 ) = 1 then

𝑊 (𝑘 )
(
𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
= −

𝑛+𝑚−1∑︁
𝑖=1

𝑤𝑘𝑖 .

Proof: If we apply Theorem 4.4.4 to F𝑞𝑘 instead of F𝑞 then using Corollary 4.4.7 we have

𝐿 (𝑘 )
(
𝑠 , 𝜉 (𝑘 )

)
= 1 + 𝑐𝑘 ,1 ·𝑢𝑘 + · · · + 𝑐𝑘 ,𝑛+𝑚−1 ·𝑢𝑛+𝑚−1

𝑘
=

𝑛+𝑚−1∏
𝑗=1
(1 −𝑤𝑘𝑗 ·𝑢𝑘 )

Thereore 𝑐𝑘 ,1 =𝑊
(𝑘 ) (𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
. And on the other hand we have that 𝑐𝑘 ,1 = −

∑𝑛+𝑚−1
𝑗=1 𝑤𝑘𝑗 . ■

§ 4.5 Weil Bounds via the Lifting Method

In this section we will try to give bounds on the absolute value of deviation of number of zeros from the average
number of zeros. And then we will give upper bounds on the absolute values of 𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) , 𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔) and
𝑊 (𝑘 ) (𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
. But here we will count the solutions or give the bounds on absolute value on lifted characters

in a finite extension field 𝐸 = F𝑞𝑘 of F𝑞 . For any polynomial 𝑃 (𝑋 ,𝑌 ) ∈ F𝑞 [𝑋 ,𝑌 ] we denote the number of solutions of
𝑃 (𝑋 ,𝑌 ) = 0 in the field 𝐸 by 𝑍𝐸 (𝑃 (𝑋 ,𝑌 ) = 0).

4.5.1 Bound for Multiplicative Character Sums

Let 𝜓 ∈ M𝑞 be a non-trivial multiplicative character. And let 𝜒0 ∈ X𝑞 be the trivial additive character. Let 𝑓 (𝑋 ) ∈
F𝑞 [𝑋 ] is a monic polynomial with precisely 𝑚 distinct roots. Let 𝑔(𝑋 ) = 0. Then 𝑊

(
𝜓 , 𝜒0; 𝑓 , 0

)
= 𝑊 (𝜓 ; 𝑓 ) and

𝑊 (𝑘 )
(
𝜓 (𝑘 ) , 𝜒 (𝑘 )0 ; 𝑓 , 0

)
= 𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) . So by Corollary 4.4.7 there exists complex numbers 𝑤1, . . . ,𝑤𝑚−1 ∈ C such

that

𝑊 (𝜓 ; 𝑓 ) =
∑︁
𝛼∈F𝑞

𝜓 (𝑓 (𝛼)) = −
𝑚−1∑︁
𝑗=1

𝑤 𝑗 , 𝑊 (𝑘 )
(
𝜓 (𝑘 ) ; 𝑓

)
=

∑︁
𝛼∈𝐸

𝜓 (𝑘 ) (𝑓 (𝛼)) = −
𝑚−1∑︁
𝑗=1

𝑤𝑘𝑗 (4.14)

Suppose 𝜓 ∈ M
(𝑑 )
𝑞 where 𝑑 > 1. Then there are 𝑑 characters of exponent 𝑑 . For each such non-trivial character 𝜓 we

define complex numbers𝑤𝜓 ,𝑗 ∈ C for all 𝑗 ∈ [𝑚 − 1] such that

𝑊 (𝜓 ; 𝑓 ) = −
𝑚−1∑︁
𝑗=1

𝑤𝜓 ,𝑗 , 𝑊 (𝑘 )
(
𝜓 (𝑘 ) ; 𝑓

)
= −

𝑚−1∑︁
𝑗=1

𝑤𝑘
𝜓 ,𝑗

So taking the sum over all non-trivial𝜓 ∈M
(𝑑 )
𝑞 we get∑︁

𝜓 ∈M (𝑑 )
𝑞 ,𝜓≠𝜓0

𝑊 (𝑘 )
(
𝜓 (𝑘 ) ; 𝑓

)
= −

∑︁
𝜓 ∈M (𝑑 )

𝑞 ,𝜓≠𝜓0

𝑚−1∑︁
𝑗=1

𝑤𝑘
𝜓 ,𝑗

On the other hand if𝜓 is trivial then we have𝑊 (𝑘 )
(
𝜓
(𝑘 )
0 ; 𝑓

)
= 𝑞𝑘 . Then we have the following lemma
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Lemma 4.5.1 Counting Solutions of 𝛽𝑑 = 𝛼 via Additive Characters

For a given 𝛼 ∈ 𝐸 the number of 𝛽 ∈ 𝐸 with 𝛽𝑑 = 𝛼 equals∑︁
𝜓 ∈M (𝑑 )

𝑞

𝜓 (𝑘 ) (𝛼) =
∑︁

𝜓 ∈M (𝑑 )
𝑞

𝜓 (𝑁𝐸/F𝑞 (𝛼)).

Proof: Since 𝛼 → 𝑁𝐸/F𝑞 (𝛼) is a group homomorphism from 𝐸∗ → F∗𝑞 which is an onto homomorphism. Now for
any 𝛾 ∈ F∗𝑞 the number of 𝛽 ∈ 𝐸∗ such that 𝑁𝐸/F𝑞 (𝛽) = 𝛾 is exactly 1 + 𝑞 + · · · + 𝑞𝑘−1 = 𝐸∗/|F∗𝑞 |. Then restriction
𝑁𝐸/F𝑞

��
𝐸∗ (𝑑 )

: 𝐸∗ (𝑑 ) → F∗𝑞
(𝑑 ) is also onto. So for any 𝛼 ∈ 𝐸, 𝑁𝐸/F𝑞 (𝛼) ∈ F∗𝑞

(𝑑 ) ⇐⇒ 𝛼 ∈ 𝐸∗ (𝑑 ) .
Now by Theorem 2.2.4 we have

∑
𝜓 ∈M (𝑑 )

𝑞
𝜓 (𝑘 ) (𝛼) ∈ {0, 1,𝑑}. If 𝛼 = 0 then the sum is 1 and otherwise if 𝑁𝐸/F𝑞 ∈

F∗𝑞
(𝑑 ) then the sum is 𝑑 and if 𝑁𝐸/F𝑞 ∉ F∗𝑞

(𝑑 ) then the sum is 0.

(i) If 𝛼 = 0 and 𝛼 ∉ 𝐸∗ (𝑑 ) then there is single solution for 𝛽 = 0 such that 𝛽𝑑 = 𝛼 .
(ii) If 𝛼 ≠ 0 and 𝛼 ∉ 𝐸∗ (𝑑 ) then there are no solution for 𝛽 such that 𝛽𝑑 = 𝛼 .

(iii) If 𝛼 ∈ 𝐸∗ (𝑑 ) then there are 𝑑 solutions for 𝛽 ∈ 𝐸 such that 𝛽𝑑 = 𝛼 .

So the sum in the lemma statement exactly gives the number of solutions. ■

Now we apply the above lemma for the solutions of 𝑌𝑑 − 𝑓 (𝑋 ) and count the number of solutions using multiplicative
character sums. So we take the above sum over all possible 𝛼 ∈ 𝐸, and we get the following lemma:

Lemma 4.5.2 Solutions of 𝑌𝑑 = 𝑓 (𝑋 ) via Character Sums

Suppose 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] has precisely𝑚 distinct roots. Then

𝑍𝐸

(
𝑌𝑑 − 𝑓 (𝑋 )

)
=

∑︁
𝜓 ∈M (𝑑 )

𝑞

∑︁
𝛼∈F𝑞

𝜓 (𝑘 ) (𝑓 (𝛼)) =
∑︁

𝜓 ∈M (𝑑 )
𝑞

𝑊 (𝑘 )
(
𝜓 (𝑘 ) ; 𝑓

)
.

We prove the Weil bound for polynomials like 𝑌𝑑 − 𝑓 (𝑋 ) in three steps below. And we also show bound of the
absolute value of the complex numbers𝑤𝜓 ,𝑗 for all non-trivial𝜓 ∈M

(𝑑 )
𝑞 and 𝑗 ∈ [𝑚 − 1].

Lemma 4.5.3 Reciprocal Roots of𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) have Modulus ≤ 𝑞1/2

Let 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] be a polynomial with precisely 𝑚 distinct roots, and let 𝜓 ∈ M𝑞 be a non-trivial multiplicative
character of exponent 𝑑 . If 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible or 𝑓 (𝑋 ) is not a 𝑑𝑡ℎ power, then for every 𝑗 ∈ [𝑚 − 1]
we have |𝑤𝜓 ,𝑗 | ≤ 𝑞1/2.

Proof: We can assume 𝑓 to be monic since𝜓 (𝑎 · 𝑓 (𝛼)) =𝜓 (𝑎) ·𝜓 (𝑓 (𝛼) and hence𝜓 evaluated on the leading coefficient
gets out of the sum which doesn’t change the absolute value. So we will assume 𝑓 is monic. Now by Stepanov’s Theorem,
|𝑍𝐸 (𝑌𝑑 = 𝑓 (𝑋 )) − 𝑞𝑘 | =𝑂 (𝑞𝑘/2). Since𝑊 (𝑘 )

(
𝜓
(𝑘 )
0 ; 𝑓

)
= 𝑞𝑘 , Lemma 4.5.2 gives�������

∑︁
𝜓 ∈M (𝑑 )

𝑞 ,𝜓≠𝜓0

𝑊 (𝑘 )
(
𝜓 (𝑘 ) ; 𝑓

)������� =𝑂 (𝑞𝑘/2).
Therefore, |𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) | = 𝑂 (𝑞𝑘/2) for each non-trivial 𝜓 . Since 𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) = −∑𝑚−1

𝑗=1 𝑤𝑘
𝜓 ,𝑗 , Lemma B.1 gives

|𝑤𝜓 ,𝑗 | ≤ 𝑞1/2 for all 𝑗 . ■

Now by Lemma 4.5.3, |𝑤𝜓 ,𝑗 | ≤ 𝑞1/2 for all 𝑗 ∈ [𝑚 − 1]. Hence, |𝑊 (𝜓 ; 𝑓 ) | ≤ (𝑚 − 1)𝑞1/2 and |𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) | ≤
(𝑚 − 1)𝑞𝑘/2. So we have the following theorem.
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Theorem 4.5.4 Weil Bound for𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) : Absolutely Irreducible Case

Let 𝜓 ∈ M𝑞 be a non-trivial multiplicative character of exponent 𝑑 . Suppose 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] has precisely𝑚 distinct
roots and 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible. Then

|𝑊 (𝜓 ; 𝑓 ) | ≤ (𝑚 − 1)𝑞1/2 and
���𝑊 (𝑘 )

(
𝜓 (𝑘 ) ; 𝑓

)��� ≤ (𝑚 − 1)𝑞𝑘/2.

We can give the same bound for the case where 𝑓 is not a 𝑑𝑡ℎ power instead of the absolute irreducibility of
𝑌𝑑 − 𝑓 (𝑋 ).

Theorem 4.5.5 Weil Bound for𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) : Non-𝑑-th-Power Case

Let 𝜓 ∈ M𝑞 be a non-trivial multiplicative character of exponent 𝑑 . Suppose 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] has precisely𝑚 distinct
roots and 𝑓 (𝑋 ) is not a 𝑑-th power in F𝑞 [𝑋 ]. Then

|𝑊 (𝜓 ; 𝑓 ) | ≤ (𝑚 − 1)𝑞1/2 and
���𝑊 (𝑘 )

(
𝜓 (𝑘 ) ; 𝑓

)��� ≤ (𝑚 − 1)𝑞𝑘/2.

Proof: Let 𝑓 (𝑋 ) = 𝑎(𝑋 −𝛼1)𝑘1 · · · (𝑋 −𝛼𝑚)𝑘𝑚 where𝛼1, . . . ,𝛼𝑚 ∈ F𝑞 are the𝑚 distinct roots of 𝑓 . Let 𝑒 = gcd(𝑑 ,𝑘1, . . . ,𝑘𝑚).
Since 𝑓 is not a 𝑑-th power in F𝑞 [𝑋 ], by Lemma 4.1.8 we have 𝑒 < 𝑑 , i.e., 𝑒 is a proper divisor of 𝑑 .

Define the polynomial ℎ(𝑋 ) = ∏𝑚
𝑖=1(𝑋 −𝛼𝑖 )

𝑘𝑖/𝑒 , so that 𝑓 (𝑋 ) = 𝑎 ·ℎ(𝑋 )𝑒 . In ℎ(𝑋 ) we have gcd (𝑑/𝑒, 𝑘1/𝑒, . . . , 𝑘𝑚/𝑒) =
1, so by Theorem 4.1.2 the polynomial 𝑌 𝑑/𝑒 −ℎ(𝑋 ) is absolutely irreducible. The polynomial ℎ(𝑋 ) has precisely the same
𝑚 distinct roots 𝛼1, . . . ,𝛼𝑚 as 𝑓 .

Since 𝑓 (𝛼) = 𝑎 · ℎ(𝛼)𝑒 for every 𝛼 ∈ F𝑞 , the character 𝜓 satisfies 𝜓 (𝑘 ) (𝑓 (𝛼)) = 𝜓 (𝑘 ) (𝑎) ·
(
𝜓 (𝑘 )

)𝑒 (ℎ(𝛼)). The
character

(
𝜓 (𝑘 )

)𝑒 has exponent 𝑑/𝑒, and |𝜓 (𝑎) | = 1. Applying Theorem 4.5.4 to
(
𝜓 (𝑘 )

)𝑒 and ℎ(𝑋 ) (which has 𝑚 distinct
roots and 𝑌 𝑑/𝑒 −ℎ(𝑋 ) is absolutely irreducible) gives

���𝑊 (𝑘 )
(
𝜓 (𝑘 ) ; 𝑓

)��� = ������ ∑︁𝛼∈F𝑞

𝜓 (𝑘 ) (𝑎) ·
(
𝜓 (𝑘 )

)𝑒
(ℎ(𝛼))

������ = ���𝑊 (𝑘 )
((
𝜓 (𝑘 )

)𝑒
;ℎ

)��� ≤ (𝑚 − 1)𝑞1/2.

■

Corollary 4.5.6 Bound on the Number of Solutions of 𝑌𝑑 = 𝑓 (𝑋 ) over 𝐸

Let 𝜓 ∈ M𝑞 be a non-trivial multiplicative character of exponent 𝑑 . Suppose 𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] has precisely𝑚 distinct
roots and either 𝑌𝑑 − 𝑓 (𝑋 ) is absolutely irreducible, or 𝑓 (𝑋 ) is not a 𝑑-th power. Then���𝑍𝐸 (

𝑌𝑑 = 𝑓 (𝑋 )
)
− 𝑞𝑘

��� ≤ (𝑑 − 1) (𝑚 − 1)𝑞𝑘/2,
���𝑍 (

𝑌𝑑 = 𝑓 (𝑋 )
)
− 𝑞

��� ≤ (𝑑 − 1) (𝑚 − 1)𝑞1/2.

Proof: By Lemma 4.5.2, 𝑍𝐸 (𝑌𝑑 = 𝑓 (𝑋 )) = 𝑞𝑘 +∑
𝜓≠𝜓0𝑊

(𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) . Since there are 𝑑 − 1 non-trivial characters in
M
(𝑑 )
𝑞 and Lemma 4.5.3 gives |𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) | ≤ (𝑚 − 1)𝑞𝑘/2 for each, the triangle inequality yields the bound. Similarly,

we get
��𝑍 (

𝑌𝑑 = 𝑓 (𝑋 )
)
− 𝑞

�� ≤ (𝑑 − 1) (𝑚 − 1)𝑞1/2 ■

4.5.2 Bound for Additive Character Sums

Let 𝜒 ∈ X𝑞 be a non-trivial additive character. Let 𝜓0 ∈ M𝑞 be the trivial multiplicative character. Let 𝑔 ∈ F𝑞 be a
polynomial of degree 𝑛. Take 𝑓 (𝑋 ) = 1. Then𝑊 (𝜓0, 𝜒 ; 1,𝑔) =𝑊 (𝜒 ;𝑔) and𝑊 (𝑘 )

(
𝜓
(𝑘 )
0 , 𝜒 (𝑘 ) ; 1,𝑔

)
=𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) . So by
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Corollary 4.4.7 there exists complex numbers𝑤1, . . . ,𝑤𝑛−1 such that

𝑊 (𝜒 ;𝑔) =
∑︁
𝛼∈F𝑞

𝜒 (𝑔(𝛼)) = −
𝑛−1∑︁
𝑗=1

𝑤 𝑗 , 𝑊 (𝑘 )
(
𝜒 (𝑘 ) ;𝑔

)
=

∑︁
𝛼∈𝐸

𝜒 (𝑘 ) (𝑔(𝛼)) = −
𝑛−1∑︁
𝑗=1

𝑤𝑘𝑗 (4.15)

There are 𝑞 additive characters 𝜒 ∈ X𝑞 of F𝑞 . For each non-trivial character 𝜒 we define complex numbers 𝑤𝜒 ,𝑗 ∈ C for
all 𝑗 ∈ [𝑛 − 1] such that

𝑊 (𝜒 ;𝑔) = −
𝑛−1∑︁
𝑗=1

𝑤𝜒 ,𝑗 , 𝑊 (𝑘 )
(
𝜒 (𝑘 ) ;𝑔

)
= −

𝑛−1∑︁
𝑗=1

𝑤𝑘𝜒 ,𝑗

So if we take the sum over all non-trivial additive character we get∑︁
𝜒∈X𝑞 ,𝜒≠𝜒0

𝑊 (𝑘 )
(
𝜒 (𝑘 ) ;𝑔

)
= −

∑︁
𝜒∈X𝑞 ,𝜒≠𝜒0

𝑛−1∑︁
𝑗=1

𝑤𝑘𝜒 ,𝑗

On the other hand if 𝜒 = 𝜒
0 i.e. if 𝜒 is trivial then𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔) = 𝑞𝑘 . Then we have the following lemma

Lemma 4.5.7 Counting Solutions of 𝛽𝑞 − 𝛽 = 𝛼 via Additive Characters

For a given 𝛼 ∈ 𝐸 the number of 𝛽 ∈ 𝐸 with 𝛽𝑞 − 𝛽 = 𝛼 equals∑︁
𝜒∈X𝑞

𝜒 (𝑘 ) (𝛼) =
∑︁
𝜒∈X𝑞

𝜒
(
Tr𝐸/F𝑞 (𝛼)

)
.

Proof: Now we know if Tr𝐸/F𝑞 (𝛼) = 0 then we have 𝑞 solutions for 𝛽 ∈ 𝐸 such that 𝛽𝑞 − 𝛽 = 𝛼 and by Theorem 2.2.2(i)
we have ∑︁

𝜒∈X𝑞

𝜒 (𝑘 ) (𝛼) = 𝑞

If Tr𝐸/F𝑞 (𝛼) ≠ 0 then there is not 𝛽 ∈ 𝐸 such that 𝛽𝑞 − 𝛽 = 𝛼 . And by Theorem 2.2.2(i) we get
∑
𝜒∈X𝑞

𝜒 (𝑘 ) (𝛼) = 0. So we
have the lemma. ■

Now we apply the above lemma for the solutions of 𝑌𝑞 − 𝑌 − 𝑔(𝑋 ) and count the number of solutions using
multiplicative character sums. So we take the above sum over all possible 𝛼 ∈ 𝐸, and we get the following lemma:

Lemma 4.5.8 Solutions of 𝛽𝑞 − 𝛽 = 𝑔(𝛼) via Character Sums

Let 𝜒 ∈ X𝑞 be a non-trivial additive character and 𝑔(𝑋 ) ∈ F𝑞 [𝑋 ] of degree 𝑛. The number of (𝛼 , 𝛽) ∈ 𝐸2 with
𝛽𝑞 − 𝛽 = 𝑔(𝛼) equals ∑︁

𝜒∈X𝑞

∑︁
𝛼∈F𝑞

𝜒 (𝑘 ) (𝑔(𝛼)) =
∑︁
𝜒∈X𝑞

𝑊 (𝑘 )
(
𝜒 (𝑘 ) ;𝑔

)
.

Now we will prove the Weil bound for the polynomial 𝑌𝑞 − 𝑌 − 𝑔(𝑋 ) below. We will also show bound on the
absolute value of the complex numbers𝑤𝜒 ,𝑗 for all non-trivial 𝜒 ∈ X𝑞 and 𝑗 ∈ [𝑛 − 1].

Lemma 4.5.9 Reciprocal Roots of𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔) have Modulus ≤ 𝑞1/2

Let 𝜒 ∈ X𝑞 be a non-trivial additive character and 𝑔(𝑋 ) ∈ F𝑞 [𝑋 ] of degree 𝑛. Suppose that

(i) either 𝑛 < 𝑞 and gcd(𝑛,𝑞) = 1,

(ii) or 𝑌𝑞 −𝑌 −𝑔(𝑋 ) is absolutely irreducible.

Then for every 𝑗 ∈ [𝑛 − 1] we have |𝑤𝜒 ,𝑗 | ≤ 𝑞1/2.
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Proof: We can assume 𝑔(𝑋 ) has constant term to be 0 since 𝜒 (𝑔(𝛼) + 𝑎) = 𝜒 (𝑔(𝛼)) · 𝑐ℎ𝑖 (𝑎) and so 𝜒 evaluated on the
constant term gets out of the sum, and it doesn’t change the absolute value. So we will assume 𝑔 has constant term to be
0. Now suppose we have ���𝑍 (𝑌𝑞 −𝑦 −𝑔(𝑋 )) − 𝑞𝑘 ��� =𝑂 (𝑞𝑘/2) (4.16)

Since𝑊 (𝑘 )
(
𝜒 (𝑘 )

0 ;𝑔
)
= 𝑞𝑘 , by Lemma 4.5.8 we get������ ∑︁

𝜒∈X𝑞 ,𝜒≠𝜒0

𝑊 (𝑘 )
(
𝜒 (𝑘 ) ;𝑔

)������ =𝑂 (𝑞𝑘/2)
So Lemma B.1 gives |𝑤𝜒 ,𝑗 | ≤ 𝑞1/2.

(i) By Bombieri’s Theorem we have the bound in (4.16). So the lemma is true for this case.

(ii) By Weil Bound Theorem the bound in (4.16) is true. So the lemma holds.

Therefore, we have the lemma. ■

Now by the above lemma we have |𝑤𝜒 ,𝑗 | ≤ 𝑞1/2 for all non-trivial 𝜒X𝑞 and for all 𝑗 ∈ [𝑛 − 1]. Therefore |𝑊 (𝜒 ;𝑔) | ≤
(𝑛 − 1)𝑞1/2 and

��𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔) �� ≤ (𝑛 − 1)𝑞𝑘/2. So we have the following theorem.

Theorem 4.5.10 Weil Bound for𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔)
Let 𝜒 ∈ X𝑞 be a non-trivial additive character and 𝑔(𝑋 ) ∈ F𝑞 [𝑋 ] of degree 𝑛. Suppose that

(i) either 𝑛 < 𝑞 and gcd(𝑛,𝑞) = 1,

(ii) or 𝑌𝑞 −𝑌 −𝑔(𝑋 ) is absolutely irreducible.

Then
|𝑊 (𝜒 ;𝑔) | ≤ (𝑛 − 1)𝑞1/2 and

���𝑊 (𝑘 )
(
𝜒 (𝑘 ) ;𝑔

)��� ≤ (𝑛 − 1)𝑞𝑘/2.

Corollary 4.5.11 Bound on the Number of Solutions of 𝑌𝑞 −𝑌 = 𝑔(𝑋 ) over 𝐸

Let 𝜒 ∈ X𝑞 be a non-trivial additive character and 𝑔(𝑋 ) ∈ F𝑞 [𝑋 ] of degree 𝑛. Suppose that

(i) either 𝑛 < 𝑞 and gcd(𝑛,𝑞) = 1,

(ii) or 𝑌𝑞 −𝑌 −𝑔(𝑋 ) is absolutely irreducible.

Then ���𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑔(𝑋 )) − 𝑞𝑘
��� ≤ (𝑞 − 1) (𝑛 − 1)𝑞𝑘/2 |𝑍 (𝑌𝑞 −𝑌 = 𝑔(𝑋 )) − 𝑞 | ≤ (𝑞 − 1) (𝑛 − 1)𝑞1/2.

Proof: Now by Lemma 4.5.9 we have 𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑔(𝑋 )) = 𝑞𝑘 +∑
𝜒≠𝜒0𝑊

(𝑘 ) (𝜒 (𝑘 ) ;𝑔) . Since there are 𝑞 − 1 non-trivial
characters in X𝑞 and Theorem 4.5.10 we have

��𝑍𝐸 (𝑌𝑞 −𝑌 = 𝑔(𝑋 )) − 𝑞𝑘
�� ≤ (𝑞 − 1) (𝑑 − 1)𝑞𝑘/2 and |𝑍 (𝑌𝑞 −𝑌 = 𝑔(𝑋 )) − 𝑞 | ≤

(𝑞 − 1) (𝑑 − 1)𝑞1/2. ■

4.5.3 Bound for Mixed Character Sums

Suppose 𝑓 ,𝑔 ∈ F𝑞 [𝑋 ] such that 𝑓 is monic and 𝑓 has precisely𝑚 distinct roots in F𝑞 and 𝑔 has degree 𝑛 with constant
term 0. Let𝜓 ∈M

(𝑑 )
𝑞 be non-trivial multiplicative character of exponent 𝑓 and 𝜒 ∈ X𝑞 be a non-trivial additive character
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of F𝑞 . So by Corollary 4.4.7 there exists complex numbers𝑤1, . . . ,𝑤𝑛+𝑚−1 such that

𝑊 (𝜓 , 𝜒 ; 𝑓 ,𝑔) =
∑︁
𝛼∈F𝑞

𝜓 (𝑓 (𝛼))𝜒 (𝑔(𝛼)) = −
𝑛+𝑚−1∑︁
𝑗=1

𝑤 𝑗 , 𝑊 (𝑘 )
(
𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
=

∑︁
𝛼∈𝐸

𝜓 (𝑘 ) (𝑓 (𝛼)) · 𝜒 (𝑘 ) (𝑔(𝛼)) = −
𝑛+𝑚−1∑︁
𝑗=1

𝑤𝑘𝑗

Now for every non-trivial multiplicative character 𝜓 ∈ M
(𝑞)
𝑞 or exponent 𝑑 and every non-trivial additive character

𝜒 ∈ 𝑋𝑞 we define the complex numbers𝑤𝜓 ,𝜒 ,𝑗 ∈ C for all 𝑗 ∈ [𝑛 +𝑚 − 1] such that

𝑊 (𝜓 , 𝜒 ; 𝑓 ,𝑔) = −
𝑛+𝑚−1∑︁
𝑗=1

𝑤𝜓 ,𝜒 ,𝑗 , 𝑊 (𝑘 )
(
𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
= −

𝑛+𝑚−1∑︁
𝑗=1

𝑤𝑘
𝜓 ,𝜒 ,𝑗

On the other hand if at least one of𝜓 , 𝜒 becomes trivial then we have

(i) If𝜓 is trivial i.e. 𝜓 =𝜓0 but 𝜒 is non-trivial then𝑊 (𝑘 )
(
𝜓
(𝑘 )
0 , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
=𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔) since for all 𝛼 ,𝜓0 (𝑓 (𝛼)) = 1.

and so by the equation (4.15) in subsection 4.5.2 we have

𝑊 (𝑘 )
(
𝜓
(𝑘 )
0 , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
=

∑︁
𝛼∈𝐸

𝜒 (𝑘 ) (𝑔(𝛼)) = −
𝑛−1∑︁
𝑗=1

𝑤𝑘𝜒 ,𝑗

and similarly we have𝑊 (𝜓0, 𝜒 ; 𝑓 ,𝑔) =𝑊 (𝑘 ) (𝜒 (𝑘 ) ;𝑔) = −∑𝑛−1
𝑗=1 𝑤𝜒 ,𝑗 .

(ii) If 𝜒 is trivial i.e. 𝜒 = 𝜒
0 but𝜓 is non-trivial then𝑊 (𝑘 )

(
𝜓 (𝑘 ) , 𝜒 (𝑘 )0 ; 𝑓 ,𝑔

)
=𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) since for all 𝛼 , 𝜒0 (𝑔(𝛼)) = 1.

and so by the equation (4.14) in subsection 4.5.1 we have

𝑊 (𝑘 )
(
𝜓 (𝑘 ) , 𝜒 (𝑘 )0 ; 𝑓 ,𝑔

)
=

∑︁
𝛼∈𝐸

𝜓 (𝑘 ) (𝑓 (𝛼)) = −
𝑛−1∑︁
𝑗=1

𝑤𝑘
𝜓 ,𝑗

and similarly we have𝑊
(
𝜓 , 𝜒0; 𝑓 ,𝑔

)
=𝑊 (𝑘 ) (𝜓 (𝑘 ) ; 𝑓 ) = −∑𝑛−1

𝑗=1 𝑤𝜓 ,𝑗 .

(iii) Now if both𝜓 , 𝜒 are trivial i.e. 𝜓 =𝜓0 and 𝜒 = 𝜒
0 then𝑊 (𝑘 )

(
𝜓
(𝑘 )
0 , 𝜒 (𝑘 )0 ; 𝑓 ,𝑔

)
= 𝑞𝑘 .

So now we will count for any 𝛼1,𝛼2, ∈ 𝐸 the number of (𝛽 ,𝛾) ∈ 𝐸2 such that both

𝛽𝑑 = 𝛼1, and 𝛾𝑞 −𝛾 = 𝛼2

is satisfied

Lemma 4.5.12 Joint Counting via Multiplicative and Additive Characters

For 𝛼1,𝛼2 ∈ 𝐸 the number of (𝛽 ,𝛾) ∈ 𝐸2 with 𝛽𝑑 = 𝛼1 and 𝛾𝑞 −𝛾 = 𝛼2 equals∑︁
𝜓 ∈M (𝑑 )

𝑞

∑︁
𝜒∈X𝑞

𝜓 (𝑘 ) (𝛼1) 𝜒 (𝑘 ) (𝛼2).

Proof: Now
|{(𝛽 ,𝛾) ∈ 𝐸2 | 𝛼1 = 𝛽

𝑑 , 𝛼2 = 𝛾
𝑞 −𝛾}| = |{𝛽 ∈ 𝐸 | 𝛼1 = 𝛽

𝑑 }| · |{𝛾 ∈ 𝐸 | 𝛼2 = 𝛾
𝑞 −𝛾}|

So therefore by Lemma 4.5.1 and Lemma 4.5.7 we have

|{𝛽 ∈ 𝐸 | 𝛼1 = 𝛽
𝑑 }| =

∑︁
𝜓 ∈M (𝑑 )

𝑞

𝜓 (𝑘 ) (𝛼1)

|{𝛾 ∈ 𝐸 | 𝛼2 = 𝛾
𝑞 −𝛾}| =

∑︁
𝜒∈X𝑞

𝜒 (𝑘 ) (𝛼2)
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Therefore we have

|{(𝛽 ,𝛾) ∈ 𝐸2 | 𝛼1 = 𝛽
𝑑 , 𝛼2 = 𝛾

𝑞 −𝛾}| =
©­­«

∑︁
𝜓 ∈M (𝑑 )

𝑞

𝜓 (𝑘 ) (𝛼1)
ª®®¬
©­«

∑︁
𝜒∈X𝑞

𝜒 (𝑘 ) (𝛼2)ª®¬ =
∑︁

𝜓 ∈M (𝑑 )
𝑞

∑︁
𝜒∈X𝑞

𝜓 (𝑘 ) (𝛼1)𝜒 (𝑘 ) (𝛼2)

So we have the lemma. ■

Now we apply the above lemma for the solutions of𝑌𝑑 − 𝑓 (𝑋 ) and𝑍𝑞 −𝑍 −𝑔(𝑋 ) and count the number of common
solutions using multiplicative and additive character sums. So we take the sum over all possible 𝛼 ∈ 𝐸 for 𝑓 and 𝑔 and we
get the following lemma:

Lemma 4.5.13 Solutions of 𝛽𝑑 = 𝑓 (𝛼), 𝛾𝑞 −𝛾 = 𝑔(𝛼) via Character Sums

The number of (𝛼 , 𝛽 ,𝛾) ∈ 𝐸3 with 𝛽𝑑 = 𝑓 (𝛼) and 𝛾𝑞 −𝛾 = 𝑔(𝛼) is∑︁
𝜓 ∈M (𝑑 )

𝑞

∑︁
𝜒∈X𝑞

𝑊 (𝑘 )
(
𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)

So now we give a general Weil Bound for the number of common solutions of 𝑌𝑑 − 𝑓 (𝑋 ) and 𝑍𝑞 −𝑍 − 𝑔(𝑋 ). We
will have to use a very non-trivial theorem Theorem 4.5.15 from algebraic geometry. We will assume that theorem. And
then give a bound on the absolute value of mixed weil sum.

Theorem 4.5.14 Weil Bound for Mixed Character Sums

Let 𝜓 ∈ M𝑞 and 𝜒 ∈ X𝑞 be non-trivial multiplicative and additive characters with ord(𝜓 ) = 𝑑 , 𝑑 | 𝑞 − 1. Let
𝑓 (𝑋 ) ∈ F𝑞 [𝑋 ] have precisely𝑚 distinct roots and 𝑔(𝑋 ) ∈ F𝑞 [𝑋 ] with deg(𝑔) = 𝑛. Suppose that

(i) either gcd(𝑑 , deg(𝑓 )) = gcd(𝑛,𝑞) = 1,

(ii) or both 𝑌𝑑 − 𝑓 (𝑋 ) and 𝑍𝑞 −𝑍 −𝑔(𝑋 ) are absolutely irreducible.

Then ������ ∑︁𝛼∈F𝑞

𝜓 (𝑓 (𝛼))𝜒 (𝑔(𝛼))

������ ≤ (𝑚 +𝑛 − 1)𝑞1/2.

Proof: Like in the previous two sections we can assume 𝑓 to be monic and 𝑔 has constant term zero since 𝜓 (𝑎𝑓 (𝛼)) =
𝜓 (𝑎) ·𝜓 (𝑓 (𝛼)) and 𝜒 (𝑏 + 𝑔(𝛼)) = 𝜒 (𝑏) · 𝜒 (𝑔(𝛼)) and so 𝜓 , 𝜒 evaluated 𝑎 and 𝑏 respectively gets out of the sum and it
doesn’t change the absolute value. So we will assume 𝑓 monic and 𝑔 has constant term zero. Now suppose we already
have ���𝑍𝐸 (

𝑌𝑑 = 𝑓 (𝑋 ),𝑍𝑞 −𝑍 = 𝑔(𝑋 )
)
− 𝑞𝑘

��� =𝑂 (𝑞𝑘/2)
We have𝑊 (𝑘 )

(
𝜓
(𝑘 )
0 , 𝜒 (𝑘 )0 ; 𝑓 ,𝑔

)
= 𝑞𝑘 by Lemma 4.5.13 we have�������

∑︁
𝜓 ∈M (𝑑 )

𝑞 ,𝜓≠𝜓0

∑︁
𝜒∈X𝑞 ,𝜒≠𝜒0

𝑊 (𝑘 )
(
𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔

)
+

∑︁
𝜓 ∈M (𝑑 )

𝑞 ,𝜓≠𝜓0

𝑊 (𝑘 )
(
𝜓 (𝑘 ) ; 𝑓

)
+

∑︁
𝜒∈X𝑞 ,𝜒≠𝜒0

𝑊 (𝑘 )
(
𝜒 (𝑘 ) ;𝑔

)������� =𝑂 (𝑞𝑘/2)
Now by Lemma 4.5.9 and Lemma 4.5.3, |𝑤𝜓 ,𝑖 | ≤ 𝑞1/2, |𝑤𝜒 ,𝑗 | ≤ 𝑞1/2 for all 𝑖 ∈ [𝑚− 1],𝜓 ∈M

(𝑑 )
𝑞 where𝜓 ≠ 𝜓0 and 𝑗 ∈ [𝑛− 1],

𝜒 ∈ X𝑞 where 𝜒 ≠ 𝜒
0. Therefore by Lemma B.1 we have |𝑤𝜓 ,𝜒 ,𝑗 | ≤ 𝑞1/2 for all 𝑗 ∈ [𝑛 +𝑚 − 1] and𝜓 ∈ M

(𝑑 )
𝑞 with𝜓 ≠ 𝜓0

and 𝜒 ∈ X𝑞 with 𝜒 ≠ 𝜒
0. Therefore we get

��𝑊 (𝑘 ) (𝜓 (𝑘 ) , 𝜒 (𝑘 ) ; 𝑓 ,𝑔
) �� ≤ (𝑛 +𝑚 − 1)𝑞𝑘/2 and |𝑊 (𝜓 , 𝜒 ; 𝑓 ,𝑔) | ≤ (𝑛 +𝑚 − 1)𝑞1/2.
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Now all we need to prove
��𝑍𝐸 (

𝑌𝑑 = 𝑓 (𝑋 ),𝑍𝑞 −𝑍 = 𝑔(𝑋 )
)
− 𝑞𝑘

�� = 𝑂 (𝑞
√
𝑘2). Now under the conditions of the

theorem 𝑌𝑑 = 𝑓 (𝑋 ) and 𝑍𝑞 − 𝑍 = 𝑔(𝑋 ) defines a special curve called absolute variety. So by a theorem from algebraic
geometry Theorem 4.5.15 we get the bound. ■

The following theorem helps us to count number of solutions in something called absolute variety in algebraic geometry.
The proof of this theorem is beyond our scope so we ommit the proof of the theorem.

Theorem 4.5.15

Let A be an absolute variety of dimension 𝑑 defined over F𝑞 . Let 𝑍𝑘 (A) be the number of points (𝛼1, . . . ,𝛼𝑛) ∈ A
with each coordinate in F𝑞𝑘 . Then as 𝑘 →∞ we have

𝑍𝑘 (A) = 𝑞𝑘𝑑 +𝑂 (𝑞𝑘 (𝑑−1/2) )

4.5.4 General Weil Bounds

André Weil (1940) generalized the above bounds for any absolutely irreducible polynomial over a finite field and showed
that the deviation of number of solutions from average number of solution in any finite extended field is in the order of
square root of the size of the extended field. This estimate follows from the Riemann Hypothesis for curves over finite
fields.

Theorem 4.5.16 Weil Bound Theorem

Let 𝑓 (𝑋 ,𝑌 ) ∈ F𝑞 [𝑋 ,𝑌 ] is an absolutely irreducible polynomial and of total degree 𝑑 > 0. If 𝑞 > 250𝑑5 then

|𝑍 (𝑓 (𝑋 ,𝑌 ) = 0) − 𝑞 | <
√

2𝑑5/2𝑞
1/2

The proof of this theorem use non-trivial amount of algebraic geometry and is covered in the Chapter 3 of [Sch76].
In fact Riemann Hypothesis gives a stronger estimate

|𝑍 (𝑓 (𝑋 ,𝑌 ) = 0) − 𝑞 | ≤ (𝑑 − 1) (𝑑 − 2)𝑞1/2 + 𝑐 (𝑑)

for some constant 𝑐 (𝑑) which depends on 𝑑 = deg(𝑓 ).



Chapter 5
Decoding from Character Evaluations

Character sums of polynomials over finite fields carry deep arithmetic information, and one of the most striking mani-
festations of this is that they give rise to good error-correcting codes. The mechanism is simple: two polynomials whose
character evaluations are close must be nearly indistinguishable by the character, and the Weil bounds make this precise.
For a multiplicative character 𝜓 of F𝑞 and two polynomials 𝑓 ,𝑔 ∈ F𝑞 [𝑋 ] of small degree, the Weil bound controls gives
a lower bound on the Hamming distance between the codewords (𝜓 (𝑓 (𝛼)))𝛼∈F𝑞 and (𝜓 (𝑔(𝛼)))𝛼∈F𝑞 . The resulting codes
turn out to have distance approaching 𝑞/2 while the message length grows polynomially in 𝑞.

Two families are of particular interest. For 𝑞 odd, applying the quadratic residue character 𝜓 (𝛽) = 𝛽
(𝑞−1)/2 to

squarefree monic polynomials 𝑔(𝑋 ) of degree 𝑑 = 𝑜 (√𝑞) defines a nonlinear code over {0,±1} of length 𝑞. For 𝑞 = 2𝑏 ,
taking 𝑔(𝑋 ) with only odd-degree monomials and forming Tr ◦𝑔 : F𝑞 → F2 gives the classical dual BCH codes, introduced
independently by Bose–Ray-Chaudhuri [BRC60] and Hocquenghem [Hoc59]. These codes are linear over F2, have length
𝑞 and dimension 𝑑+1

2 log2 𝑞, and their distance analysis relies entirely on the Weil bound for additive character sums. Dual
BCH codes are remarkable: for small 𝑑 they are unmatched codes in the sense that, without the Weil bounds, there is no
known proof that binary codes of their parameters even exist.

Despite this theoretical richness, decoding these codes from a constant fraction of errors was a long-standing open
problem. The essential difficulty is that each evaluation 𝜓 (𝑔(𝛼)) carries very little information about 𝑔. The quadratic
character discards the magnitude and retains only whether 𝑔(𝛼) is a quadratic residue. So the system of equations one
must solve is both under determined and nonlinear. Even the zero-error interpolation problem, of recovering 𝑔 exactly
from the values 𝜓 (𝑔(𝛼)) for all 𝛼 ∈ F𝑞 , had no polynomial-time solution for non-constant 𝑑 prior to the work presented
here. Recently Swastik Kopparty in [Kop26] gave polynomial time algorithm to decode from 1/8𝑡ℎ of minimum distance
fraction of errors.

The goal of this chapter is to present the first polynomial-time algorithms for decoding both code families from
a constant fraction of errors, following Kopparty. The algorithms combine two classical ideas: the Berlekamp–Welch
framework, which uses a high-multiplicity error-locator polynomial to zero out error positions and reduces decoding
to a linear system, and the Stepanov polynomial method, the elementary approach to the Weil bounds that works by
interpolating auxiliary polynomials vanishing with high multiplicity at points of interest. The fusion of these two ideas
gives rise to what we call pseudopolynomials: high-degree polynomials all of whose Hasse derivatives, when evaluated
on F𝑞 , agree with polynomials of much smaller degree. These objects turn out to be the correct algebraic framework for
capturing the special structure of character evaluations of polynomials.
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§ 5.1 Theory of Pseudopolynomials

5.1.1 Pseudopolynomials

Definition 5.1.1: Pseudoderivative

Let 𝐹 (𝑋 ) ∈ F𝑞 [𝑋 ]. Define the ℓ-th pseudoderivative of 𝐹 , denoted 𝐹⟨ℓ ⟩ (𝑋 ), to be the unique polynomial of degree at
most 𝑞 − 1 whose evaluations on F𝑞 agree with the evaluations of 𝐹 (ℓ ) (𝑋 ). Explicitly:

𝐹⟨ℓ ⟩ (𝑋 ) =
(
𝐹 (ℓ ) (𝑋 ) mod Λ(𝑋 )

)
,

where Λ(𝑋 ) = 𝑋𝑞 −𝑋 .
Abusing notation, we will sometimes use 𝐹⟨ℓ ⟩ to denote the function 𝐹⟨ℓ ⟩ : F𝑞 → F𝑞 , defined by 𝐹⟨ℓ ⟩ (𝛼) = 𝐹 (ℓ ) (𝛼).

Definition 5.1.2: Pseudodegree

Let 𝐹 (𝑋 ) ∈ F𝑞 [𝑋 ]. We define the pseudodegree of 𝐹 , denoted pdeg(𝐹 ), to be:

max
ℓ≥0

deg(𝐹⟨ℓ ⟩).

We say 𝐹 (𝑋 ) is a 𝑘-pseudopolynomial if pdeg(𝐹 ) ≤ 𝑘 . When deg(𝐹 ) = 𝑑 we refer to 𝐹 as a 𝑘-pseudopolynomial of
degree 𝑑 .

By definition, we have same basic observations on how pdeg behaves on addition and multiplication of polynomials.

Observation 5.1. Like normal degree of polynomials pdeg behave the similar way, but we have inequality instead of equality.
For any 𝐹 ,𝐺 ∈ F𝑞 [𝑋 ]

• pdeg(𝐹 +𝐺) ≤ max(pdeg(𝐹 ), pdeg(𝐺)).

• pdeg(𝐹 ·𝐺) ≤ pdeg(𝐹 ) + pdeg(𝐺).

5.1.1.1 Algebraic Characterization

Lemma 5.1.1 Algebraic Characterization of Pseudodegree

Let 𝐹 (𝑋 ) ∈ F𝑞 [𝑋 ], and let 𝐹 (𝑋 ) = ∑
𝑖≥0 𝐹𝑖 (𝑋 ) Λ(𝑋 )𝑖 , with each deg(𝐹𝑖 ) < 𝑞, be the base-Λ(𝑋 ) expansion of 𝐹 (𝑋 ).

Then pdeg(𝐹 ) = max𝑖≥0 deg(𝐹𝑖 ).

Proof: We expand 𝐹 (ℓ ) by applying the product rule for Hasse derivatives to each term of the base-Λ expansion:

𝐹 (ℓ ) (𝑋 ) =
∑︁
𝑖≥0

(
𝐹𝑖 · Λ𝑖

) (ℓ ) (𝑋 ) = ∑︁
𝑖≥0

©­­­«
∑︁

ℓ0 ,ℓ1 ,...,ℓ𝑖∑
ℓ𝑗=ℓ

𝐹
(ℓ0 )
𝑖
(𝑋 ) ·

𝑖∏
𝑗=1

Λ(ℓ𝑗 ) (𝑋 )
ª®®®¬ .

When we reduce mod Λ(𝑋 ), recall that Λ(0) = Λ ≡ 0, and Λ( 𝑗 ) = 0 for 𝑗 ∉ {0, 1,𝑞}. So the only terms surviving mod Λ
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are those with ℓ1, . . . , ℓ𝑖 ∈ {1,𝑞}, which forces ℓ ≥ 𝑖 and ℓ0 = ℓ − (ℓ1 + · · · + ℓ𝑖 ) ∈ [0, ℓ − 𝑖]. Collecting these terms:

𝐹 (ℓ ) (𝑋 ) mod Λ(𝑋 ) =
ℓ∑︁
𝑖=0

ℓ−𝑖∑︁
ℓ0=0

𝐹
(ℓ0 )
𝑖
(𝑋 ) ·

©­­­«
∑︁

ℓ1 ,...,ℓ𝑖 ∈ {1,𝑞}
ℓ1+···+ℓ𝑖 = ℓ−ℓ0

𝑖∏
𝑗=1

Λ(ℓ𝑗 ) (𝑋 )
ª®®®¬︸                             ︷︷                             ︸

=:𝐶𝑖 ,ℓ ,ℓ0,𝑞 ∈ Z

= (−1)ℓ𝐹ℓ (𝑋 ) +
ℓ−1∑︁
𝑖=0

ℓ−𝑖∑︁
ℓ0=0

𝐹
(ℓ0 )
𝑖
(𝑋 ) ·𝐶𝑖 ,ℓ ,ℓ0 ,𝑞 ,

where the leading term isolates 𝑖 = ℓ , ℓ0 = 0, the unique case with ℓ1 = · · · = ℓ𝑖 = 1, which contributes the factor (−1)ℓ .

Forward direction. When deg(𝐹𝑖 ) ≤ 𝑘 for all 𝑖 , each 𝐹 (ℓ0 )
𝑖

has degree at most 𝑘 , so the entire expression 𝐹 (ℓ ) mod Λ(𝑋 ) =
𝐹⟨ℓ ⟩ (𝑋 ) has degree at most 𝑘 . Since ℓ was arbitrary, pdeg(𝐹 ) ≤ 𝑘 .

Reverse direction. Rearranging the identity above gives

(−1)ℓ𝐹ℓ (𝑋 ) = 𝐹⟨ℓ ⟩ (𝑋 ) −
ℓ−1∑︁
𝑖=0

ℓ−𝑖∑︁
ℓ0=0

𝐹
(ℓ0 )
𝑖
(𝑋 ) ·𝐶𝑖 ,ℓ ,ℓ0 ,𝑞 .

We argue by induction on ℓ . The base case ℓ = 0 gives 𝐹0 = 𝐹⟨0⟩ directly, so deg(𝐹0) ≤ pdeg(𝐹 ). In the inductive step,
assuming deg(𝐹𝑖 ) ≤ pdeg(𝐹 ) for all 𝑖 < ℓ , every term 𝐹

(ℓ0 )
𝑖

on the right has degree at most pdeg(𝐹 ), so deg(𝐹ℓ ) ≤ pdeg(𝐹 )
as well. Hence, max𝑖≥0 deg(𝐹𝑖 ) ≤ pdeg(𝐹 ). The two directions together give pdeg(𝐹 ) = max𝑖≥0 deg(𝐹𝑖 ). ■

5.1.1.2 Multiplicities

Now the pseudopolynomials are special because even though we may have a very large degree pseudopolynomials the
multiplicities of an irreducible factor is small. The following lemma gives a bound on the multiplicity modulo 𝑞.

Lemma 5.1.2 Multiplicity Bound for Pseudopolynomials

Let 𝑘 < 𝑞, and let 𝐹 (𝑋 ) be a nonzero 𝑘-pseudopolynomial of degree 𝐷 over F𝑞 . For an irreducible polynomial 𝐻 (𝑋 ) ∈
F𝑞 [𝑋 ], let 𝜇 be the highest power of 𝐻 (𝑋 ) that divides 𝐹 (𝑋 ). Then:

𝜇 mod 𝑞 ∈
[
0, 𝑘 +

⌊
𝐷

𝑞

⌋ ]
.

Proof: Pick a root 𝛼 ∈ F𝑞 of 𝐻 (𝑋 ), so that 𝜇 = mult(𝐹 ,𝛼) and 𝐹 (𝜇 ) (𝛼) ≠ 0. By Lemma 5.1.1, the base-Λ expansion of 𝐹
has the form 𝐹 (𝑋 ) = ∑𝑡−1

𝑖=0 𝐹𝑖 (𝑋 )Λ(𝑋 )𝑖 with 𝑡 = ⌊𝐷/𝑞⌋ + 1 and deg(𝐹𝑖 ) ≤ 𝑘 .
It suffices to show 𝐹 (ℓ ) (𝑋 ) = 0 for every ℓ with ℓ mod 𝑞 ∈ [𝑘 + 𝑡 ,𝑞 − 1], since this would confine 𝜇 mod 𝑞 to

[0,𝑘 + 𝑡 − 1] = [0,𝑘 + ⌊𝐷/𝑞⌋].
Expanding via the product rule:

𝐹 (ℓ ) (𝑋 ) =
𝑡−1∑︁
𝑖=0

∑︁
ℓ0 ,ℓ1 ,...,ℓ𝑖∑

ℓ𝑗=ℓ

𝐹
(ℓ0 )
𝑖
(𝑋 ) ·

𝑖∏
𝑗=1

Λ(ℓ𝑗 ) (𝑋 ).

A summand vanishes if ℓ0 > 𝑘 , since deg(𝐹𝑖 ) ≤ 𝑘 forces 𝐹 (ℓ0 )
𝑖

= 0. It vanishes if some ℓ𝑗 ∉ {0, 1,𝑞}, since Λ(ℓ𝑗 ) = 0 for such
ℓ𝑗 . It also vanishes mod Λ if some ℓ𝑗 = 0, since that contributes a factor Λ(0) = Λ. Thus, every nonzero summand must
have ℓ0 ∈ [0,𝑘] and ℓ1, . . . , ℓ𝑖 ∈ {1,𝑞}.
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When ℓ mod 𝑞 ∈ [𝑘 + 𝑡 ,𝑞 − 1], no such decomposition is possible: a sum of one integer from [0,𝑘] and at most
𝑡 − 1 integers from {1,𝑞} has residue mod 𝑞 at most 𝑘 + (𝑡 − 1) < 𝑘 + 𝑡 . So every summand vanishes, giving 𝐹 (ℓ ) (𝑋 ) = 0.
■

From this lemma we can get a relation of size of a set of zero and the degree of then interpolated pseudopolynomials
which becomes zero at the set. For any 𝑆 ⊆ F𝑞 , and any 𝑐 ,𝑘 ,𝑀 satisfying

|𝑆 | < 𝑐

𝑀
· 𝑘 ,

there exists a nonzero 𝑘-pseudopolynomial 𝐹 (𝑋 ) of degree 𝐷 < 𝑐𝑞 such that for all 𝛼 ∈ 𝑆 , mult(𝐹 ,𝛼) ≥ 𝑀 . This follows
from dimension and constraint counting.

In the reverse direction, the following theorem shows that when 𝑞 is prime, every nonzero 𝑘-pseudopolynomial of
degree 𝐷 < 𝑐𝑞 has at most 2 𝑐

𝑀
𝑘 roots of multiplicity at least 𝑀 .

Theorem 5.1.3 High Multiplicity Zeroes Bound, [Kop26]

Let𝑞 be prime, and let 𝐹 (𝑋 ) be a nonzero𝑘-pseudopolynomial of degree𝐷 < 𝑐𝑞 over F𝑞 . Suppose𝑀 satisfies 𝑐 < 𝑀 < 𝑞.
Then: ��{𝛼 ∈ F𝑞 | mult(𝐹 ,𝛼) ≥ 𝑀}

�� ≤ min
( 𝑐

𝑀 − 𝑐 + 1 · 𝑘 + 𝑐 , 𝑘

)
.

We will not prove this theorem. The proof uses some arguments from [GK14] on wronskian ranks. The full proof
of this theorem is in [Kop26, Section 5.7].

5.1.1.3 Codes From Pseudopolynomials

Now using Pseudopolynomials we can create codes similar to univariate multiplicity codes. Let Σ = F𝑀
𝑞 . The codewords

lie in ΣF𝑞 : for each 𝑘-pseudopolynomial 𝐹 (𝑋 ) of degree 𝐷 < 𝑐𝑞, the codeword Enc(𝐹 ) : F𝑞 → ΣF𝑞 is defined:

Enc(𝐹 ) (𝛼) =
(
𝐹 (0) (𝛼), 𝐹 (1) (𝛼), . . . , 𝐹 (𝑀−1) (𝛼)

)
.

This code has cardinality |Σ|𝑐𝑘/𝑀 , block length 𝑞, rate 𝑅 = 𝑐
𝑀
· 𝑘
𝑞

, and minimum distance at least(
1 −min

(
𝑘

𝑞
, 𝑐

𝑀 − 𝑐 + 1 ·
𝑘

𝑞
+ 𝑐
𝑞

, 𝑐

𝑀

))
· 𝑞,

which is always at least (1 − 2𝑅) · 𝑞.

5.1.2 Twisted Pseudopolynomials

Definition 5.1.3: 𝑟 -Twisted Pseudopolynomial

Suppose 𝑟 : F𝑞 → F𝑞 is a function. Let 𝑘 < 𝑞. We say 𝐹 (𝑋 ) ∈ F𝑞 [𝑋 ] is an 𝑟 -twisted (ℎ,𝑀)-pseudopolynomial if
for all ℓ < 𝑀 , there is some𝑈ℓ (𝑋 ) ∈ F𝑞 [𝑋 ] of degree at most ℎ such that:

𝐹⟨ℓ ⟩ = 𝑟 ·𝑈ℓ .

The following lemma shows that any two 𝑟 -twisted (ℎ,𝑀)-pseudopolynomials with degree at most 𝑐𝑞 are very
closely related, provided ℎ and 𝑐 are small enough.
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Lemma 5.1.4

Let 𝑐 ,ℎ,𝑀 be parameters, with 𝑐 < 𝑀/2. Let 𝑟 : F𝑞 → F𝑞 . Suppose 𝐹 (𝑋 ),𝐺 (𝑋 ) ∈ F𝑞 [𝑋 ] with deg(𝐹 ), deg(𝐺) < 𝑐𝑞

are both 𝑟 -twisted (ℎ,𝑀)-pseudopolynomials and 𝑘 > 𝑀
𝑀−2𝑐 · (ℎ + 1). Then there exist nonzero 𝑘-pseudopolynomials

𝐴(𝑋 ),𝐵(𝑋 ), with deg(𝐴), deg(𝐵) < 𝑀𝑞, such that:

𝐴(𝑋 ) · 𝐹 (𝑋 ) = 𝐵(𝑋 ) ·𝐺 (𝑋 ).

Proof: Now if𝑘 ≥ 𝑞 then the result is immediate. So assume𝑘 < 𝑞. Since 𝐹 ,𝐺 both are 𝑟 -twisted (ℎ,𝑀)-pseudopolynomial
for each ℓ < 𝑀 , we have:

𝐹⟨ℓ ⟩ = 𝑟 ·𝑈ℓ , 𝐺 ⟨ℓ ⟩ = 𝑟 ·𝑉ℓ ,

where𝑈ℓ (𝑋 ),𝑉ℓ (𝑋 ) ∈ F𝑞 [𝑋 ] have degrees at most ℎ.
The goal is to find 𝐴 and 𝐵 in the base-Λ form

𝐴(𝑋 ) =
𝑀−𝑐−1∑︁
𝑖=0

𝐴𝑖 (𝑋 ) Λ(𝑋 )𝑖 , 𝐵(𝑋 ) =
𝑀−𝑐−1∑︁
𝑖=0

𝐵𝑖 (𝑋 ) Λ(𝑋 )𝑖 ,

with deg(𝐴𝑖 ), deg(𝐵𝑖 ) ≤ 𝑘 , so that 𝐴𝐹 = 𝐵𝐺 . Treating the coefficients of the 𝐴𝑖 and 𝐵𝑖 as unknowns, their total count
exceeds 2(𝑀 − 𝑐) · 𝑘 .

The condition 𝐴𝐹 = 𝐵𝐺 is captured by requiring (𝐴 · 𝐹 )⟨ℓ ⟩ = (𝐵 ·𝐺)⟨ℓ ⟩ for each ℓ < 𝑀 . Expanding each pseudo-
derivative using the twisted conditions on 𝐹 and 𝐺 , these equalities can be packaged into a single identity in F𝑞 [𝑋 ,𝑇 ]:( ∑︁

ℓ1<𝑀

𝐴⟨ℓ1 ⟩ (𝑋 ) ·𝑇 ℓ1
)
·
( ∑︁
ℓ2<𝑀

𝑈ℓ2 (𝑋 ) ·𝑇 ℓ2
)
=

( ∑︁
ℓ3<𝑀

𝐵⟨ℓ3 ⟩ (𝑋 ) ·𝑇 ℓ3
)
·
( ∑︁
ℓ4<𝑀

𝑉ℓ4 (𝑋 ) ·𝑇 ℓ4
)
(mod 𝑇𝑀 ).

Each of the𝑀 coefficient equalities (in F𝑞 [𝑋 ], of degree at mostℎ+𝑘) is a homogeneous linear condition on the unknowns,
giving at most (ℎ + 𝑘 + 1) ·𝑀 constraints in total. Since by assumption

(ℎ + 𝑘 + 1) ·𝑀 < 2𝑘 · (𝑀 − 𝑐),

the number of constraints is strictly less than the number of unknowns, guaranteeing a nonzero solution.
It remains to verify that any such solution satisfies 𝐴𝐹 = 𝐵𝐺 as a polynomial identity, not merely on F𝑞 . The

construction ensures (𝐴 · 𝐹 − 𝐵 ·𝐺)⟨ℓ ⟩ = 0 for every ℓ < 𝑀 , so every point of F𝑞 is a root of 𝐴𝐹 − 𝐵𝐺 of multiplicity at
least 𝑀 . But

deg(𝐴 · 𝐹 − 𝐵 ·𝐺) < 𝑐𝑞 + (𝑀 − 𝑐)𝑞 =𝑀𝑞,

so the polynomial 𝐴𝐹 − 𝐵𝐺 has more roots (counting multiplicity) than its degree, forcing 𝐴𝐹 − 𝐵𝐺 = 0. ■

The next lemma shows that if we have many 𝑟 -twisted (ℎ,𝑀)-pseudopolynomials with degree at most 𝑐𝑞 and 𝑐 ,ℎ
small, then they are nontrivially related. The smallness requirement on 𝑐 is weaker, but the deduced relation is also weaker.

Lemma 5.1.5

Let 𝑚, 𝑐 ,ℎ,𝑀 be parameters, with 𝑐 < 𝑚−1
𝑚
· 𝑀 . Let 𝑟 : F𝑞 → F𝑞 . Suppose 𝐹1 (𝑋 ), . . . , 𝐹𝑚 (𝑋 ) ∈ F𝑞 [𝑋 ] with

deg(𝐹𝑖 ) < 𝑐𝑞 are all 𝑟 -twisted (ℎ,𝑀)-pseudopolynomials. Let

𝑘 >
𝑀

(𝑚 − 1)𝑀 −𝑚𝑐 · (ℎ + 1).

Then there exist 𝑘-pseudopolynomials 𝐴1 (𝑋 ), . . . ,𝐴𝑚 (𝑋 ) with deg(𝐴𝑖 ) < 𝑀𝑞 and not all zero, such that,∑
𝑖 𝐴𝑖 (𝑋 ) 𝐹𝑖 (𝑋 ) = 0.
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The proof is exactly like that of Lemma 5.1.4, which is the𝑚 = 2 case. The exact same argument also gives robust
version.

Theorem 5.1.6 Robust Version for Two

Let𝑚, 𝑐 ,ℎ,𝛾 ,𝑀 be parameters, with 𝑐 < 1
2 (1−2𝛾)𝑀 . Let 𝑟1, 𝑟2 : F𝑞 → F𝑞 , with: Δ(𝑟1, 𝑟2) ≤ 𝛾𝑞. Suppose 𝐹 (𝑋 ),𝐺 (𝑋 ) ∈

F𝑞 [𝑋 ] with deg(𝐹 ), deg(𝐺) < 𝑐𝑞 are 𝑟1-twisted and 𝑟2-twisted (ℎ,𝑀)-pseudopolynomials respectively. Let

𝑘 >
𝑀

(1 − 2𝛾)𝑀 − 2𝑐 · (ℎ + 1).

Then there exist 𝑘-pseudopolynomials 𝐴(𝑋 ),𝐵(𝑋 ), with deg(𝐴), deg(𝐵) < 𝑀𝑞, not all zero, such that, 𝐴(𝑋 ) · 𝐹 (𝑋 ) =
𝐵(𝑋 ) ·𝐺 (𝑋 ).

Theorem 5.1.7 Robust Version for Many

Let𝑚, 𝑐 ,ℎ,𝛾 ,𝑀 be parameters, with 𝑐 < 1
𝑚
((𝑚 − 1) −𝑚𝛾)𝑀 . Let 𝑟1, . . . , 𝑟𝑚 : F𝑞 → F𝑞 , with:��{𝛼 ∈ F𝑞 | 𝑟𝑖 (𝛼) ≠ 𝑟 𝑗 (𝛼) for some 𝑖 , 𝑗}

�� ≤ 𝛾𝑞.

Suppose 𝐹1 (𝑋 ), . . . , 𝐹𝑚 (𝑋 ) ∈ F𝑞 [𝑋 ] with deg(𝐹𝑖 ) < 𝑐𝑞 are 𝑟𝑖 -twisted (ℎ,𝑀)-pseudopolynomials. Let

𝑘 >
𝑀

(𝑚 − 1 −𝑚𝛾)𝑀 −𝑚𝑐 · (ℎ + 1).

Then there exist 𝑘-pseudopolynomials 𝐴1 (𝑋 ), . . . ,𝐴𝑚 (𝑋 ), with deg(𝐴𝑖 ) < 𝑀𝑞, not all zero, such that,∑
𝑖 𝐴𝑖 (𝑋 ) 𝐹𝑖 (𝑋 ) = 0.

§ 5.2 Decoding Multiplicative Character Evaluations

Let 𝜓 ∈ X𝑞 is a non-trivial multiplicative character of F𝑞 where ord(𝜓 ) = 𝑑 . Then the polynomial based code we can
construct is (𝜓 ◦ 𝑓 (𝛼))𝛼∈F𝑞

where 𝑓 ∈ F𝑞 [𝑋 ]. Now suppose 𝑔 is another polynomial. Then for any 𝛼 ∈ F𝑞 ,

𝜓 ((𝑓 · 𝑔𝑑 ) (𝛼)) =𝜓 (𝑓 (𝛼)) ·𝜓𝑑 (𝑔(𝛼)) =𝜓 (𝑓 (𝛼))

So we assume 𝑓 doesn’t have a power 𝑑 factor. Similarly, for any 𝛼 , 𝛽 where 𝛽 ≠ 0

𝜓 ((𝛽𝑑 · 𝑓 ) (𝛼)) =𝜓𝑑 (𝛽) ·𝜓 (𝑓 (𝛼)) =𝜓 (𝑓 (𝛼))

Since different leading coefficient can lead to same character evaluation we assume 𝑓 to be monic.

5.2.1 Quadratic Character

Now we take the quadratic character 𝜂 ∈ M𝑞 . Hence, we assume the polynomials are monic and squarefree. Then by
Theorem 4.5.5 we have �����∑︁

𝛼

𝜂 ((𝑔1 · 𝑔2) (𝛼))
����� < 𝑂 (𝑑√𝑞)

Therefore the vectors 𝜂 ◦ 𝑔1 and 𝜂 ◦ 𝑔2 differs in at least
(
𝑞 −𝑂 (𝑑√𝑞)

)
=

(
1
2 −

𝑑√
𝑞

)
𝑞 many locations. So their hamming

distance is at least
(

1
2 −

𝑑√
𝑞

)
𝑞 which gives the distance of the code.

Below we give an algorithm to decode these codes from 1/4th of the minimum distance of the code. The decoding
algorithm follows the Berlekamp-Welch of Reed-Solomon codes to some extent. Let 𝑔 is the closest codeword. So suppose
𝐺 (𝑋 ) := 𝑔 (𝑞−1)/2 (𝑋 ).
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If there had been zero error in the received word then we know the polynomial 𝐺̃ is 𝜓 ◦ 𝑔-twisted (𝑂 (𝑑𝑀),𝑀))-
pseudopolynomial. But we have the received word very close to the original codeword 𝜓 ◦ 𝑔. So we will try to find a
𝑟 -twisted pseudopolynomial 𝐹 with good parameters such that we can use Lemma 5.1.4 or Theorem 5.1.6 to relate them.
So first we have to show such 𝐹 exists.

5.2.1.1 Constructing 𝑟 -twisted Pseudopolynomial

Let 𝑆 = {𝛼 ∈ F𝑞 : 𝜓 ◦ 𝑔(𝛼) ≠ 𝑟 (𝛼)} be the error set. Then consider the error locator polynomial 𝑍𝑆 (𝑋 ) =
∏
𝛼∈𝑆 (𝑋 −

𝛼)𝑀 . Then all elements of 𝑆 are roots of 𝑍𝑆 with multiplicity at 𝑀 . So we take any multiple of 𝑍𝑆 , 𝐸 (𝑋 ) which is a ℎ-
pseudopolynomial of degree < 𝑐𝑞 where ℎ, 𝑐 ,𝑀 are parameters to be chosen later. So by construction 𝐸 (𝑋 ) = ∑𝑐−1

𝑖=0 𝐸𝑖 (𝑋 ) ·
Λ𝑖 (𝑋 ) by Lemma 5.1.1. So deg(𝐸𝑖 ) ≤ ℎ. Therefore the number of coefficients is 𝑐 (ℎ + 1). But number of constraints is
𝑒 ·𝑀 . Hence we want 𝑐 (ℎ + 1) > 𝑒 ·𝑀 . So it is enough to have 𝑐ℎ = 𝑒𝑀 .

So now we have a nonzero multiple of 𝑍𝑆 (𝑋 ) such that for all 𝛼 ∈ 𝑆 , mult(𝐸,𝛼) ≥ 𝑀 . Therefore we take the
polynomial𝐺 (𝑋 ) ·𝐸 (𝑋 ) where𝐺 (𝑋 ) = 𝑔

𝑞−1
𝑚
+𝑀 (𝑋 ). We will show that this 𝐹 is a 𝑟 -twisted (ℎ+𝑑𝑀 ,𝑀)-pseudopolynomial.

First we will calculate 𝐸⟨ℓ ⟩ for all 0 ≤ ℓ < 𝑀 . By Lemma D.2 we have

𝐸 (ℓ ) (𝑋 ) =
𝑐−1∑︁
𝑖=0
(−1)𝑖𝐸 (ℓ−𝑖 )

𝑖
(𝑋 ) mod Λ(𝑋 ) =⇒ 𝐸⟨ℓ ⟩ (𝑋 ) =

𝑐−1∑︁
𝑖=0
(−1)𝑖𝐸 (ℓ−𝑖 )

𝑖
(𝑋 )

Therefore, for any 𝛼 ∈ F𝑞 we have

(𝐸 ·𝐺) (ℓ ) (𝛼) =
∑︁
ℓ1+ℓ2=ℓ

𝐸 (ℓ1 ) (𝛼) ·𝐺 (ℓ2 ) (𝛼)

=
∑︁
ℓ1+ℓ2=ℓ

𝐸⟨ℓ1 ⟩ (𝛼) ·𝐺𝑔,𝑤,ℓ2 (𝛼) · 𝑔𝑀−ℓ2 (𝛼) · (𝜓 ◦𝑔(𝛼)) [By Theorem D.4]

=𝜓 ◦𝑔(𝛼)
∑︁
ℓ1+ℓ2=ℓ

𝐸⟨ℓ1 ⟩ (𝛼) ·𝐺𝑔,𝑤,ℓ2 (𝛼) · 𝑔𝑀−ℓ2 (𝛼)

So define
𝑉ℓ (𝑋 ) =

∑︁
ℓ1+ℓ2=ℓ

𝐸⟨ℓ1 ⟩ (𝑋 ) ·𝐺𝑔,𝑤,ℓ2 (𝑋 ) · 𝑔𝑀−ℓ2 (𝑋 ).

Then we have (𝐸 ·𝐺) (ℓ ) (𝛼) = 𝑟 (𝛼) ·𝑉ℓ (𝛼). Since at error locations we have 𝐸 (𝑖 ) (𝛼) for all 0 ≤ 𝑖 < 𝑀 we have 𝑉ℓ (𝛼) = 0.
So this equality holds. Now deg(𝑉ℓ ) ≤ 𝑑

(
𝑞−1

2 +𝑀
)
𝑐𝑞 =: 𝐷 and deg(𝑉ℓ ) ≤ ℎ + 𝑑𝑀 . So we have 𝐹 to be a 𝑟 -twisted

(ℎ + 𝑑𝑀 ,𝑀)-pseudopolynomial of degree 𝐷 . So if we find any 𝑟 -twisted (ℎ + 𝑑𝑀 ,𝑀)-pseudopolynomial 𝐹 of degree
𝐷 via interpolation then the 𝐸 ·𝐺 and 𝐹 , are both 𝑟 -twisted. So by Lemma 5.1.4 there exists 𝐴,𝐵 ∈ F𝑞 [𝑋 ] such that
𝐴 · (𝐸𝐺) = 𝐵 · 𝐹 . We can rewrite and say there exists 𝐴,𝐵 ∈ F𝑞 [𝑋 ] such that 𝐴 ·𝐺 = 𝐵 · 𝐹 (𝑋 ). So we have the following
algorithm:

Algorithm 1: Decoding from 1/8−th of distance of Quadratic Character Evaluation
Input: Noisy received word, 𝑟 : F𝑞 → {0, 1,−1}, with degree 𝑑 ≤ 𝑂 (𝜖√𝑞) and error bound 𝑒 ≤ (1/8 − 𝜖) 𝑞
Output: Find the closest vector 𝜂 ◦ 𝑓 where 𝑓 ∈ F𝑞 [𝑋 ] of degree at most 𝑑

1 begin
2 Set 𝑀 = 16/𝜖 · 𝑑 , 𝑐 = 𝑀/2, ℎ = 2 · 𝑒 , 𝐷 = 𝑑 ( (𝑞−1)/2 +𝑀) + 𝑐𝑞
3 Use system of linear equations to find 𝑟 -twisted (ℎ +𝑑𝑀 ,𝑀)-pseudopolynomial 𝐹 (𝑋 ) of degree at most 𝐷 .
4 Complete factorization of 𝐹 (𝑋 ) into distinct monic irreducible factors {ℎ1, . . . ,ℎ𝑘 } with mult(ℎ 𝑗 , 𝐹 ) = 𝑘 𝑗 .
5 Compute the set 𝐽 =

{
𝑗 ∈ [𝑡] : 𝑘 𝑗 ∈ [3𝑞/8, 7𝑞/8] mod 𝑞

}
. Then compute 𝑓 (𝑋 ) = ∏

𝑗∈ 𝐽 ℎ 𝑗 .
6 return 𝑓 (𝑋 )
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5.2.1.2 Relating 𝐹 , 𝐺 and Factor Multiplicities

To make sense of the last step of separating out the high multiplicity factors we first have to look into 𝐴,𝐵.

Step 1: Relating 𝐹 and𝐺 We now show that any polynomial 𝐹 (𝑋 ) obtained in the algorithm must satisfy a nontrivial
algebraic relation with 𝐺 (𝑋 ). Let 𝑈0, . . . ,𝑈𝑀−1 be the polynomials such that 𝐹 (ℓ ) (𝛼) = 𝑟 (𝛼) ·𝑈ℓ (𝛼) for all 0 ≤ ℓ < 𝑀 ,
𝛼 ∈ F𝑞 . So now we set parameters 𝑡 = 3/8𝑀 and 𝑘 = 𝑒 + 4𝑑𝑀 . We claim that there exist nonzero polynomials 𝐴(𝑋 ) and
𝐵(𝑋 ) of the form

𝐴(𝑋 ) =
𝑡−1∑︁
𝑖=0

𝐴𝑖 (𝑋 )Λ𝑖 (𝑋 ), 𝐵(𝑋 ) =
𝑡+𝑐−1∑︁
𝑖=0

𝐵𝑖 (𝑋 )Λ𝑖 (𝑋 ),

with deg(𝐴𝑖 ) ≤ 𝑘 , deg(𝐵𝑖 ) ≤ 𝑘 + 2𝑒 , such that 𝐴(𝑋 )𝐹 (𝑋 ) = 𝐵(𝑋 )𝐺 (𝑋 ). We again argue by dimension counting. The total
number of coefficients of the𝐴𝑖 and 𝐵𝑖 equals 𝑁 = 𝑡 (𝑘 + 1) + (𝑡 + 𝑐) (𝑘 + 2𝑒 + 1). Substituting the values of 𝑡 and 𝑘 , we get

𝑁 >
3
8𝑀 (𝑒 + 4𝑑𝑀) + 7

8𝑀 (3𝑒 + 4𝑑𝑀) = 3𝑀𝑒 + 5𝑑𝑀2. (5.1)

We regard these coefficients as variables and impose homogeneous linear conditions so that for every 0 ≤ ℓ < 𝑀 and
every 𝛼 ∈ F𝑞 \ 𝑆 ,

(𝐴 · 𝐹 ) (ℓ ) (𝛼) = (𝐵 ·𝐺) (ℓ ) (𝛼). (5.2)

Consequently, the polynomial 𝐴(𝑋 )𝐹 (𝑋 ) − 𝐵(𝑋 )𝐺 (𝑋 ) vanishes to multiplicity at least 𝑀 at every point of F𝑞 \ 𝑆 . Hence
it has at least

𝑀 · |F𝑞 \ 𝑆 | ≥ 𝑀 (𝑞 − 𝑒) >
(

7
8 + 𝜀

)
𝑀𝑞

roots counted with multiplicity. On the other hand,

deg(𝐴 · 𝐹 − 𝐵 ·𝐺) ≤ max{deg(𝐴 · 𝐹 ), deg(𝐵 ·𝐺)} <
(

7
8 +

𝜀

2

)
𝑀𝑞.

Thus, 𝐴(𝑋 )𝐹 (𝑋 ) = 𝐵(𝑋 )𝐺 (𝑋 ). It remains to show that Equation (5.2) can indeed be enforced using fewer than 𝑁 linear
constraints. For each ℓ , define 𝐴⟨ℓ ⟩ (𝑋 ) =

∑𝑡−1
𝑖=0 (−1)𝑖𝐴 (ℓ−𝑖 )

𝑖
(𝑋 ), 𝐵⟨ℓ ⟩ (𝑋 ) =

∑𝑡+𝑐−1
𝑖=0 (−1)𝑖𝐵 (ℓ−𝑖 )

𝑖
(𝑋 ). By Lemma D.2 we get

𝐴 (ℓ ) (𝛼) = 𝐴⟨ℓ ⟩ (𝛼) and 𝐵 (ℓ ) (𝛼) = 𝐵⟨ℓ ⟩ (𝛼) for every 𝛼 ∈ F𝑞 . Now recall that 𝐹 (ℓ ) (𝛼) = 𝑟 (𝛼)𝑈ℓ (𝛼). Hence,

(𝐴 · 𝐹 ) (ℓ ) (𝛼) =
∑︁
ℓ1+ℓ2=ℓ

𝐴 (ℓ1 ) (𝛼)𝐹 (ℓ2 ) (𝛼) =⇒ (𝐴 · 𝐹 ) (ℓ ) (𝛼) = 𝑟 (𝛼) ·
∑︁
ℓ1+ℓ2=ℓ

𝐴⟨ℓ1 ⟩ (𝛼)𝑈ℓ2 (𝛼). (5.3)

Similarly, we get

𝐺 (ℓ ) (𝛼) = (𝜓 ◦𝑔) (𝛼)𝐻𝑔,𝑤,ℓ (𝛼) 𝑔𝑀−ℓ (𝛼), =⇒ (𝐵 ·𝐺) (ℓ ) (𝛼) = (𝜓 ◦𝑔) (𝛼) ·
∑︁
ℓ1+ℓ2=ℓ

𝐵⟨ℓ1 ⟩ (𝛼)𝐺𝑔,𝑤,ℓ2 (𝛼)𝑔𝑀−ℓ2 (𝛼). (5.4)

We therefore impose, for each 0 ≤ ℓ < 𝑀 , the polynomial identity∑︁
ℓ1+ℓ2=ℓ

𝐴⟨ℓ1 ⟩ (𝑋 )𝑈ℓ2 (𝑋 ) =
∑︁
ℓ1+ℓ2=ℓ

𝐵⟨ℓ1 ⟩ (𝑋 )𝐺𝑔,𝑤,ℓ2 (𝑋 )𝑔𝑀−ℓ2 (𝑋 ). (5.5)

Both sides have degree at most 3𝑒 + 𝑑𝑀 . Hence, the total number of linear conditions arising from all these identities is
at most 𝑀 (3𝑒 + 𝑑𝑀 + 1), which is strictly smaller than 𝑁 by Equation (5.1). Therefore there exists a nontrivial choice of
𝐴(𝑋 ),𝐵(𝑋 ) satisfying Equation (5.5). Finally, combining Equations (5.3), (5.4), and (5.5), and using the fact that 𝑟 (𝛼) =
(𝜓 ◦𝑔) (𝛼) for all 𝛼 ∈ F𝑞 \ 𝑆 , we obtain Equation (5.2), and hence 𝐴(𝑋 )𝐹 (𝑋 ) = 𝐵(𝑋 )𝐺 (𝑋 ).
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Step 2: Recovering the factors of 𝑔(𝑋 ) We now use the identity 𝐴(𝑋 )𝐹 (𝑋 ) = 𝐵(𝑋 )𝐺 (𝑋 ) to compare the irreducible
factors of 𝐹 (𝑋 ) and𝐺 (𝑋 ). The essential point is that the special form of𝐴(𝑋 ) and 𝐵(𝑋 ) forces all their irreducible factors
to occur with multiplicity very close to a multiple of 𝑞 by Lemma 5.1.2. In contrast, the factors arising from 𝑔(𝑋 ) occur
inside 𝐺 (𝑋 ) with multiplicity approximately 𝑞/2 modulo 𝑞. Since 𝑔(𝑋 ) is squarefree, this allows us to identify precisely
the irreducible factors of 𝑔(𝑋 ).

Now let 𝐻 (𝑋 ) be an irreducible polynomial in F𝑞 [𝑋 ]. Denote by 𝜇𝐹 , 𝜇𝐴, 𝜇𝐵 , 𝜇𝐺 , 𝜇𝑔 the multiplicities of 𝐻 (𝑋 ) in
𝐹 (𝑋 ),𝐴(𝑋 ),𝐵(𝑋 ),𝐺 (𝑋 ),𝑔(𝑋 ) respectively. Since 𝑔(𝑋 ) is squarefree, 𝜇𝑔 ∈ {0, 1}. From the identity 𝐴𝐹 = 𝐵𝐺 , we obtain
𝜇𝐹 = 𝜇𝐺 + 𝜇𝐵 − 𝜇𝐴. Applying the lemma to 𝐴 and 𝐵, we have

𝜇𝐵 ∈ 𝑞Z + [0, 3𝑒 + 4𝑑𝑀 + 7
8𝑀] and 𝜇𝐴 ∈ 𝑞Z + [0, 𝑒 + 4𝑑𝑀 + 3

8𝑀].

Therefore 𝜇𝐹 ∈ 𝜇𝐺 + 𝑞Z + [−𝑒 − 5𝑑𝑀 , 3𝑒 + 5𝑑𝑀]. Now 𝜇𝐺 =

(
𝑞−1

2 +𝑀
)
𝜇𝑔.

If 𝜇𝑔 = 1, then 𝜇𝐺 =
𝑞

2 +
𝑀−1

2 , and hence 𝜇𝐹 ∈ 𝑞Z + 𝑞

2 + [−𝑒 − 5𝑑𝑀 , 3𝑒 + 6𝑑𝑀]. Using 𝑒 ≤
( 1

8 − 𝜀
)
𝑞 and 6𝑑𝑀 < 𝜀𝑞,

we obtain 𝜇𝐹 ∈ 𝑞Z + (3𝑞/8, 7𝑞/8). On the other hand, if 𝜇𝑔 = 0, then 𝜇𝐺 = 0, and thus

𝜇𝐹 ∈ 𝑞Z + [−𝑒 − 5𝑑𝑀 , 3𝑒 + 5𝑑𝑀] ⊆ 𝑞Z + (−𝑞/8, 3𝑞/8).

Hence, the set 𝐽 selected in Step 5 of the algorithm consists precisely of those irreducible factors which divide 𝑔(𝑋 ).
Therefore, the polynomial produced in Step 5 is exactly 𝑓 (𝑋 ) = 𝑔(𝑋 ).

5.2.2 General Multiplicative Character of order𝑚

Now we take the multiplicative character 𝜓 ∈ M𝑞or order 𝑚 > 1. Hence, we assume the polynomials are monic and
don’t have a factor of power𝑚. Then by Theorem 4.5.5 we have |∑𝛼 𝜓 ((𝑔1 · 𝑔2) (𝛼)) | < 𝑂 (𝑚

√
𝑞). Therefore the hamming

distance is at least
(
1 − 1

𝑚

)
𝑞 which gives the distance of the code. So the unique decoding radius is 1

2
(
1 − 1

𝑚

)
𝑞.

Now we can also think of the character as𝜓 : F𝑞 → {0} ∪F∗
( (𝑞−1)/𝑚)
𝑞 where 𝛼 ↦→ 𝛼

(𝑞−1)/𝑚 . So here we will consider
the multiplicative as an map from F𝑞 → {0} ∪F∗

( (𝑞−1)/𝑚)
𝑞 . Like for the case of quadratic character we will not prove the

correctness of the algorithm instead we just give the pseudocode of the algorithm below. The details of the correctness of
the algorithm is given in [Kop26].

5.2.3 Alternate Proof Weil Bound on Multiplicative Character using Pseudopolynomials

The pseudopolynomial framework developed in §5.1 yields clean alternative proofs of the Weil bounds for multiplicative
character sums. The key input is Lemma 5.1.2, which constrains the multiplicity of any irreducible factor of a pseudopoly-
nomial modulo 𝑞.

Weil bound for the quadratic residue character. We prove Theorem 4.5.5 for 𝜂. Let 𝑓 (𝑋 ),𝑔(𝑋 ) ∈ F𝑞 [𝑋 ] be distinct
monic squarefree polynomials of degree at most 𝑑 ≤ 𝑂 (𝜖√𝑞). We claim

Δ(𝜂 ◦ 𝑓 , 𝜂 ◦𝑔) ≥
(

1
2 − 𝜖

)
𝑞.

Set 𝑀 = 2
𝜖
𝑑 and 𝑐 = 𝑑 , and define

𝐹 (𝑋 ) = 𝑓 (𝑋 )
𝑞−1

2 +𝑀 , 𝐺 (𝑋 ) = 𝑔(𝑋 )
𝑞−1

2 +𝑀 .

Since 𝑓 (𝑞−1)/2 (𝛼) = 𝜂 (𝑓 (𝛼)) for every 𝛼 ∈ F𝑞 , 𝐹 is an (𝜂 ◦ 𝑓 )-twisted (𝑑𝑀 ,𝑀)-pseudopolynomial and 𝐺 is an (𝜂 ◦ 𝑔)-
twisted (𝑑𝑀 ,𝑀)-pseudopolynomial, both with ℎ = 𝑑𝑀 .

Suppose for contradiction that Δ(𝜂 ◦ 𝑓 ,𝜂 ◦𝑔) ≤ 𝛾𝑞 for 𝛾 = 1
2 − 𝜖 . With

𝑘 =
1
𝜖
· (ℎ + 1) ≤ 𝑂

(
𝑑2

𝜖2

)
<

𝑞

4 ,
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Algorithm 2: Decoding from 1/12−th of distance of𝑚𝑡ℎ-order Character Evaluation
Input: Noisy received word, 𝑟 : F𝑞 → {0, 1,−1}, with degree 𝑑 ≤ 𝑂 ( 𝜖

𝑚

√
𝑞) and error bound 𝑒 ≤ (1/12 − 𝜖) 𝑞

Output: Find the closest vector𝜓 ◦ 𝑓 where 𝑓 ∈ F𝑞 [𝑋 ] of degree at most 𝑑
1 begin
2 Set 𝑀 = 16/𝜖 · 𝑑𝑚, 𝑐 = 𝑀/2, ℎ = 2 · 𝑒 , 𝐷 = 𝑑 ((𝑞 − 1) · (𝑚−1)/𝑚 +𝑀) + 𝑐𝑞
3 for 𝑘 ∈ [𝑚 − 1] do
4 Use system of linear equations to find 𝑟𝑘 -twisted (ℎ + (𝑚 − 1)𝑑𝑀 ,𝑀)-pseudopolynomial 𝐹𝑘 (𝑋 ) of degree

at most 𝐷 .
5 Complete factorization of 𝐹 (𝑋 ) into distinct monic irreducible factors {ℎ1,𝑘 , . . . ,ℎ𝑡𝑘 ,𝑘 } with

mult(ℎ 𝑗 ,𝑘 , 𝐹𝑘 ) = 𝑑 𝑗 ,𝑘 .

6 Let the irreducible factors are 𝐻1, . . . ,𝐻𝑡 with mult(𝐻 𝑗 , 𝐹𝑘 ) = 𝑑 𝑗 ,𝑘 .
7 for 𝑗 ∈ [𝑡] do
8 Let 𝜇 𝑗 ∈ {0, 1, . . . ,𝑚 − 1} be the unique number such the for all 𝑘 ∈ [𝑚 − 1]

𝑑𝑘 ,𝑗 −
𝑘 · 𝜇 𝑗
𝑚
· (𝑞 − 1) ∈

(
−

(
1
12 − 𝜖

)
𝑞,

(
3
12 − 𝜖

)
𝑞

)
mod 𝑞

9 Compute 𝑓 (𝑋 ) = ∏𝑡
𝑗=1 ℎ

𝜇 𝑗
𝑗
(𝑋 ).

10 return 𝑓 (𝑋 )

Theorem 5.1.6 produces nonzero 𝑘-pseudopolynomials𝐴(𝑋 ),𝐵(𝑋 ) of degree less than𝑀𝑞 satisfying𝐴(𝑋 ) · 𝐹 (𝑋 ) = 𝐵(𝑋 ) ·
𝐺 (𝑋 ).

Let 𝐻 (𝑋 ) be an irreducible polynomial that appears with distinct factor multiplicity in 𝑓 (𝑋 ) and 𝑔(𝑋 ). Such 𝐻
exists since 𝑓 ≠ 𝑔 are squarefree. Without loss of generality 𝐻 | 𝑓 but 𝐻 ∤ 𝑔, so mult(𝐻 , 𝐹 ) ≡ 𝑞−1

2 +𝑀 (mod 𝑞) while
mult(𝐻 ,𝐺) = 0. From 𝐴𝐹 = 𝐵𝐺 :

mult(𝐻 ,𝐴) + 𝑞 − 1
2 +𝑀 ≡ mult(𝐻 ,𝐵) (mod 𝑞).

By Lemma 5.1.2, both mult(𝐻 ,𝐴) mod 𝑞 and mult(𝐻 ,𝐵) mod 𝑞 lie in [0,𝑘 +𝑂 (𝑑)] ⊆ [0,𝑞/4 +𝑂 (𝑑)]. But the identity
forces mult(𝐻 ,𝐵) to sit ≈ 𝑞/2 away from mult(𝐻 ,𝐴) modulo 𝑞, which is outside this range — a contradiction.

Weil bound for the 𝑚-th power residue character. We prove the Weil bound for 𝜓 with ord(𝜓 ) = 𝑚, 𝑚 prime.
Suppose 𝑓 ,𝑔 ∈ F𝑞 [𝑋 ] are distinct monic polynomials of degree 𝑑 ≤ 𝑂𝑚 (𝜖

√
𝑞), each irreducible factor appearing with

multiplicity in {1, 2, . . . ,𝑚 − 1}. We claim

Δ(𝜓 ◦ 𝑓 , 𝜓 ◦𝑔) ≥
(
1 − 1

𝑚
− 𝜖

)
𝑞.

Set 𝑀 =𝑂𝑚 (𝑑/𝜖), 𝑐 =𝑂𝑚 (𝑑), 𝐹 (𝑋 ) = 𝑓 (𝑋 ) (𝑞−1)/𝑚+𝑀 , 𝐺 (𝑋 ) = 𝑔(𝑋 ) (𝑞−1)/𝑚+𝑀 . For 𝑖 ∈ [𝑚] let

𝑟𝑖 (𝛼) =
(
𝜓 𝑖−1 ◦ 𝑓 (𝛼)

)
·
(
𝜓𝑚−𝑖 ◦𝑔(𝛼)

)
, 𝐹𝑖 (𝑋 ) = 𝐹 (𝑋 )𝑖−1 ·𝐺 (𝑋 )𝑚−𝑖 .

Each 𝐹𝑖 is an 𝑟𝑖 -twisted (𝑂𝑚 (𝑑𝑀),𝑀)-pseudopolynomial.
Suppose Δ(𝜓 ◦ 𝑓 ,𝜓 ◦𝑔) ≤ 𝛾𝑞 for 𝛾 = 1 − 1

𝑚
− 𝜖 , so |{𝛼 | 𝑟𝑖 (𝛼) ≠ 𝑟 𝑗 (𝛼) for some 𝑖 , 𝑗}| ≤ 𝛾𝑞. With ℎ =𝑂𝑚 (𝑑𝑀) and

𝑘 =
1
𝜖
· (ℎ + 1) ≤ 𝑂

(
𝑑2

𝜖2

)
<

𝑞

2𝑚 ,

Theorem 5.1.7 gives 𝑘-pseudopolynomials 𝐴1 (𝑋 ), . . . ,𝐴𝑚 (𝑋 ), not all zero, with deg(𝐴𝑖 ) < 𝑀𝑞 and
𝑚∑︁
𝑖=1

𝐴𝑖 (𝑋 ) · 𝐹 (𝑋 )𝑖−1 ·𝐺 (𝑋 )𝑚−𝑖 = 0.
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Let 𝐻 (𝑋 ) be an irreducible polynomial that appears with distinct factor multiplicity in 𝑓 (𝑋 ) and 𝑔(𝑋 ). By Lemma 5.1.2,
all the nonzero terms in the above sum have distinct factor multiplicity of 𝐻 (𝑋 ) modulo 𝑞 (because the contribution
(𝑖 − 1) mult(𝐻 , 𝐹 ) + (𝑚 − 𝑖) mult(𝐻 ,𝐺) takes𝑚 pairwise distinct values mod 𝑞 as 𝑖 varies, and 𝑘 < 𝑞/(2𝑚) prevents the
𝐴𝑖 terms from closing the gap). Therefore the sum cannot be zero, which is a contradiction.

§ 5.3 Decoding Dual BCH Codes (Additive Character Evaluations)

In this section we basically decode the famous Dual BCH codes. We first discuss the code construction. Let 𝑞 be a power
of 2, say 𝑞 = 2𝑏 . Let Tr be the absolute trace function from F𝑞 → F2. Let Tr(𝑋 ) be the polynomial Tr(𝑋 ) = ∑𝑏−1

𝑖=0 𝑋
2𝑖 .

Now suppose deg(𝑔) = 𝑑 . Then we can write 𝑔 as

𝑔(𝑋 ) = 𝑎 +𝑔(𝑋 ) +ℎ(𝑋 ) +ℎ2 (𝑋 )

where 𝑎 ∈ F𝑞 , 𝑔,ℎ ∈ F𝑞 [𝑋 ] which satisfies the following:

(i) 𝑔 has only odd degree monomials

(ii) ℎ(𝑋 ) has 0 constant term

Now for any 𝛼 ∈ F𝑞 , we have Tr ◦𝑔(𝛼) = Tr(𝑎) + Tr ◦𝑔(𝛼). Therefore, either Tr ◦𝑔 = Tr ◦𝑔 or Tr ◦𝑔 = 1 + Tr ◦𝑔. So we
assume 𝑔 only has odd degree monomials. So now take the 𝜒1 ∈ X𝑞 canonical additive character of F𝑞 . Then for any 𝛼 ,
𝜒

1 (𝛼) = (−1)Tr(𝛼 ) . So for a polynomial 𝑔 ∈ F𝑞 [𝑋 ] of degree at most 𝑑 , the encoding of the dual BCH code is

Enc(𝑔) =
(
𝜒1 ◦𝑔(𝛼)

)
𝛼∈F𝑞

by Theorem 4.5.10 we have ������ ∑︁𝛼∈F𝑞

𝜒1 ◦𝑔(𝛼)

������ ≤ (𝑑 − 1)√𝑞

Therefore for any two distinct polynomials 𝑔1,𝑔2 ∈ F𝑞 [𝑋 ] of degree 𝑑 we have������ ∑︁𝛼∈F𝑞

𝜒1 ◦ (𝑔1 −𝑔2) (𝛼)

������ ≤ 𝑂 (𝑑√𝑞)
So if 𝑑 = 𝑜 (√𝑞) then we have Δ(Tr ◦𝑔1, Tr ◦𝑔2) ∈

(
1
2 ±𝑂

(
𝑑√
𝑞

))
𝑞. This gives the distance of the dual BCH code. Since we

are taking power of (−1) we will assume the codeword is Tr ◦𝑔(𝛼) instead of (−1)Tr ◦𝑔 (𝛼 ) since taking the power is just
mapping it to the F𝑞 field. Below we give the algorithm of decoding from 1/8𝑡ℎ of the distance of dual BCH codes from
[Kop26]

5.3.1 Algorithm

Like in the case of decoding from multiplicative character evaluations we proceed with Berlekamp-Welch like arguments.
The approach is very similar to that of previous section but because we are working with additive characters there will
be some differences.

If we were in a zero error setting then we know the polynomial 𝐺 = Tr ◦𝑔 is the original codeword. But we have
the received word 𝑟 : F𝑞 → {0, 1} very close to the original codeword. Let 𝑆 = {𝛼 ∈ F𝑞 : Tr ◦𝑔(𝛼) ≠ 𝑟 (𝛼)}. So |𝑆 | = 𝑒 . Let
𝑍𝑆 (𝑋 ) =

∏
𝛼∈𝑆 (𝑋 − 𝛼)𝑀 . Hence 𝑍𝑆 has zero at every point of 𝑆 with multiplicity 𝑀 . Again we take a non-zero multiple

of 𝑍𝑆 (𝑋 ), 𝐸 (𝑋 ) which is a ℎ-pseudopolynomial of degree ≤ 𝑐𝑞. So it suffices to have 𝑐ℎ = 𝑒𝑚 to get such polynomial. But
the degree of 𝐸 (𝑋 ) is of the form 𝑖𝑞 + 𝑗 for some 𝑖 ∈ {0, . . . , 𝑐} and 𝑗 ∈ {0, . . . ,ℎ}. We multiply 𝐸 (𝑋 ) with Λ𝑐−𝑖 so that the
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degree become 𝑐𝑞 + 𝑗 . So let ℎ∗ = 𝑗 . Like the case of multiplicative characters for all 0 ≤ ℓ < 𝑀 − 1, deg(𝐸⟨ℓ ⟩) ≤ ℎ. So we
take the polynomial 𝐸 (𝑋 ) ·𝐺 (𝑋 ). So now we compute derivatives of 𝐸 ·𝐺 . For any 𝛼 ∈ F𝑞 and 0 ≤ ℓ < 𝑀 we have

(𝐸 ·𝐺) (ℓ ) (𝛼) =
∑︁
ℓ1+ℓ2=ℓ

𝐸 (ℓ1 ) (𝛼) ·𝐺 (ℓ2 ) (𝛼)

= 𝐸 (ℓ ) (𝛼) ·𝐺 (𝛼) +
∑︁

ℓ1+ℓ2=ℓ ,ℓ1<ℓ
𝐸 (ℓ1 ) (𝛼) ·𝐺 (ℓ2 ) (𝛼)

= 𝐸 (ℓ ) (𝛼) ·𝐺 (𝛼) +
( ∑︁
ℓ1+ℓ2=ℓ ,ℓ1<ℓ

𝐸⟨ℓ1 ⟩ (𝛼) ·𝐺𝑔,ℓ2 (𝛼)
)

[By Corollary D.3]

= 𝐸 (ℓ ) (𝛼) · Tr ◦𝑔(𝛼) +
( ∑︁
ℓ1+ℓ2=ℓ ,ℓ1<ℓ

𝐸⟨ℓ1 ⟩ (𝛼) ·𝐺𝑔,ℓ2 (𝛼)
)

So define 𝑉ℓ (𝑋 ) =
∑
ℓ1+ℓ2=ℓ ,ℓ1<ℓ 𝐸⟨ℓ1 ⟩ (𝑋 ) ·𝐺𝑔,ℓ2 (𝑋 ). Then we have

(𝐸 ·𝐺) (ℓ ) (𝛼) = 𝑟 (𝛼) · 𝐸 (ℓ ) (𝛼) +𝑉ℓ (𝛼)

where deg(𝑉ℓ ) ≤ ℎ + 𝑑𝑀 . The change to 𝑟 (𝛼) from Tr ◦𝑔(𝛼) is valid because 𝐸 (ℓ ) (𝛼) = 0 for all 0 ≤ ℓ < 𝑀 − 1 at all error
points i.e., for all 𝛼 ∈ 𝑆 . The degree bound for 𝐸 ·𝐺 we get is deg(𝐸 ·𝐺) = (𝑐𝑞 + ℎ∗) + 𝑑 · 𝑞2 . So we get 𝐸 ·𝐺 ,𝑉0, . . . ,𝑉𝑀−1

which satisfies the above equations with proper degree bounds. So we have the algorithm:

Algorithm 3: Decoding from 1/8𝑡ℎ of distance of Dual BCH Codes
Input: Noisy received word 𝑟 : F𝑞 → {0, 1} with parameters degree 𝑑 ≤ 𝑂 (𝜖√𝑞), error-bound 𝑒 ≤ (1/8 − 𝜖) 𝑞.
Output: Find the closest codeword Tr ◦𝑔 where 𝑔 ∈ F𝑞 [𝑋 ] of degree at most 𝑑 .

1 begin
2 𝑃 = 0
3 while 𝑑 > 0 do
4 Set 𝑀 = 16/𝜖𝑑 , 𝑐 = 𝑀/2, ℎ = 2𝑒
5 for ℎ∗ ∈ {0, . . . ,ℎ} do
6 Solve linear system to find 𝐹 (𝑋 ),𝐸 (𝑋 ),𝑉0, . . . ,𝑉𝑀−1 ∈ F𝑞 [𝑋 ] with deg(𝐹 ) = (𝑑/2 + 𝑐)𝑞 +ℎ∗ and

deg(𝐸) = 𝑐𝑞 +ℎ∗ where 𝐸 is a ℎ-pseudopolynomial, deg(𝑉𝑖 ) ≤ ℎ +𝑑𝑀 for all 0 ≤ 𝑖 < 𝑀 such that

𝐹 (ℓ ) (𝛼) = 𝑟 (𝛼) · 𝐸 (ℓ ) (𝛼) +𝑉ℓ (𝛼)

for all 𝛼 ∈ F𝑞 and 0 ≤ ℓ < 𝑀 .

7 if no such ℎ∗ exists then
8 Continue

9 Let 𝑎𝑋 deg(𝐹 ) and 𝑏𝑋 deg(𝐸 ) are leading monomials of 𝐹 ,𝐸 respectively
10 𝑎𝑑 ←− 𝑎/𝑏
11 𝑃 ←− 𝑃 + 𝑎𝑑𝑋𝑑

12 for 𝛼 ∈ F𝑞 do
13 𝑟 (𝛼) ←− 𝑟 (𝛼) − Tr(𝑎𝑑𝛼𝑑 )

14 𝑑 ←− 𝑑 − 2

15 return 𝑃
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5.3.2 Relating 𝐹 ,𝐸 and 𝐺 and Their Leading Coefficients

Suppose the algorithm was able to find the polynomials 𝐹 ,𝐸,𝑉0, . . . ,𝑉𝑀−1 such that for all 𝛼 ∈ F𝑞 and 0 ≤ ℓ < 𝑀 ,

𝐹 (ℓ ) (𝛼) = 𝑟 (𝛼) · 𝐸 (ℓ ) (𝛼) +𝑉ℓ (𝛼)

Here we will anlayze the last few steps of the algorithm correctly determines the monomials of 𝐺 and their coefficients.

Step 1: Relating 𝐹 ,𝐸 and 𝐺 : Like in the case of Multiplicative characters we want pseudopolynomials 𝐴,𝐵 ∈ F𝑞 [𝑋 ]
such that

𝐴(𝑋 )
(
𝐹 (𝑋 ) − 𝐸 (𝑋 ) ·𝐺 (𝑋 )

)
= 𝐵(𝑋 ) (5.6)

So we set the parameters 𝑡 ,𝑘 ∈ N such that 𝑡 = 3/8 ·𝑀 and 𝑘 = 𝑒 + 4𝑑𝑀 . We claim there exists pseudopolynomials
𝐴,𝐵 ∈ F𝑞 [𝑋 ] of the form

𝐴(𝑋 ) =
𝑡−1∑︁
𝑖=0

𝐴𝑖 (𝑋 )Λ𝑖 (𝑋 ), 𝐵(𝑋 ) =
𝑡+𝑐+𝑑2 −1∑︁

𝑖=0
𝐵𝑖 (𝑋 )Λ𝑖 (𝑋 )

where deg(𝐴𝑖 ) ≤ 𝑘 and deg(𝐵 𝑗 ) ≤ 𝑘 +ℎ + 𝑑𝑀 for all 𝑖 ∈ {0, . . . , 𝑡 − 1} and 𝑗 ∈ {0, . . . , 𝑡 + 𝑐 + 𝑑
2 − 1} such that (5.6) holds.

The total number of coefficients of 𝐴,𝐵 is 𝑁 = 𝑡 (𝑘 + 1) + (𝑡 + 𝑐 + 𝑑/2) · (𝑘 + ℎ + 𝑑𝑀 + 1). Now Substituting the values of
𝑡 ,𝑘 we get

𝑁 >
3
8𝑀 (𝑒 + 4𝑑𝑀) + 7

8𝑀 (3𝑒 + 5𝑑𝑀) > 3𝑒𝑀 + 5𝑑𝑀2 (5.7)

Using the (5.6) we impose the linear constraints using the coefficients that for all 0 ≤ ℓ < 𝑀 and for 𝛼 ∈ F𝑞 \ 𝑆

(𝐴 · (𝐹 − 𝐸 ·𝐺)) (ℓ ) (𝛼) = 𝐵 (ℓ ) (𝛼) (5.8)

So this says the polynomial equation 𝐴(𝑋 ) · (𝐹 (𝑋 ) − 𝐸 (𝑋 ) ·𝐺 (𝑋 )) − 𝐵(𝑋 ) vanishes at every 𝛼 ∈ F𝑞 \ 𝑆 with multiplicity
at least 𝑀 . So this has at least

𝑀 · |F𝑞 \ 𝑆 |𝑔𝑒𝑞𝑀 (𝑞 − 𝑒) >
(

7
8 + 𝜖

)
𝑀 (5.9)

many roots with counting multiplicity. On the other hand the degree bounds of𝐴(𝑋 ) · (𝐹 (𝑋 ) −𝐸 (𝑋 ) ·𝐺 (𝑋 )) −𝐵(𝑋 ) gives

deg(𝐴 · (𝐹 − 𝐸 ·𝐺) − 𝐵) ≤ max(deg(𝐴) + deg(𝐹 − 𝐸𝐺), deg(𝐵)) <
(

7
8 +

𝜖

2

)
𝑀𝑄 (5.10)

So comparing (5.10) with (5.9) we get 𝐴(𝑋 ) · (𝐹 (𝑋 ) − 𝐸 (𝑋 ) ·𝐺 (𝑋 )) ≡ 𝐵(𝑋 ). Now it remains to show that from (5.8) can
be enforced using fewer than 𝑁 linear equations. Now for each ℓ ∈ {0, . . . ,𝑀 − 1} we have

𝐴⟨ℓ ⟩ (𝑋 ) =
𝑡−1∑︁
𝑖=0
(−1)𝑖𝐴 (ℓ−𝑖 )

𝑖
(𝑋 ), 𝐵⟨ℓ ⟩ (𝑋 ) =

𝑡+𝑐+𝑑2 −1∑︁
𝑖=0

(−1)𝑖𝐵 (ℓ−𝑖 )
𝑖
(𝑋 ), 𝐸⟨ℓ ⟩ (𝑋 ) =

𝑐∑︁
𝑖=0
(−1)𝑖𝐸 (ℓ−𝑖 )

𝑖
(𝑋 )

such that for all 𝛼 ∈ F𝑞 we have 𝐴 (ℓ ) (𝛼) = 𝐴⟨ℓ ⟩ (𝛼), 𝐵 (ℓ ) (𝛼) = 𝐵⟨ℓ ⟩ (𝛼) and 𝐸 (ℓ ) (𝛼) = 𝐸⟨ℓ ⟩ (𝛼). Thus, for any 𝛼 ∈ F𝑞 \ 𝑆 we
have

(𝐹 − 𝐸 ·𝐺) (ℓ ) (𝛼) =
(
𝑟 (𝛼)𝐸 (ℓ ) (𝛼) +𝑉ℓ (𝛼)

)
−

∑︁
ℓ1+ℓ2=ℓ

𝐸 (ℓ1 ) (𝛼) ·𝐺 (ℓ2 ) (𝛼)

=
(
𝑟 (𝛼)𝐸⟨ℓ ⟩ (𝛼) +𝑉ℓ (𝛼)

)
−

(
𝐸⟨ℓ ⟩ (𝛼)𝐺 (𝛼) +

∑︁
ℓ1+ℓ2=ℓ ,ℓ1<ℓ

𝐸⟨ℓ1 ⟩ (𝛼) ·𝐺𝑔,ℓ2 (𝛼)
)

= (𝑟 (𝛼) −𝐺 (𝛼))𝐸⟨ℓ ⟩ (𝛼) +
(
𝑉ℓ (𝛼) −

∑︁
ℓ1+ℓ2=ℓ ,ℓ1<ℓ

𝐸⟨ℓ1 ⟩ (𝛼)𝐺𝑔,ℓ2 (𝛼)
)

= 0 +𝑊ℓ (𝛼) =𝑊ℓ (𝛼)
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where𝑊ℓ (𝑋 ) is the polynomial of degree at most ℎ +𝑑𝑀 given by

𝑊ℓ (𝑋 ) =𝑉ℓ (𝑋 ) −
∑︁

ℓ1+ℓ2=ℓ ,ℓ1<ℓ
𝐸⟨ℓ1 ⟩ (𝑋 )𝐺𝑔,ℓ2 (𝑋 )

So for any 𝛼 ∈ F𝑞 \ 𝑆 we have

(𝐴 · (𝐹 − 𝐸 ·𝐺)) (ℓ ) (𝛼) =
∑︁
ℓ1+ℓ2=ℓ

𝐴 (ℓ1 ) (𝛼) · (𝐹 − 𝐸 ·𝐺) (ℓ2 ) (𝛼) =
∑︁
ℓ1+ℓ2=ℓ

𝐴⟨ℓ1 ⟩ (𝛼) ·𝑊ℓ2 (𝛼)

SO we have the linear constraints for every 0 ≤ ℓ < 𝑀 the following polynomial equations∑︁
ℓ1+ℓ2=ℓ

𝐴⟨ℓ1 ⟩ (𝑋 ) ·𝑊ℓ2 (𝑋 ) = 𝐵ℓ (𝑋 )

Both left and right of the quality degrees are equal, 3𝑒 + 𝑑𝑀 . So the number of constrains imposed is at most 𝑀 · (3𝑒 +
𝑑𝑀 + 1) < 3𝑒𝑀 + 5𝑑𝑀2. Combining this with (5.7) we get a non-zero solution for 𝐴,𝐵 such that (5.6) is satisfied.

Step 2: Relating the Leading Coefficients: We now have the identity𝐴(𝑋 )
(
𝐹 (𝑋 ) −𝐸 (𝑋 ) ·𝐺 (𝑋 )

)
= 𝐵(𝑋 ). So deg(𝐴) +

deg(𝐹 − 𝐸 ·𝐺) = deg(𝐵). Since 𝐴 is a 𝑘-pseudopolynomial and 𝐵 is a 𝑘 +ℎ +𝑑𝑀-pseudopolynomial we have

deg(𝐴) ∈ 𝑞Z + [0,𝑘] ⊆ 𝑞Z +
[
0, 1

8𝑞
)

, deg(𝐵) ∈ 𝑞Z + [0,𝑘 +ℎ +𝑑𝑀] ⊆ 𝑞Z +
[
0, 3

8𝑞
)

Therefore deg(𝐹 − 𝐸 ·𝐺) ∈ 𝑞Z +
(
− 1

8𝑞, 3
8𝑞

)
. Now by construction deg(𝐹 ) = deg(𝐸 ·𝐺) = (𝑐 + 𝑑/2)𝑞 +ℎ∗. So we get

deg(𝐹 ) = deg(𝐸 ·𝐺) ∈ 𝑞Z +
[𝑞
2 , 𝑞2 + 2𝑒

]
⊆ 𝑞Z +

[
1
2𝑞, 3

4𝑞
)

.

Since
(
− 1

8𝑞, 3
8𝑞

)
and

[ 1
2𝑞, 3

4𝑞
)

are disjoint sets modulo 𝑞. So deg(𝐹 − 𝐸 ·𝐺) ≠ max{deg(𝐹 ), deg(𝐸 ·𝐺)}. Therefore, many
monomials of high degree in 𝐹 and 𝐸 ·𝐺 got canceled in 𝐹 − 𝐸 ·𝐺 . So 𝐹 and 𝐸 ·𝐺 have the same leading monomial. Let
the leading coefficients of 𝐹 ,𝐸 are 𝑎,𝑏. Then the leading coefficient of 𝐺 which must equal 𝑎/𝑏. So the algorithm in each
iteration of the while loop correctly computes the leading coefficient of the rest of the polynomial. Hence, the algorithm
correctly outputs Tr ◦𝐺 .
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Chapter A
Algebraic and Analytic Background

This appendix collects several results from algebra and analysis that are used at various points throughout the report. The
topics are diverse: field theory, complex analysis, elementary number theory, roots of unity, and symmetric polynomials,
but each result is self-contained and included for ease of reference.

§ A.1 Fields

For any algebraic extension 𝐸/F𝑞 , the Galois group Gal(𝐸/F𝑞) is the group of all field automorphisms 𝜎 : 𝐸 → 𝐸 that fix
every element of F𝑞 . For the extension F𝑞𝑟 /F𝑞 , this group is cyclic of order 𝑟 , generated by the Frobenius automorphism
𝜙 : 𝛼 ↦→ 𝛼𝑞 . Recall from the chapter on finite fields that, one of the key fact connecting automorphisms to irreducible
polynomials and it’s roots is the Isomorphism Extension Theorem from the subsection 1.1.4: any isomorphism between
two subfields of an algebraic closure extends to an automorphism of the whole closure, and in particular, any two roots
of an irreducible polynomial over F𝑞 are conjugates under the action of Gal(F𝑞𝑟 /F𝑞).

The following theorem makes this concrete for irreducible polynomials over F𝑞 . It describes precisely how an
irreducible polynomial ℎ ∈ F𝑞 [𝑋 ] of degree 𝑑 behaves when viewed over a larger field F𝑞𝑘 : it breaks into gcd(𝑘 ,𝑑)
irreducible factors, all of the same degree, and the Galois group of F𝑞𝑟 /F𝑞 (where 𝑟 = gcd(𝑘 ,𝑑)) acts transitively on these
factors, exactly the statement of the Isomorphism Extension Theorem applied in this finite-field setting.

Theorem A.1.1

Let 𝐾 = F𝑞𝑘 and 𝐸 = F𝑞𝑟 . Suppose ℎ(𝑋 ) = 𝑋𝑑 −𝑎1𝑋
𝑑−1 + · · · + (−1)𝑑𝑎𝑑 be an irreducible polynomial in F𝑞 [𝑋 ]. Then

in F𝑞𝑘 [𝑋 ], ℎ splits into 𝑟 = gcd(𝑘 ,𝑑) many irreducible polynomials of degree 𝑑/𝑟 :

ℎ(𝑋 ) = ℎ1 (𝑋 ) · · ·ℎ𝑟 (𝑋 )

If we normalize ℎ𝑖 (𝑋 ) such that ℎ𝑖 is monic then ℎ𝑖 (𝑋 ) ∈ F𝑞𝑟 [𝑋 ] for all 𝑖 ∈ [𝑟 ]. Then for any 𝑖 , 𝑗 ∈ [𝑟 ] with 𝑖 ≠ 𝑗

there exists 𝜎 ∈ Gal(F𝑞𝑟 /F𝑞) such that 𝜎 (ℎ𝑖 ) = ℎ 𝑗 .

§ A.2 Meromorphic and Analytic Continuation

The analytic continuation of the Riemann zeta function, and more generally of Dirichlet 𝐿-functions, requires the notion
of a meromorphic function. We record the relevant definitions and a motivating example here.
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Definition A.2.1: Zero, Pole, Order, Residue

Assume 𝑓 has a convergent Laurent series expansion about 𝑧0:

𝑓 (𝑧) = 𝑎𝑛 (𝑧 − 𝑧0)𝑛 + 𝑎𝑛+1 (𝑧 − 𝑧0)𝑛+1 + · · · =
∞∑︁
𝑚=𝑛

𝑎𝑚 (𝑧 − 𝑧0)𝑚 ,

with 𝑎𝑛 ≠ 0. If 𝑛 > 0 we say 𝑓 has a zero of order 𝑛 at 𝑧0; if 𝑛 < 0 we say 𝑓 has a pole of order −𝑛 at 𝑧0. If 𝑛 = −1
we say 𝑓 has a simple pole with residue 𝑎−1. We denote the order of 𝑓 at 𝑧0 by ord𝑓 (𝑧0) = 𝑛.

Definition A.2.2: Meromorphic Function

We say 𝑓 is meromorphic at 𝑧0 if there exists a disk about 𝑧0 of radius 𝑟 and an integer 𝑛0 such that for all 𝑧 with
|𝑧 − 𝑧0 | < 𝑟 ,

𝑓 (𝑧) =
∑︁
𝑛≥𝑛0

𝑎𝑛 (𝑧 − 𝑧0)𝑛 .

If 𝑓 is meromorphic at each point in a region, we say 𝑓 is meromorphic on that region. If 𝑛0 ≥ 0, we say 𝑓 is analytic.

A canonical example illustrates the notion of continuation. Consider the geometric series 𝐺 (𝑟 ) = ∑∞
𝑛=1 𝑟

𝑛 , which
converges for |𝑟 | < 1 and equals 1

1−𝑟 there. Define 𝐻 (𝑟 ) = 1
1−𝑟 ; then 𝐻 is well-defined for all 𝑟 ≠ 1 and agrees with 𝐺

wherever𝐺 converges. Since 𝐻 is defined on a strictly larger domain and has a simple pole at 𝑟 = 1 (with residue −1), we
call 𝐻 a meromorphic continuation of𝐺 . Had 𝐻 no poles, we would call it an analytic continuation. A function that
is analytic at every point of C, equivalently one whose Taylor expansion converges everywhere so that it has no poles
anywhere, is said to be entire.

§ A.3 Fermat’s Little Theorem

Fermat’s Little Theorem is one of the oldest results in elementary number theory, recorded in a 1640 letter from Pierre
de Fermat to Frénicle de Bessy. It underlies essentially every computation we perform in the multiplicative group F∗𝑝
– from the very existence of the canonical additive character of F𝑞 (where 𝑞 = 𝑝𝑟 ), through the character congruence
𝜓 (𝑙) ≡ 𝑙 𝑓 mod 𝑃 used in the arithmetic proof of the Davenport–Hasse relation, down to the mod-𝑞 reduction of Gauss
sums appearing in the proof of the Law of Quadratic Reciprocity. We record it here for completeness.

Theorem A.3.1 Fermat’s Little Theorem

Let 𝑝 be a prime. Then for every integer 𝑎 we have

𝑎𝑝 ≡ 𝑎 (mod 𝑝),

and in particular, if 𝑝 ∤ 𝑎 then 𝑎𝑝−1 ≡ 1 (mod 𝑝).

Proof: The non-zero residues modulo 𝑝 form a group F∗𝑝 = {1, 2, . . . ,𝑝 − 1} under multiplication of order 𝑝 − 1. By
Lagrange’s theorem every element of a finite group satisfies 𝑔 |𝐺 | = 𝑒 , so 𝑎𝑝−1 ≡ 1 (mod 𝑝) for every 𝑎 ∈ F∗𝑝 , i.e. every 𝑎
with 𝑝 ∤ 𝑎. Multiplying both sides by 𝑎 gives 𝑎𝑝 ≡ 𝑎 (mod 𝑝) for such 𝑎; and the congruence 𝑎𝑝 ≡ 𝑎 (mod 𝑝) is trivially
true when 𝑝 | 𝑎, so it holds for every integer 𝑎. ■



Page 153 Appendix A | Algebraic and Analytic Background

§ A.4 A Product Identity for Roots of Unity

The following identity, used in the factorisation of lifted 𝐿-functions, expresses a product of linear factors twisted by roots
of unity as a perfect power.

Lemma A.4.1 Roots-of-Unity Product Identity

Let 𝑛,𝑚 ∈ N and set 𝑑 = gcd(𝑚,𝑛). Then

𝑛∏
𝑡=1

(
1 − 𝑒2𝜋𝑖𝑚𝑡/𝑛 𝑋

)
=

(
1 −𝑋𝑛/𝑑

)𝑑
.

Proof: Let 𝜔 = 𝑒2𝜋𝑖/𝑛 be a primitive 𝑛-th root of unity, so the factors are 1 −𝜔𝑚𝑡𝑋 for 𝑡 = 1, . . . ,𝑛. Since 𝑡 = 𝑛 gives
𝜔𝑚𝑛 = 1 = 𝜔0, the product is the same as

∏𝑛−1
𝑡=0 (1 −𝜔𝑚𝑡𝑋 ).

Because 𝑑 = gcd(𝑚,𝑛), the element 𝜔𝑚 is a primitive (𝑛/𝑑)-th root of unity. As 𝑡 ranges over {0, 1, . . . ,𝑛 − 1}, the
values 𝜔𝑚𝑡 cycle through the (𝑛/𝑑)-th roots of unity exactly 𝑑 times each. Hence,

𝑛−1∏
𝑡=0

(
1 −𝜔𝑚𝑡𝑋

)
=

(
𝑛/𝑑−1∏
𝑘=0

(
1 − (𝜔𝑚)𝑘𝑋

))𝑑
.

Since 𝜔𝑚 is a primitive (𝑛/𝑑)-th root of unity, the inner product equals 1−𝑋𝑛/𝑑 by the standard factorisation of 1−𝑌𝑁 =∏𝑁−1
𝑘=0 (1 − 𝜁𝑘𝑌 ). Therefore, the whole product equals (1 −𝑋𝑛/𝑑 )𝑑 . ■ ■

§ A.5 Elementary Symmetric Polynomials

Waring’s Formula expresses each power-sum symmetric polynomial 𝑠𝑘 = 𝑥𝑘1 + 𝑥𝑘2 + · · · + 𝑥𝑘𝑛 as an explicit polynomial
in the elementary symmetric polynomials 𝜎1, . . . ,𝜎𝑛 . It is the source of the closed-form reduction of lifted Kloosterman
sums 𝐾 (𝜒 (𝑠 ) ;𝑎,𝑏) to the ground-field sum 𝐾 (𝜒 ;𝑎,𝑏) in Lemma 2.7.3: applying Waring’s formula to 𝜔𝑠1 + 𝜔𝑠2 with 𝜎1 =

𝜔1 +𝜔2 = −𝐾 (𝜒 ;𝑎,𝑏) and 𝜎2 = 𝜔1𝜔2 = 𝑞 produces the binomial-coefficient expansion. We state the general identity here
for reference.

Theorem A.5.1 Waring’s Formula

Let 𝑥1, . . . ,𝑥𝑛 be indeterminates, let

𝜎 𝑗 =
∑︁

1≤𝑖1<𝑖2<· · ·<𝑖 𝑗 ≤𝑛
𝑥𝑖1𝑥𝑖2 · · · 𝑥𝑖 𝑗 ( 𝑗 = 1, . . . ,𝑛)

be the elementary symmetric polynomials in 𝑥1, . . . ,𝑥𝑛 , and let

𝑠𝑘 = 𝑥𝑘1 + 𝑥𝑘2 + · · · + 𝑥𝑘𝑛

be the 𝑘 th power-sum. Then for every integer 𝑘 ≥ 1,

𝑠𝑘 =
∑︁
(−1)𝑖2+𝑖4+𝑖6+··· · (𝑖1 + 𝑖2 + · · · + 𝑖𝑛 − 1)! · 𝑘

𝑖1! · 𝑖2! · · · 𝑖𝑛 !
· 𝜎𝑖11 𝜎

𝑖2
2 · · ·𝜎

𝑖𝑛
𝑛 ,

where the summation runs over all 𝑛-tuples (𝑖1, . . . , 𝑖𝑛) of non-negative integers satisfying 𝑖1 + 2𝑖2 + · · · + 𝑛𝑖𝑛 = 𝑘 .
Each coefficient of 𝜎𝑖11 𝜎

𝑖2
2 · · ·𝜎

𝑖𝑛
𝑛 is an integer.
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Theorem A.5.2

Suppose 𝑓 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] is a symmetric polynomial. Let 𝑋 = (𝑋1, . . . ,𝑋𝑛). Then there exists a polynomial
𝑔 ∈ F𝑞 [𝑌1, . . . ,𝑌𝑛] such that

𝑓 (𝑋1, . . . ,𝑋𝑛) = 𝑔(ESym1 (𝑋 ), . . . , ESym𝑛 (𝑋 )).

Moreover,

(i) if deg𝑋𝑖 (𝑓 ) = 𝑑 for all 𝑖 ∈ [𝑛] then deg𝐺 = 𝑑 .

(ii) if deg 𝑓 = 𝐷 then for every monomial𝑌𝑑1
1 · · ·𝑌

𝑑𝑛
𝑛 of 𝑔 with non-zero coefficient then 𝑑1 + 2 ·𝑑2 + · · · +𝑛 ·𝑑𝑛 = 𝐷 .



Chapter B
Modulus Bounds from Power Sum

Estimates

A recurring step in the proof of the Weil bounds is the following: one shows that the power sums 𝜔𝑘1 + · · · + 𝜔𝑘𝑙 grow
at most like 𝐵𝑘 , and then concludes that each reciprocal root 𝜔 𝑗 of the associated 𝐿-function satisfies |𝜔 𝑗 | ≤ 𝐵 = 𝑞1/2.
This appendix collects the analytic and number-theoretic lemmas that make this deduction rigorous. The logical order
is: simultaneous Diophantine approximation (Lemma B.3) feeds into a lower bound on the real parts of power sums
(Lemma B.4), which in turn implies the modulus bounds (Lemma B.1 and Lemma B.2).

The first lemma deduces modulus bounds directly from a growth hypothesis on the absolute value of the power
sum, using an analytic function argument.

Lemma B.1

Let 𝜔1, . . . ,𝜔𝑙 be complex numbers, and let 𝐵 > 0. If

|𝜔𝑘1 + · · · +𝜔𝑘𝑙 | =𝑂 (𝐵
𝑘 ) for all 𝑘 ∈ N

then |𝜔 𝑗 | ≤ 𝐵 for all 𝑗 = 1, . . . , 𝑙 .

Proof: For |𝑧 | < 1 we have the following series for log(1 − 𝑧):

− log(1 − 𝑧) = 𝑧 + 1
2𝑧

2 + 1
3𝑧

3 + · · · =
∞∑︁
𝑘=1

1
𝑘
𝑧𝑘 .

So for |𝑧 | < 1
|𝜔 | we have − log(1 −𝜔𝑧) = ∑∞

𝑘=1
1
𝑘
𝜔𝑘𝑧𝑘 , and therefore

−
𝑙∑︁
𝑗=1

log(1 −𝜔 𝑗𝑧) =
∞∑︁
𝑘=1

1
𝑘

(
𝜔𝑘1 + · · · +𝜔𝑘𝑙

)
𝑧𝑘 .

By hypothesis, |𝜔𝑘1 + · · · +𝜔𝑘𝑙 | =𝑂 (𝐵
𝑘 ), so this series is convergent for |𝑧 | < 𝐵−1. Hence the function on the left is analytic

for |𝑧 | < 𝐵−1, which means 1 −𝜔 𝑗𝑧 ≠ 0 whenever |𝑧 | < 𝐵−1.
Now if |𝜔 𝑗 | > 𝐵 for some 𝑗 , take 𝑧 = 1

𝜔 𝑗
. Then |𝑧 | = 1

|𝜔 𝑗 | < 𝐵−1, but 1 − 𝜔 𝑗 · 1
𝜔 𝑗

= 0, a contradiction E. Hence
|𝜔 𝑗 | ≤ 𝐵 for all 𝑗 ∈ [𝑙]. ■

The second lemma is a strengthening: it suffices to bound only the real part of the power sum rather than its absolute value.
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This is the form that actually appears in the Weil bound argument, where the power sums are shown to be dominated by
𝐵𝑘 after taking real parts via a suitable averaging.

Lemma B.2

Let 𝜔1, . . . ,𝜔𝑙 be complex numbers, and let 𝐵 > 0. If

ℜ(𝜔𝑘1 + · · · +𝜔𝑘𝑙 ) ≤ 𝐵
𝑘 for 𝑘 = 1, 2, . . . ,

then |𝜔 𝑗 | ≤ 𝐵 for all 𝑗 = 1, . . . , 𝑙 .

Proof: The proof follows the same argument as Lemma B.1. Sinceℜ(𝜔𝑘1 + · · · +𝜔𝑘𝑙 ) ≤ |𝜔
𝑘
1 + · · · +𝜔𝑘𝑙 |, the series

−
𝑙∑︁
𝑗=1

log(1 −𝜔 𝑗𝑧) =
∞∑︁
𝑘=1

1
𝑘

(
𝜔𝑘1 + · · · +𝜔𝑘𝑙

)
𝑧𝑘

has real part bounded by
∑∞
𝑘=1

1
𝑘
𝐵𝑘 |𝑧 |𝑘 < ∞ for |𝑧 | < 𝐵−1. Hence the left side is analytic for |𝑧 | < 𝐵−1, so 1 −𝜔 𝑗𝑧 ≠ 0 for

such 𝑧. If |𝜔 𝑗 | > 𝐵, taking 𝑧 = 1/𝜔 𝑗 gives |𝑧 | < 𝐵−1 but 1 −𝜔 𝑗𝑧 = 0, a contradiction E. Hence |𝜔 𝑗 | ≤ 𝐵 for all 𝑗 ∈ [𝑙]. ■

The next lemma is Dirichlet’s theorem on simultaneous Diophantine approximation. It is the number-theoretic
engine behind the final lemma: it produces integers 𝑘 for which 𝑒2𝜋𝑖𝑘𝜃 𝑗 is simultaneously close to 1 for each 𝑗 , making the
real parts of 𝜔𝑘𝑗 large.

Lemma B.3

Let 𝜃1, . . . ,𝜃𝑙 be real numbers. Then there exist (𝑙 + 1)-tuples of integers (𝑘 ,𝑚1, . . . ,𝑚𝑙 ) with arbitrarily large 𝑘 > 0
such that ���𝜃𝑖 − 𝑚𝑖

𝑘

��� < 𝑘−1−(1/𝑙 ) (𝑖 = 1, . . . , 𝑙).

Proof: For any 𝑥 ∈ R, write 𝑥 = [𝑥] + {𝑥} where [𝑥] is the integer part and {𝑥} ∈ [0, 1) is the fractional part. Let 𝑁 > 0
be an integer. Consider the 𝑁 𝑙 + 1 points (

{𝑢𝜃1}, . . . , {𝑢𝜃𝑙 }
)
, 𝑢 = 0, 1, . . . ,𝑁 𝑙 .

These are 𝑁 𝑙 + 1 points in the half-open unit cube 0 ≤ 𝑥 𝑗 < 1. This unit cube can be decomposed into 𝑁 𝑙 half-open small
cubes of side 𝑁 −1. Hence, there will be two points lying in the same small cube. Let these two points have parameters 𝑢′

and 𝑢 with 𝑢′ < 𝑢. Then
|{𝑢𝜃 𝑗 } − {𝑢′𝜃 𝑗 }| < 𝑁 −1 ∀ 𝑗 ∈ [𝑙],

or equivalently |𝑢𝜃 𝑗 −𝑢′𝜃 𝑗 −𝑚 𝑗 | < 𝑁 −1 for certain integers𝑚1, . . . ,𝑚𝑙 . Let 𝑘 = 𝑢 −𝑢′. Then 𝑘 < 𝑁 𝑙 and

|𝑘𝜃 𝑗 −𝑚 𝑗 | < 𝑁 −1 ∀ 𝑗 ∈ [𝑙].

Since 𝑘 ≤ 𝑁 𝑙 , we have 𝑁 ≥ 𝑘1/𝑙 , and so 𝑘𝑁 ≥ 𝑘1+1/𝑙 . Therefore,���𝜃 𝑗 − 𝑚 𝑗

𝑘

��� < 1
𝑘𝑁
≤ 𝑘−1−1/𝑙 ∀ 𝑗 ∈ [𝑙].

If any 𝜃 𝑗 is irrational, as 𝑁 → ∞ the inequality |𝑘𝜃 𝑗 −𝑚 𝑗 | < 𝑁 −1 cannot hold for bounded 𝑘 , so there exist tuples with
arbitrarily large 𝑘 . If all 𝜃 𝑗 = 𝑎 𝑗/𝑏 are rational (with 𝑏 > 0), set 𝑘 = 𝑡𝑏,𝑚 𝑗 = 𝑡𝑎 𝑗 for 𝑡 = 1, 2, . . . ■
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The final lemma is the strongest of the four. It says that for any collection of nonzero complex numbers, there are
infinitely many 𝑘 at which the real part of their 𝑘-th power sum is essentially as large as the sum of the 𝑘-th powers of
their moduli. Together with the preceding lemma, this completes the chain of implications used to bound the reciprocal
roots of 𝐿-functions.

Lemma B.4

Let 𝜔1, . . . ,𝜔𝑙 be non-zero complex numbers. Then there exist infinitely many positive integers 𝑘 such that

ℜ(𝜔𝑘1 + · · · +𝜔𝑘𝑙 ) >
(
1 − 2𝜋𝑘−1/𝑙

) (
|𝜔1 |𝑘 + · · · + |𝜔𝑙 |𝑘

)
.

Hence, for any given 𝜀 > 0, there exist infinitely many 𝑘 such that

ℜ(𝜔𝑘1 + · · · +𝜔𝑘𝑙 ) > (1 − 𝜀)
(
|𝜔1 |𝑘 + · · · + |𝜔𝑙 |𝑘

)
.

Proof: Write 𝜔 𝑗 = |𝜔 𝑗 | 𝑒 (𝜃 𝑗 ) for real 𝜃 𝑗 , where 𝑒 (𝜃 ) := 𝑒2𝜋𝑖𝜃 . By Lemma B.3 applied to 𝜃1, . . . ,𝜃𝑙 , there are infinitely
many positive integers 𝑘 and integers𝑚1, . . . ,𝑚𝑙 such that

|𝑘𝜃 𝑗 −𝑚 𝑗 | < 𝑘−1/𝑙 ∀ 𝑗 ∈ [𝑙].

For any such 𝑘 , using |𝑒 (𝛼) − 𝑒 (𝛽) | ≤ 2𝜋 |𝛼 − 𝛽 | for real 𝛼 , 𝛽 :

|𝑒 (𝑘𝜃 𝑗 ) − 1| = |𝑒 (𝑘𝜃 𝑗 ) − 𝑒 (𝑚 𝑗 ) | ≤ 2𝜋 |𝑘𝜃 𝑗 −𝑚 𝑗 | < 2𝜋𝑘−1/𝑙 .

Hence,ℜ(𝑒 (𝑘𝜃 𝑗 )) > 1 − 2𝜋𝑘−1/𝑙 , and so

ℜ(𝜔𝑘𝑗 ) = |𝜔 𝑗 |𝑘 ℜ(𝑒 (𝑘𝜃 𝑗 )) >
(
1 − 2𝜋𝑘−1/𝑙 ) |𝜔 𝑗 |𝑘 ∀ 𝑗 ∈ [𝑙].

Summing over 𝑗 gives the stated inequality. The 𝜀-version follows by taking 𝑘 large enough that 2𝜋𝑘−1/𝑙 < 𝜀. ■



Chapter C
Continued Fractions over Polynomial

Rings

Just as every real number has a continued fraction expansion obtained by iterating the floor function, every rational
function 𝑟0/𝑟1 ∈ F𝑞 (𝑋 ) has an analogous expansion obtained by iterating polynomial division. The role of the floor
function is played by the leading term of the quotient in the Euclidean algorithm, and the resulting partial quotients
𝐴0,𝐴1, . . . ,𝐴𝑠 are polynomials over F𝑞 .

Concretely, we write
𝑟0
𝑟1

= 𝐴0 +
1

𝐴1 +
1

𝐴2 + · · ·

=: [𝐴0,𝐴1,𝐴2, . . . ,𝐴𝑠 ].

The convergents of this expansion are the rational functions [𝐴0,𝐴1, . . . ,𝐴𝑖 ] = 𝑃𝑖/𝑄𝑖 , where (𝑃𝑖 ) and (𝑄𝑖 ) are sequences
of polynomials defined by the recurrences

𝑃𝑖 = 𝐴𝑖𝑃𝑖−1 + 𝑃𝑖−2, 𝑄𝑖 = 𝐴𝑖𝑄𝑖−1 +𝑄𝑖−2,

starting from 𝑃−1 = 1, 𝑃0 = 𝐴0, 𝑄−1 = 0, 𝑄0 = 1.

Let 𝑟0, 𝑟1 ∈ F𝑞 [𝑋 ] with 𝑟1 ≠ 0. Applying the Euclidean algorithm yields a sequence

𝑟𝑖 = 𝐴𝑖𝑟𝑖+1 + 𝑟𝑖+2, 𝑖 = 0, 1, . . . , 𝑠 ,

where 0 ≤ deg(𝑟𝑖+1) < deg(𝑟𝑖 ) for 𝑖 = 1, . . . , 𝑠 and 𝑟𝑠+2 = 0. Here 𝐴0,𝐴1, . . . ,𝐴𝑠 ∈ F𝑞 [𝑋 ], with 𝐴1, . . . ,𝐴𝑠 of positive
degree. This gives the continued fraction expansion

𝑟0
𝑟1

= 𝐴0 +
1

𝐴1 +
1

𝐴2 + · · ·

=: [𝐴0,𝐴1,𝐴2, . . . ,𝐴𝑠 ].

Define polynomials 𝑃𝑖 ,𝑄𝑖 ∈ F𝑞 [𝑋 ] for 𝑖 = −1, 0, 1, . . . , 𝑠 by the recurrences

𝑃−1 = 1, 𝑃0 = 𝐴0, 𝑃𝑖 = 𝐴𝑖𝑃𝑖−1 + 𝑃𝑖−2 (𝑖 = 1, . . . , 𝑠),
𝑄−1 = 0, 𝑄0 = 1, 𝑄𝑖 = 𝐴𝑖𝑄𝑖−1 +𝑄𝑖−2 (𝑖 = 1, . . . , 𝑠).

It is clear that deg(𝑃𝑖−1) < deg(𝑃𝑖 ) and deg(𝑄𝑖−1) < deg(𝑄𝑖 ) for 𝑖 = 1, . . . , 𝑠 . We extend the definition of degree by
deg(𝑓 /𝑔) = deg(𝑓 ) − deg(𝑔) for a rational function 𝑓 /𝑔.
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Lemma C.1 Rational Approximants via Convergents

For any rational function 𝜌 of nonnegative degree,

[𝐴0,𝐴1, . . . ,𝐴𝑖−1, 𝜌] = 𝜌𝑃𝑖−1 + 𝑃𝑖−2
𝜌𝑄𝑖−1 +𝑄𝑖−2

for 𝑖 = 1, . . . , 𝑠 + 1.

Proof: We prove by induction on 𝑖 . For 𝑖 = 1:

[𝐴0, 𝜌] = 𝐴0 +
1
𝜌

and 𝜌𝑃0 + 𝑃−1
𝜌𝑄0 +𝑄−1

=
𝜌𝐴0 + 1
𝜌

= 𝐴0 +
1
𝜌

.

So the base case holds. Now suppose the identity holds for some 𝑖 with 1 ≤ 𝑖 ≤ 𝑠 . Since 𝐴𝑖 + 𝜌−1 is of positive degree, we
can apply the inductive hypothesis with 𝐴𝑖 + 𝜌−1 in place of 𝜌 :

[𝐴0, . . . ,𝐴𝑖 , 𝜌] = [𝐴0, . . . ,𝐴𝑖−1, 𝐴𝑖 + 𝜌−1]

=
(𝐴𝑖 + 𝜌−1) 𝑃𝑖−1 + 𝑃𝑖−2
(𝐴𝑖 + 𝜌−1)𝑄𝑖−1 +𝑄𝑖−2

=
𝜌−1𝑃𝑖−1 +𝐴𝑖𝑃𝑖−1 + 𝑃𝑖−2
𝜌−1𝑄𝑖−1 +𝐴𝑖𝑄𝑖−1 +𝑄𝑖−2

=
𝜌−1𝑃𝑖−1 + 𝑃𝑖
𝜌−1𝑄𝑖−1 +𝑄𝑖

=
𝑃𝑖−1 + 𝜌𝑃𝑖
𝑄𝑖−1 + 𝜌𝑄𝑖

,

where we used the recurrences 𝑃𝑖 = 𝐴𝑖𝑃𝑖−1 + 𝑃𝑖−2 and 𝑄𝑖 = 𝐴𝑖𝑄𝑖−1 +𝑄𝑖−2. This is precisely the formula for index 𝑖 + 1,
completing the induction. ■

Corollary C.2 Convergents Formula

For 𝑖 = 0, 1, . . . , 𝑠 we have [𝐴0,𝐴1, . . . ,𝐴𝑖 ] = 𝑃𝑖/𝑄𝑖 .

Proof: Apply Lemma C.1 with 𝜌 = 𝐴𝑖 (and index 𝑖): [𝐴0, . . . ,𝐴𝑖−1,𝐴𝑖 ] = (𝐴𝑖𝑃𝑖−1 + 𝑃𝑖−2)/(𝐴𝑖𝑄𝑖−1 +𝑄𝑖−2) = 𝑃𝑖/𝑄𝑖 . ■

Lemma C.3 Representation of 𝑟0/𝑟1 via Convergents

For 𝑖 = 0, 1, . . . , 𝑠 we have
𝑟0
𝑟1

=
𝑃𝑖 + 𝛽𝑖𝑃𝑖−1
𝑄𝑖 + 𝛽𝑖𝑄𝑖−1

,

where 𝛽𝑖 = 𝑟𝑖+2/𝑟𝑖+1 is a rational function of negative degree.

Proof: We proceed by induction on 𝑖 . For 𝑖 = 0:

𝑃0 + 𝛽0𝑃−1
𝑄0 + 𝛽0𝑄−1

=
𝐴0 + 𝛽0

1 = 𝐴0 +
𝑟2
𝑟1

=
𝐴0𝑟1 + 𝑟2

𝑟1
=
𝑟0
𝑟1

.

Now suppose the identity holds for some 0 ≤ 𝑖 < 𝑠 . We show it for 𝑖 + 1. Using the recurrences 𝑃𝑖+1 = 𝐴𝑖+1𝑃𝑖 + 𝑃𝑖−1 and
𝑄𝑖+1 = 𝐴𝑖+1𝑄𝑖 +𝑄𝑖−1:

𝑃𝑖+1 + 𝛽𝑖+1𝑃𝑖
𝑄𝑖+1 + 𝛽𝑖+1𝑄𝑖

=
(𝐴𝑖+1 + 𝛽𝑖+1) 𝑃𝑖 + 𝑃𝑖−1
(𝐴𝑖+1 + 𝛽𝑖+1)𝑄𝑖 +𝑄𝑖−1

.
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Now observe that
𝐴𝑖+1 + 𝛽𝑖+1 = 𝐴𝑖+1 +

𝑟𝑖+3
𝑟𝑖+2

=
𝐴𝑖+1 𝑟𝑖+2 + 𝑟𝑖+3

𝑟𝑖+2
=
𝑟𝑖+1
𝑟𝑖+2

= 𝛽−1
𝑖 ,

where we used the Euclidean division 𝑟𝑖+1 = 𝐴𝑖+1𝑟𝑖+2 + 𝑟𝑖+3. Substituting:

=
𝛽−1
𝑖 𝑃𝑖 + 𝑃𝑖−1

𝛽−1
𝑖
𝑄𝑖 +𝑄𝑖−1

=
𝑃𝑖 + 𝛽𝑖𝑃𝑖−1
𝑄𝑖 + 𝛽𝑖𝑄𝑖−1

=
𝑟0
𝑟1

,

where the last equality is the induction hypothesis. ■

Lemma C.4 Determinant Identity for Convergents

For 𝑖 = 0, 1, . . . , 𝑠 we have 𝑃𝑖𝑄𝑖−1 − 𝑃𝑖−1𝑄𝑖 = (−1)𝑖−1.

Proof: We prove by induction. For 𝑖 = 0:

𝑃0𝑄−1 − 𝑃−1𝑄0 = 𝐴0 · 0 − 1 · 1 = −1 = (−1)−1.

Suppose the identity holds for some 𝑖 . Then:

𝑃𝑖+1𝑄𝑖 − 𝑃𝑖𝑄𝑖+1 = (𝐴𝑖+1𝑃𝑖 + 𝑃𝑖−1)𝑄𝑖 − 𝑃𝑖 (𝐴𝑖+1𝑄𝑖 +𝑄𝑖−1)
= 𝐴𝑖+1𝑃𝑖𝑄𝑖 + 𝑃𝑖−1𝑄𝑖 −𝐴𝑖+1𝑃𝑖𝑄𝑖 − 𝑃𝑖𝑄𝑖−1

= 𝑃𝑖−1𝑄𝑖 − 𝑃𝑖𝑄𝑖−1

= −(𝑃𝑖𝑄𝑖−1 − 𝑃𝑖−1𝑄𝑖 )
= −(−1)𝑖−1 = (−1)𝑖 .

■

Corollary C.5 Coprimality of Convergents

For 𝑖 = 0, 1, . . . , 𝑠 we have gcd(𝑃𝑖 ,𝑄𝑖 ) = 1.

Proof: Let 𝑑𝑖 = gcd(𝑃𝑖 ,𝑄𝑖 ). By Lemma C.4, 𝑑𝑖 divides 𝑃𝑖𝑄𝑖−1 − 𝑃𝑖−1𝑄𝑖 = (−1)𝑖−1, so 𝑑𝑖 = 1. ■



Chapter D
Hasse Derivatives

Definition D.1: Hasse Derivative

Let F be any field. Let 𝑃 ∈ F[𝑋1, . . . ,𝑋𝑛]. Then 𝑖 ∈ Z𝑛
0 Hasse derivative of 𝑃 is denoted by 𝑃 (𝑖 ) (𝑋1, . . . ,𝑋𝑛) or𝐻 (𝑖 ) (𝑃)

which is the coefficient of 𝑍 𝑖1 · · ·𝑍 𝑖𝑛𝑛 =: 𝑍
𝑖

in the polynomial 𝑃 (𝑋1 +𝑍1, . . . ,𝑋𝑛 +𝑍𝑛). Thus

𝑃 (𝑋1 +𝑍1, . . . ,𝑋𝑛 +𝑍𝑛) =
∑︁
𝑖

𝑃 (𝑖 ) (𝑋1, . . . ,𝑋𝑛) · 𝑍
𝑖

For univariate polynomials we immediately get a closed form formula of 𝑘𝑡ℎ hasse derivative. Let 𝑓 ∈ F[𝑋 ] where
𝑓 (𝑋 ) = ∑𝑑

𝑖=0 𝑎𝑖𝑋
𝑖 . Then

𝑓 (𝑘 ) (𝑋 ) =
𝑑∑︁
𝑖=0

(
𝑘

𝑖

)
· 𝑎𝑖𝑋 𝑖−𝑘

From the definition we have the following observation

Observation D.1. For any 𝑓 , 𝑓1, 𝑓2 ∈ F𝑞 [𝑋1, . . . ,𝑋𝑛] and 𝛼 ∈ F and for any 𝑘 ∈ Z𝑛 we have

(i) (𝑓1 + 𝑓2) (𝑘 ) (𝑋1, . . . ,𝑋𝑛) = 𝑓 (𝑘 )1 (𝑋1, . . . ,𝑋𝑛) + 𝑓 (𝑘 )2 (𝑋1, . . . ,𝑋𝑛)

(ii) (𝛼 · 𝑓 ) (𝑘 ) (𝑋1, . . . ,𝑋𝑛) = 𝛼 · 𝑓 (𝑘 ) (𝑋1, . . . ,𝑋𝑛).

Since throughout this report we only use hasse derivatives in the context of univariate polynomials we will only
focus on univariate polynomials and see some properties of hasse derivatives. Here we take F to be any field.

Lemma D.1

(i) For 𝑓1, . . . , 𝑓𝑡 ∈ F[𝑋 ] then we have

(𝑓1 · 𝑓𝑡 ) (𝑛) (𝑋 ) =
∑︁

𝑛1 ,...,𝑛𝑡 ≥0
𝑛1+···𝑛𝑡=𝑛

𝑡∏
𝑖=1

𝑓
(𝑛𝑖 )
𝑖
(𝑋 )

(ii) For any 𝛼 ∈ F we have (
(𝑋 − 𝑐)𝑡

) (𝑛)
=

(
𝑡

𝑛

)
· (𝑋 − 𝑐)𝑡−𝑛 .

(iii) For 0 ≤ 𝑛 ≤ and 𝑓 ,𝑔 ∈ F[𝑋 ]we have (
𝑔𝑓 𝑡

) (𝑛) (𝑋 ) = 𝑔 · 𝑓 𝑡−𝑛 (𝑋 )
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where 𝑔 ∈ F[𝑋 ] with deg(𝑔) ≤ deg(𝑔) +𝑛(deg(𝑓 ) − 1).

Proof:

(i) Since the hasse derivative operator is linear it is enough to show this property for monomials. So suppose 𝑓𝑗 (𝑋 ) =
𝑋𝑘 𝑗 for all 𝑗 ∈ [𝑡]. Then 𝑓1 · · · 𝑓𝑡 = 𝑋

∑𝑡
𝑗=1 𝑘 𝑗 . Therefore,

(𝑓1 · · · 𝑓𝑡 ) (𝑛) (𝑋 ) =
(∑𝑡

𝑗=1 𝑘 𝑗
𝑡

)
,

𝑡∏
𝑗=1

𝑓
𝑛 𝑗
𝑗
(𝑋 ) =

𝑡∏
𝑗=1

(
𝑘 𝑗

𝑛 𝑗

)
for all 𝑛 𝑗 ∈ Z0, 𝑗 ∈ [𝑡]

So it is enough to show that (∑𝑡
𝑗=1 𝑘 𝑗
𝑡

)
=

∑︁
𝑛1 ,...,𝑛𝑡 ≥0
𝑛1+···𝑛𝑡=𝑛

𝑡∏
𝑗=1

(
𝑘 𝑗

𝑛 𝑗

)
But this is true by comparing the coefficients of 𝑋𝑛 in (𝑋 + 1)

∑𝑡
𝑗=1 𝑘 𝑗 =

∏𝑡
𝑗=1 (𝑋 + 1)𝑘 𝑗 . So we have the result.

(ii) Now take 𝑓𝑗 (𝑋 ) = 𝑋 − 𝑐 for all 𝑗 ∈ [𝑡]. Then 𝑓 (𝑛)
𝑗
(𝑋 ) = 1 if 𝑛 = 1 and 0 if 𝑛 > 1. Therefore, if we use the first part

on 𝑓1, . . . , 𝑓𝑗 in the sum on right-hand side the only terms which survives are when each 𝑛 𝑗 are either 0 or 1. The
number of such terms are

(
𝑡
𝑛

)
and each term is (𝑋 − 𝑐)𝑡−𝑛 .

(iii) Again by using the first part we get

(𝑔𝑓 𝑡 ) (𝑛) (𝑋 ) =
∑︁

𝑛0 ,𝑛1 ,...,𝑛𝑡 ≥0
𝑛0+𝑛1+···+𝑛𝑡=𝑛

𝑔 (𝑛0 ) (𝑋 )
𝑡∏
𝑗=1

𝑓 (𝑛 𝑗 ) (𝑋 )

Now each summand is divisible by 𝑓 𝑡−𝑛 . Hence, there exists some𝑔 ∈ F[𝑋 ] such that (𝑔𝑓 𝑡 ) (𝑛) (𝑋 ) = 𝑔(𝑋 ) · 𝑓 𝑡−𝑛 (𝑋 ).
Furthermore,

deg(𝑔) = deg
(
(𝑔𝑓 𝑡 ) (𝑛)

)
− (𝑡 −𝑛) deg(𝑓 ) ≤ deg(𝑔) + 𝑡 deg(𝑓 ) −𝑛 − (𝑡 −𝑛) deg(𝑓 ) = deg(𝑔) + (deg(𝑓 ) − 1)

So we have the Lemma. ■

Now for our use-case in chapter 5 we use the polynomial Λ(𝑋 ) = 𝑋𝑞 − 𝑋 and its powers. And we compute its
derivatives to do polynomial arithmetic.

Observation D.2. For Λ(𝑋 ) and for any ℓ ∈ Z0

Λ(ℓ ) (𝑋 ) =



Λ(𝑋 ) ℓ = 0

−1 ℓ = 1

1 ℓ = 𝑞

0 otherwise

Lemma D.2

Suppose𝑈 (𝑋 ),𝑉 (𝑋 ) ∈ F𝑞 [𝑋 ], deg(𝑉 ) < 𝑞, 𝑖 ≥ 0, and𝑈 (𝑋 ) =𝑉 (𝑋 ) · Λ𝑖 (𝑋 ). Then for 0 ≤ ℓ < 𝑞,

𝑈 (ℓ ) (𝑋 ) ≡ (−1)𝑖 ·𝑉 (ℓ−𝑖 ) (𝑋 ) (mod Λ(𝑋 )).

Proof: Now using the Lemma D.1(i) we get

𝑈 (ℓ ) (𝑋 ) =
∑︁

ℓ0 ,...,ℓ𝑖≥0
ℓ0+···+ℓ𝑖=ℓ

𝑉 (ℓ0 ) (𝑋 )
𝑖∏
𝑗=1

Λ(ℓ𝑗 ) (𝑋 )
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Now if ℓ < 𝑖 then in every summand one of ℓ1, . . . , ℓ𝑖 must equal 0. Therefore, all the terms are multiples of Λ(𝑋 ). So
𝑈 (ℓ ) (𝑋 ) is a multiple of Λ(𝑋 ).

Now from the above observation if ℓ ≥ 𝑖 then all but at most one of these terms is a multiple of Λ(𝑋 ). Since ℓ < 𝑞
every term has all the ℓ𝑗 < 𝑞. Therefore, ℓ1, . . . , ℓ𝑖 ∈ {0, 1}. If at least one of ℓ1, . . . , ℓ𝑖 equals to 0 then Λ(𝑋 ) survives as a
factor of the term. So the only remaining term is ℓ1 = · · · = ℓ𝑖 = 1. In this case ℓ0 = ℓ − 𝑖 and therefore this term equals
𝑉 (ℓ−𝑖 ) (𝑋 ) · (−1)𝑖 . Hence we have the Lemma. ■

As a corollary of the Lemma D.1(i,iii) and the above Lemma we get the following result which is very usefull to us in
chapter 5.

Corollary D.3

Let 𝑓 ∈ F𝑞 [𝑋 ] (𝑞 odd) be a polynomial with deg(𝑔) ≤ 𝑑 . Then the ℓ𝑡ℎ derivative of 𝑔 𝑗 (𝑋 ) is of the form

(𝑔 𝑗 ) (ℓ ) (𝑋 ) =𝐺𝑔,𝑗 ,ℓ (𝑋 ) · 𝑔(𝑋 ) 𝑗−ℓ

where 𝐺𝑔,𝑗 ,ℓ (𝑋 ) ∈ F𝑞 [𝑋 ] and deg(𝐺𝑔,𝑗 ,ℓ ) ≤ 𝑑ℓ − ℓ .
Moreover, for 𝑞 even case if we take the polynomial Tr ◦𝑔(𝑋 ) where Tr is the absolute trace function from F𝑞 → F2

then for any ℓ ,

𝐺 (ℓ ) (𝑋 ) =

𝐺 (𝑋 ) ℓ = 0

𝐺𝑔,ℓ (𝑋 ) ℓ > 0

where 𝐺𝑔,ℓ ∈ F𝑞 [𝑋 ] with deg(𝐺𝑔,ℓ ) ≤ 𝑑ℓ .

Theorem D.4

Suppose char(F) = 𝑝 where 𝑝 is a prime. Let 𝑄 (𝑋 ,𝑌 ) ∈ F[𝑋 ,𝑌 ] be a polynomial and define ℎ(𝑋 ) = 𝑄
(
𝑋 ,𝑋𝑝𝑠

)
for

some 𝑠 ∈ N. Then for all 0 ≤ 𝑛 < 𝑝𝑠

ℎ (𝑛) (𝑋 ) =𝑄 (𝑛,0)
(
𝑋 ,𝑋𝑝𝑠

)
where 𝑄 (𝑖 ,0) is the 𝑖𝑡ℎ partial derivative of 𝑄 with respect to 𝑋 where we consider 𝑄 as a polynomial of F[𝑌 ] [𝑋 ].

Proof: Since hasse derivative is a linear operator it suffices to prove the above for monomials of the form 𝑋 𝑖𝑌 𝑗 . So
suppose 𝑄 (𝑋 ,𝑌 ) = 𝑋 𝑖𝑌 𝑗 . Then ℎ(𝑋 ) = 𝑄 (𝑋 ,𝑋𝑝𝑠 ) = 𝑋 𝑖 ·

(
𝑋𝑝

𝑠 ) 𝑗 . Now take 𝑓1 (𝑋 ) = 𝑋 𝑖 and 𝑓2 = · · · = 𝑓𝑘+1 = 𝑋𝑝
𝑠 . Then

ℎ = 𝑓1 · · · 𝑓𝑘+1. So by Lemma D.1(i)

ℎ (𝑛) (𝑋 ) =
∑︁

𝑛1 ,...,𝑛𝑘+1≥0
𝑛1+···𝑛𝑘+1=𝑛

𝑘+1∏
𝑖=1

𝑓
(𝑛𝑖 )
𝑖
(𝑋 )

Since 𝑝 |
(
𝑝𝑠

𝑛

)
for all 0 ≤ 𝑛 < 𝑝𝑠 we have

(𝑋𝑝𝑠 ) (𝑛) =
(
𝑝𝑠

𝑋

)𝑝𝑠−𝑛
≡ 0

Therefore the only term which survives is when 𝑛1 = · · ·𝑛𝑘+1 = 0 and 𝑛0 = 𝑛. That means ℎ (𝑛) =𝑄 (𝑛,0) (𝑋 ,𝑋𝑝𝑠 ). ■
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