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Preface

Character sums of polynomials over finite fields give rise to error-correcting codes of remarkable parameters. For a
multiplicative character ¢ of IFy and polynomials f € IF;[X] of small degree, the codeword (¥(f(a)))acF, has length
q and, by the Weil bound, relative distance approaching 1/2. Two specific families exhibit this behavior: the quadratic
residue character codes obtained by applying 7(f8) = f(2~1)/2 to squarefree monic polynomials of degree O(4/q), and the
dual BCH codes obtained over IF,» by composing the absolute trace with polynomials supported on odd-degree monomials.
For both families, the distance analysis reduces entirely to the Weil bound; in the case of dual BCH codes, to such an
extent that, absent the Weil bound, the existence of binary codes with these parameters is not known by any other means.
Until recently the decoding problem for these codes was open even for non-constant degree; the situation was resolved
by [Kop26], whose algorithm combines the Berlekamp-Welch like framework with the Stepanov polynomial method and
introduces a class of high-degree polynomials, pseudopolynomials, as the right algebraic object for capturing the structure
of character evaluations. The Stepanov method is also the elementary route to the Weil bound itself; the same machinery
that proves the bound thus also decodes the codes it gives rise to. This report develops both threads in a unified, self-
contained way.

The polynomial method of Stepanov and Bombieri works directly via auxiliary polynomials on two specific curves:
Y94 = f(X) for multiplicative character sums and Y7 — Y = f(X) for additive character sums. The primary references are
[Sch76, Chapter I-II] and [LN96, Chapter 2,5,6]. The report is organized as follows. Chapter 1 develops the theory of finite
fields: field extensions, the Frobenius automorphism, and trace and norm maps. Chapter 2 treats characters of finite abelian
groups and finite fields, Gaussian and Jacobi sums, and develops the analytic infrastructure of L-functions: the Riemann
zeta function and its function-field analogue over IF,[X], the Dirichlet L-function L(s, X), which is then used to prove
the Davenport-Hasse lifting theorem relating Gaussian and Jacobi sums over IF; to those over its extensions. Chapter 3
addresses the problem of counting solutions to equations over finite fields and derives Weil-type bounds for additive,
multiplicative, and quadratic character sums, together with the corresponding estimates for quadratic forms and diagonal
equations. Chapter 4 gives the two principal elementary proofs of the Weil bound: Stepanov’s proof for multiplicative
character sums via the curve Y¢ = f(X), and Bombieri’s proof for additive character sums via the Artin-Schreier curve
Y9-Y = f(X), together with an alternate argument for the latter using Bézout’s theorem. Chapter 5 develops the theory of
pseudopolynomials and the polynomial-time decoding algorithms for the quadratic character and dual BCH code families,
following Kopparty. Appendices A-D collect supporting material: algebraic and analytic prerequisites, modulus bounds
from power sum estimates, continued fractions over polynomial rings, and Hasse derivatives.

The report assumes familiarity with algebra at the level of groups, rings, and fields, and with linear algebra. No

prior exposure to algebraic geometry or analytic number theory is required.

Soham Chatterjee

School of Technology and Computer Science
Tata Institute of Fundamental Research, Mumbai
May 2026
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List of Notations

The following table lists the notation used throughout this report, organized by topic.

Symbol Meaning

General

IN Set of all natural numbers i.e., positive integers

Z Set of all integers

Z, Set of all non-negative integers

R Set of real numbers

C Set of complex numbers

[n] The set {1,2,...,n} forn € N

i Imaginary unit: i = —1

st {z € C : |z| = 1}, the multiplicative group of unit complex numbers
Im A primitive m-th root of unity

[x] Floor function: largest integer < x; also written | x ]

Finite Fields

I, Finite field with g elements

I, Multiplicative group of nonzero elements of IF,

F, Prime field with p elements, p = char(IFy)

]F;(d) Subgroup of d-th powers in IF

E,F,L,K Generic notation for finite fields or finite extensions of IF,
[E : TFy] Degree of the extension E/IF,

FqlXq,...,Xn] Polynomial ring in n variables over IF,

]ng[xls' . ',Xn]

Characters of Finite Abelian Groups

G

Zx

Xo

X

Hom(A, B)

G = Hom(G, SY)
Ann(X)
Ann(H)

Polynomials in IF4[X1, ..., X,] of total degree at most d

A finite Abelian group with identity element 15

Cyclic multiplicative group of order k

Trivial character of G: X,(g) = 1forallg € G

Conjugate (and inverse) character of X: X(g) = X(g)

Set of all group homomorphisms from A to B

Dual group of G; the group of all characters of G

Annihilator of character X: {g € G : X(g) = 1}, a subgroup of G
Annihilator of subgroup H < G: {X € G: X(h) =1Vh e H}

continued on next page



(continued from previous page)

Symbol Meaning

evy Evaluation character of G defined by evy(X) = X(9)
Maps on Finite Fields

Tr: F; — F, Absolute trace function

N:F, — F, Absolute norm function

Tre/r, Trace function from E to IF,

NE/E, Norm function from E to IF,

o:Fy —TF, Frobenius automorphism: o(a) = af

Additive Characters of I,
Xt

x(

Multiplicative Characters of IF,

¥, A
Yo

¢(r)
Gaussian and Jacobi Sums

Gy, X)

](X(Als LR 9Ak)
J(A1s . A)
]0(/115 e s)"k)
Kloosterman Sums
K(X;a,b)
K(X");a,b)

Wi, W2

Salié and Jacobsthal Sums
S(X, 1)

Hy(a)

Generic notation for additive characters

Canonical additive character of Fg: X, (a) = €™ Tr(a)/p

Additive character defined by X ﬁ(a) =X,(Pa),for p € IF,
Set of all additive characters of IF,
Additive character of IF, lifted to E via XM =xo Tresw,, [E:Fql =1

Generic notation for multiplicative characters

Trivial multiplicative character of IF

Quadratic character of IF, (for odd g): () = *1 according as « is a square
Set of all multiplicative characters of IF}

Set of multiplicative characters of IF, of exponent e

Order of : smallest positive integer d with /¢ =
Legendre symbol; equals () for a € IF,

Multiplicative character of IF, lifted to E via ") = ¢/ o Ngp,, [E: Fgl =7

Gaussian sum: Z(ZE]F:} V() X(a), fory € Mg, X € X,

Generalized Jacobi sum: Z Aray) - A (o)

Jacobi sum; special case ¢ =1 of J,

Jacobi sum at zero; special case @ = 0 of J,

Kloosterman sum: ZYGF& X(ay +by™"),for X € X4, a,b € Fy
Kloosterman sum lifted to the degree-r extension of IF,

Reciprocal roots of the L-function associated to a Kloosterman sum
Salié sum: 3 c: n(y) X(y) t(y™1), for X,7 € X4, q odd

Jacobsthal sum: 3, e, n(y™*' +ay), for a € Fy

continued on next page



(continued from previous page)

Symbol

Meaning

I(a)
Classical Riemann Zeta Function

g(s)

&(s)

T'(s)

A(n)
p

Dirichlet L-functions over IF¢ [ X]

0]

Dy

Irr (D)

n(f) =g
G

G

L(s, X)

L(z,X)

Ly

Equations over IFy — Solution Sets

V)

Z(f)

V)

Z(f)
V(fi,. ., fv)
Z(fis- s fr)
Zg(P =0)

Qq

w(d)

Quadratic Forms
Cr

det(f)

0:F;, > 2Z
Diagonal Equations
di = ng(ki, q-— 1)
M(dy,...,dy)

D =lem(dy,...,dy,)

*

Associated Jacobsthal sum: ZyeIFq n(y" +a), for a € IF,

Riemann zeta function: ), n™%, for R(s) > 1

Completed zeta function: %s(s —1)T(s/2) n~5/2 L (s)
Gamma function: fom e 't dt
Von Mangoldt function: log p if n = p¥, else 0

Non-trivial zero of £(s)

Set of all monic polynomials in IF,[X]

Monic polynomials in IF;[X] of degree exactly d

Set of irreducible monic polynomials in ®

Norm of the polynomial f € IF,[X]

Group of rational functions r = hy /hy in IF;(X) with hy, h; € ® monic
Subgroup of G on which a given character is defined; extended to G by zero
Dirichlet L-function: };ce X(h) n(h)~°, for a multiplicative character X
Power series satisfying L(z,X) = Diheo X(h) zdee(h) and f(q_s, X) =L(s, X)

k-th log-derivative coefficient: Z deg(h) X (h)k/ deg(h)

helrr (@)
deg(h) |k

Solution set of f(Xj,...,X,) =01in IFZ

Number of solutions: |V (f)|

Set of non-trivial solutions (excluding (0,...,0) if it’s a zero) of f =0
Number of non-trivial solutions: [V (f)]

Common solution set: V(fi) N---NV(fx)

Count of common solutions: |V (fi,..., fi)|

Number of solutions of P(Xj,...,X,) = 0in E where P € F [X3,...,X,],
[E: Fq] > 1

Space ]ng [Xi,...,X,] of polynomials of total degree at most d

Set of n-tuples (iy,...,i,) € Z§ withi; +---+i, < d

Coefficient matrix of a quadratic form f: (Cy);; = a;; where f = XTCrX
Determinant of the coefficient matrix Cy
Auxiliary function: $(0) = g—1and J(a) = —1for a # 0

Exponent reduced modulo the order of IF}, for aiXik " in a diagonal equation
#Ht,. ) €Tl —1]: F+---+ 2 €2}

LCM of exponents; appears in the closed-form formula for M(d,...,d,)

Character Sums with Polynomials (Weil Sums)

continued on next page
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Symbol Meaning

W(X; f) Additive Weil sum: Y,cp, X(f(@)), for X € Xy, f € Fy[X]

W(; f) Multiplicative Weil sum: 3,5, (f(2)), for y € Mg, f € Fg[X]

W, X: f.9) Mixed Weil sum: 3 cp, ¥(f(a)) X(g(a)), for y € Mg, X € Xq, f.g €

Lifted Weil Sums (over Extension Fields)

E = quk
w® o f)

w k) ()((k);g)

w &) (w(k), X(k);f, 9)

Special L-functions (Weil chapter)

G (Weil context)
¢:G— IF,

0:G— T,
£&:G-C
L(s,%)

L(z 9

L& (s, ér(k))

Z(k) (z, §(k))
k)
k) (k) = gk-dee(h)

Absolute Varieties

A
Zi(A)

Hasse Derivatives
F© (X)

mult(F, @)
Pseudopolynomials
A(X)

Fey(X)

pdeg(F)
Fi(X)

Decoding from Character Evaluations

r:Fq — {0,£1}

F,[x]

Degree-k extension of IFy; [E : Fy] =k
Lifted multiplicative Weil sum: ¥, ¥®) (f(a))

Lifted additive Weil sum: ¥,z X ¥ (g(a))

Lifted mixed Weil sum: ), () (f(a)) X®) (g(a))

The specific subgroup {r € G : h1(y;) - h2(y:) # 0 Vi} for roots y; of a fixed f
Multiplicative map ¢(r) = []; f(a:) - ij(ﬁj)‘l forr =[1(X—a;)/TT(X -
Bj)

Additive map o(r) = X; g(@;) — 2; g(B;) for a fixed polynomial g
Combined character: é(r) = (Y og)(r) - (X op)(r)

L-function on & Y e E(h) n(h) ™5

Power series: Y. ,cq £(h) 2480 | related by Z(q_s, & =L(s,¢)

L-function on the lifted character £*) over F
Power series form of the lifted L-function

Set of monic polynomials over E = IF «
Norm of h € ®K) over E; analog of n(h) = g3&" for IF,

Variety defined over IF
Number of F«-rational points of A: [{(a1,...,an) € A : a; € Fr}

¢-th Hasse derivative of F(X): coefficient of Z¢ in F(X + Z)
Multiplicity of vanishing of F at a: largest r with (X — a)" | F(X)

The polynomial X9 — X over IF,

¢-th pseudoderivative of F: unique polynomial of degree < q agreeing with
F® onF,

Pseudodegree of F: maxy»o deg(F(e))

Coefficient polynomials in the base-A expansion F = Y; F;A!, with deg(F;) <
q

Received (noisy) word; approximates i o g or Tr og

continued on next page
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Symbol Meaning

e Number of errors: [{a € Fy : r(a) # (Y o g)(a)}]
S Error set: {a € IFg : r(a) # (Y0 g)(a)}

Zs(X) Error locator polynomial: [],.s(X — @)

A(ry,1s) Hamming distance: [{a € Fy : ri(a) # r2(a)}|
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CHAPTER 1 -

Finite Fields

Fields are the most fundamental algebraic structures in which one can add, subtract, multiply, and divide (by nonzero
elements) without leaving the set. Commonly known examples of fields are set of rationals Q, or real numbers IR, or
complex numbers C. But the set of integers Z form a ring but not a field, since most elements have no multiplicative
inverse. A finite field is a field that contains only finitely many elements. We assume the reader is familiar with basic ring

theory; for a thorough treatment see [Art11]. Before proceeding, we recall the definitions of rings and fields.

Definition 1.1: Rings and Fields

(i) AringR is an abelian group with a multiplication operation such that the ring is closed under the multiplication

operation. We assume the ring has a multiplicative identity e € R such that for all element a € R, ea = ae = a.
(ii) A ring is called commutative if the multiplication operation is commutative.

(iii) A ring is called an integral domain if it is a commutative ring with identity e # 0 in which ab = 0 impliesa =0
orb=0.

(iv) Aring is called a division ring (or skew field) if the nonzero elements of R form a group under the multiplication
operation.

(v) A commutative division ring is called a field.

For any ring R with identity, the characteristic, char(R) is the smallest positive integer n such that n-1 =0, or 0 if
no such n exists. One can show that the characteristic of an integral domain is always either 0 or a prime; see [Art11] for
a proof. Since every field is an integral domain, the characteristic of a field is always 0 or a prime p.

§ 1.1 Field Extensions

The study of field theory is primarily the study of field extensions. The classical problems of ruler-and-compass construc-
tions and the solvability of polynomial equations by radicals were settled by analyzing appropriate field extensions. The
central idea is to associate a the Galois group to a field extension, converting field-theoretic questions into group-theoretic
ones. Since the Galois group of a finite extension is finite, the rich structure theory of finite groups becomes available.
In this section we build the foundational vocabulary: degrees, algebraic elements, minimal polynomials, and the key

structural results about simple and algebraic extensions.
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1.1.1 Degrees and Generated Subfields

Let F C K are fields. Then K is called a field extension of F. We denote it by K/F. Here F is called the base field We
can think of K as a vector space over F where the addition of two vectors follows the addition operation of K and the
multiplication of any « € K and c € F follows the multiplication operation of K, ¢ - @ = ca. Then we denote the dimension
of K over F by

[K: F] := dimp(K)

This dimension is called the degree of field extension of F or simply degree of [K: F]. If [K: F] < oo we call it by a
special name, finite extension. Finite extensions of finite fields are very important to us and in this report we will work on
finite fields and their finite extensions. Let « € K. Then we denote F(«) to be the field generated by F and « following
the multiplication and addition operations of K. We will define what it means to be the field generated by F and « in
Definition 1.1.1. It is very easy to see F(«) is also a field, and it contains F but also contained in K.

Let F be any field and suppose X be a formal variable. Then F[X] denotes the polynomial ring over F. We define
the rational function field F(X) to be the fraction ring of F[X] which consists of all quotients f/g where f, g € F[X] with
g(X) # 0. Similarly, we can define the polynomial ring F[Xj,...,X,] over multiple formal variables and their fraction
field F(X3,...,Xn).

Look at the following example. R € C are both fields. But C is a 2-dimensional vector space over IR as we can
take the basis {1,i}. So C/R is a finite extension of degree 2. But Q/R is an infinite field extension. On the other hand
let @ € R. Then consider the field Q(a). Now degree of [Q(a): Q] depends on what kind of element « is. If & = V2 then
[Q(V2): Q] =2butif @ = 7 then [Q(7): Q] = co.

Definition 1.1.1: Generated Subfields

Let K/F be a field extension and S C K.

(i) The ring generated by F and S, written F[S], is the intersection of all subrings of K containing F and S.
(ii) The field generated by F and S, written F(S), is the intersection of all subfields of K containing F and S.

IfS ={a1,...,an} is finite we write F[as,...,a,]| and F(ay,...,a,). We call F(a1, ..., a,) finitely generated field.
For any field extension K /F if there exists an element a € K such that K = F(«) then such extension is called simple

extension.

From this definition it easily follows that for any S C K, F(S) is the smallest subfield of K containing F and a.
Let K/F be a field extension. For any a € K consider the map ev, : F[X] — K defined by f(X) +— f(«). Hence,

evy is a ring homomorphism.

Observation 1.1. For any « € K, Im(ev,) is a subring of K and ev,, is F-vector space homomorphism.
Now we can use this map ev, to give descriptions of the elements of F[a] and F(«).

Lemma 1.1.1

Let K be a field extension of F and let a € K. Then

Flal = {f(@) : f(x) € FIx]} and F(a) = {% . fg € Flxl, g(a) # o}.

Moreover, F(a) is the quotient field of F[a].

Proof: The evaluation map ev, is a ring homomorphism with image {f(a) : f € F[x]}. So this set is a subring of K.
Any subring of K containing F and a must contain f(a), for all f € F[X]. Therefore, F[a] = {f(a) : f € F[x]}. The
fraction field of F[a] is {f(a)/g(a): g(a) # 0}; it is contained in any subfield of K containing F[a], hence equals F(a). ®
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We call this procedure adjoining  to F. Using similar arguments we can describe the ring F[ay,...,a,] and the

field F(ay,...,a,) where K/F is a field extension and ay, . .., a, € K. So we have the following theorem.

Theorem 1.1.2
Let K be a field extension of F and let ay, . .., a, € K. Then

Flay,...,an] ={f(a1,...,an) : f € F[x1,...,x4]},

F(‘h,...,an):{JM

g(a ) 2 f,9 € Flx1,...,%n], g(al,...,an);to}.

Moreover, F(ay, . ..,ay) is the quotient field of Flay, . .., a,].

Now we can also define fields generated by adjoining arbitrary number of elements. In this case we can give the

description of the new field in terms of all finite extensions of fields created by adjoining finitely many elements.

Theorem 1.1.3

Let K be a field extension of F and let S C K be any subset. Ifa € F(S), thena € F(ay,...,ay) forsomeay,...,a, €S.
Therefore,

E(S) =U{F(a1,...,an): ai,...,a, € S},

where the union is over all finite subsets of S.

Proof: LetU :=U{F(ay,...,ay): ay,...,a, € S}. EachF(ay,...,a,) contains F and lies in F(S) where ay, ...,a, € S. So
the union U satisfies U C F(S). The set U contains F and S. If ¢ € F(ay,...,a,) and f € F(by,...,by,), thena + j, af, a/f
(if p # 0)areallin F(ay,...,an, by,...,by) C U. Therefore, U is a field. Being the smallest subfield containing F and S, it
equals F(S). [

1.1.2 Algebraic Elements and Minimal Polynomials

Definition 1.1.2: Algebraic and Transcendental Elements

Let K be a field extension of F. An element a € K is algebraic over F if there is a nonzero polynomial f(X) € F[X]

with f(a) = 0. If a is not algebraic over F, then « is called transcendental over F. If every element of K is algebraic

over F, then K is said to be algebraic over F, and K /F is called an algebraic extension.

Hermite (1873) proved that e is transcendental over Q and Lindemann (1882) proved the same for 7. On the other
hand, {/r € R is algebraic over Q for any r € Q (root of x™ —r), as is i = V-1 (root of x* + 1).

Definition 1.1.3: Minimal Polynomial

If a is algebraic over a field F, the minimal polynomial of @ over F is the monic polynomial p(X) of least degree in
F[X] for which p(a) = 0; it is denoted min(F, ). Equivalently, min(F, t) is the monic generator of the kernel of the

evaluation homomorphism ev,,.

The minimal polynomial depends on the base field. For instance, min(Q, i) = x? + 1 while min(C, i) = x — i, since
i € C is already in the base field.
The minimal polynomial of an element and the degree of a field extension are two of the most basic tools we shall

use. The following proposition gives a relation between these objects.
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Theorem 1.1.4
Let K/F be a field extension and let &« € K be algebraic over F. If p(X) = min(F, ), then:

(i) p(X) is irreducible over F.
(i) Ifg(X) € FIX], then g(a) = 0 if and only if p(X) | g(X).

(i) If n = deg(min(F,a)), then the elements 1,a,...,a™" ! form a basis for F(a) over F. So [F(a): F] =
deg(min(F, @)) < oo. Moreover, F(a) = F[a].

(iv) F(a) = F[X]/ (p(X)).

Proof: The first isomorphism theorem gives F[a] = F[X] / (p(X)). Since F[a] C K is an integral domain, (p(X)) is a
prime ideal. Now in an PID every nonzero prime is maximal, so F[X] / (p(X)) is a field and F[a] = F(«). This gives (i)
and (iv). Part (ii) follows from ker(ev,) = (p(X)).

For (iii): any b € F(a) = F[a] satisfies b = g(«). Dividing gives g = qp +r with degr < n and ¢,r € F[X].
So b = r(a) lies in the span of {1,a,...,a" '}. Therefore, the set {1,a,...,a" !} spans F(«) as a vector space. If
n=1 = 0 where ay, . ..,a,-; € F then the polynomial f(X) = Y"! a;X" is in ker(ev,). Hence,
either f = 0 or p | f by part (ii). But deg(f) < n. So f = 0. Thus, 1,q,...,a" ! forms a basis of F(«) over F. ]

a+a-a+---+ay-1-a

The part (iii) of above theorem gives us a basis of F(«) over F using only a. So we get the following observation:
Observation 1.2. IfK/F is a field extension and a € K is algebraic over F where p = min(F, a) then [F(a): F] = deg(p).

Notice that if @, § € K are both algebraic over F and min(F, ) = min(F, §) = p i.e., their minimal polynomials are
same then by the above theorem

F) = FIX1] o= pip)

Therefore we have the observation:

Observation 1.3. If K/F is a field extension and a,f € K are both algebraic over F, and they have the same minimal
polynomials then F(a) = F(f) with the isomorphism ¢ : a — J.

1.1.3 Finite and Algebraic Extensions

Lemma 1.1.5

If[K : F] < oo, then K is algebraic and finitely generated over F.

Proof: Let {a,...,a,} be an F-basis of K. Then for any element « € K, there exists ay, ..., a, such that &« = a; - a7 +
-+ +ap - ay. So certainly we have K = F(a, ..., ,) and hence K is finitely generated over F. Since [K: F] = n, for any
a € K, the n+ 1 elements 1,a,...,a" span only an n-dimensional space. So they are F-linearly dependent. Thus, there
exists fo, ..., Bn € F such that 7 B; - @' = 0. So we get a polynomial f(X) = X7 i - X' and f(«) = 0. Therefore, « is
algebraic over F. u

Let K/F be a finite extension and K = F(ay, ..., a,). Then we can break up the extension K/F into collection of

subextensions. Let L; = F(ay, ..., a;). Set Ly = F. Then basically L;y; = L;(a;+1). And we have
F=LycL,c---CL,1C€L, =K

We will show a theorem which relates the degree of the extension K/F and each subextensions.
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Theorem 1.1.6
Let F C L C K be fields. Then [K : F] = [K : L] - [L: F].

Proof: Let {a;}ie; be an F-basis of L and {b;} je; an L-basis of K. We show {a; - b} is an F-basis of K. For any y € K,
write y = 3 ; a;b; with ; € L. Now each a; = }; Bija; with f;; € F; theny = 3, ; Bija;b;. Therefore, the set {a; - bj}1xy
spans K over F.

If 3%; ; Bijaibj = 0 for some non-trivial linear combinations where f; j € F for alli € I, j € J. Now
Zﬁijaibj = Z(Z ﬁl‘ja,’)bj =0.
ij T
Since {b;} ey is a basis of K over L, each }}; f;;a; = 0. And by F-independence of {a;}, each f;; = 0. So {a; - b;}1x; form
an F-basis of K. Therefore,
[K:Fl=Hai-bj}ixsl =Hai:i€I}|-|{b;: j € J} = [K: L] - [L: F]

So we have the theorem. ™

Lemma 1.1.7
Let K = F(X) be the field of rational functions in X over F. Ifu € K withu ¢ F letu = f/g where f,g € F[X] and
ged(f,g) = 1. Let L = F(u). Then

[K: L] = max{deg(f),deg(9)}

Proof: By Theorem 1.1.4 we need to find the minimal polynomial of X over L to determine [K: L]. Consider the
polynomial p(Y) =u-g(Y) — f(Y) € L[Y]. Then X is a root of p. Therefore, X is algebraic over L and so [K: L] < oo and
K = L(X).

Notice that deg(p) = max{deg(f),deg(g)}. Let f = Y',a;X' and g = X bi - X!, We will show that p
is irreducible over L. Now the element u cannot be algebraic over k otherwise by Theorem 1.1.6 we have [K: F] =
[K: L]-[L: F] < oo, and we know F(X) is an infinite extension of F. So u is transcendental over F and hence F[u] = F[X].
Now observe that the polynomial p € F[Y][u] € F(Y)[u] which is of degree 1. Hence, p is irreducible over k(Y). Now
p € k[Y][u] = k[u][Y] and therefore p is irreducible over k(u). Hence, p is the minimal polynomial of X over F. So we

have the lemma. [ ]

In the proof of Theorem 1.1.6 the proof does not assume that the field extensions needs to be finite.

We will now prove a converse theorem of Lemma 1.1.5.

Theorem 1.1.8
Let K/F be a field extension. If ay, . .., a, € K are algebraic over F, then

n

[F(ar,....an): F] < [ [[F(a): Fl.

i=1

Proof: We will prove this by induction on n. The base case, n = 1 follows from the Theorem 1.1.6. So suppose this
is true for n — 1. Take L = F(ay,...,a,—1). Then by induction hypothesis [L : F] < []75'[F(e;) : F]. Since aj is
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algebraic over F and hence over L, with min(L, ) | min(F, ;) in L[X], we have [L(a,) : L] < [F(a,) : F]. Therefore,
[F(ais...,0n): L] < [F(ay,): F]. So by Theorem 1.1.6 we have

—_

[Flay,...,an) : F] = [L(ay) : L] - [L: F] < [F(ay) : F] - | [F(a;) : F].

1

Il
—

So we have the theorem. [ ]

The inequality above can be strict in some cases. For example let @ = V2 and b = V18. Then both [Q(a): Q] =
[Q(b): Q] = 4 as X* — 2 and X* — 18 are both irreducible polynomials over Q. But [Q(V2,V3): Q] = 8 and V18 €
Q(\ﬁ, \/5) Hence, in this the inequality doesn’t follow.

So from Theorem 1.1.8 we have the following criterion for an element being algebraic over a field.

Corollary 1.1.9

Let K/F be a field extension and o € K. Then « is algebraic over F if and only if [F(«) : F] < co. Moreover, K is
algebraic over F if [K : F] < oo.

Now we can extend Theorem 1.1.8 to the case of fields generated by arbitrary number of elements or extending
field.

Theorem 1.1.10

Let K be a field extension of F and S C K such that each element of S is algebraic over F. Then F(S)/F is algebraic. If
|S| < oo, then [F(S) : F] < oo.

Proof: TForany a € F(S). Theorem 1.1.3 givesa € F(ay,...,an) forsomeay,...,a, € S. By Theorem 1.1.8, F(ay, . .., am)
is algebraic over F. So « is algebraic over F by Theorem 1.1.5. Since « is any arbitrary element of F(S), F(S) is algebraic
over F. If S is finite, then [F(S) : F] < oo by Theorem 1.1.8. [

We will now show that the property of being algebraic is a transitive property. In the finite extensions case this

property easily follows from Theorem 1.1.6 and Corollary 1.1.9. We will show this for general extensions below.

Theorem 1.1.11 Transitivity of Algebraic Extensions

Let F C L C K be fields. IfL/F and K/L are algebraic, then K/F is algebraic.

Proof: Let a € K. Since K/L is algebraic, let f(X) = Y% a;X’ where each a; € L is the minimal polynomial of o
over L. Since L/F is algebraic and f € L[X], each q; is algebraic over F. Consider the field L’ = F(ay,...,aq). So by
Theorem 1.1.8 the extension L’ /F is finite i.e., [L": F] < co. Since f € L’[X] and p(«) = 0, the element « is algebraic over
L’ and [L'(a): L'] < 0. By the tower law,

[L'(a): F] = [L'(a): L'] - [L": F] < oo,

Since F(a) € L' (@), « is algebraic over F. Since « is any arbitrary element of K, K/F is algebraic. ]
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Definition 1.1.4: Algebraic Closure in K

Let K be a field extension of F. The set

{a € K : a is algebraic over F }

is called the algebraic closure of F in K.

Corollary 1.1.12
Let K be a field extension of F and let L be the algebraic closure of F in K. Then L is a field, and therefore is the largest

algebraic extension of F contained in K.

Proof: Leta,b € L. Then both are algebraic over F by Theorem 1.1.8 and hence F(a, b) is algebraic over F and F(a,b) C L.
Since axb,a-b,a/p (if b # 0) all are in F(a,b) C L, L is closed under the field operation. So L is a subfield of K. Since each

element of K which is algebraic over F is contained in L, L is the largest algebraic extension of F contained in K. [ ]

1.1.4 Splitting Field

Definition 1.1.5: Splits over K

IfK is an extension field of F and if f(X) € F[X], then f splits over K if f(X) = a[];(X — a;) € K[X] for some
ai,...,on, € K and a € F. In other words, f splits over K if f factors completely into linear factors in K[X].

In order to talk about roots of a given polynomial, we need to have extension fields that contain the roots of the

polynomial. The next theorem shows that for any f € F[X], there is a finite extension of F over which f splits.

Theorem 1.1.13

Let f(x) € F[x] have degree n. There is an extension field K of F with [K : F] < n such that K contains a root of f. In
addition, there is a field L containing F with [L : F] < n! such that f splits over L.

Proof: Let p(X) is an irreducible factor of f(X) in F[X] and let K = F[X] / (p(X)). Thus, K contains a root of p(X)
say a. Therefore, « is also a root of f(X). Since [K: F] = deg(p) < n we have the first part.

For the second part we will use induction on n. From the first part now we have a field K 2 F such that K contains
aroot a of f. So f factors into f(X) = (X — a)g(X) in K[X] where g(X) € K[X]. Now deg(g) = n — 1. So by induction
hypothesis there exists a finite extension L of K such that [L: K] < (n—1)! and g splits over L. That means f splits over
Land [L: F] =[L: K] - [K: F] < n!l. So we have the theorem. [ |

Definition 1.1.6: Splitting Field

Let K be an extension of F and let f € F[X].

(i) K is called the splitting field of f over F if and only if f splits over K and K = F(ay, ..., a,) where ay, ..., an
are exactly the roots of f.

(ii) IfS is a set of non-constant polynomials over F then K is the splitting field of S over F if and only ifeach f € S
splits over K and K = F(Sg) where Sy is the set of all roots of all f € S.




Page 19 Chapter 1 | Finite Fields

So Theorem 1.1.13 yields immediately the existence of splitting fields for a finite set of polynomials. We have proved
the existence of splitting fields for finite sets of polynomials. What about infinite sets? Suppose that X is a splitting field
over F of the set of all non-constant polynomials over F. We do not know yet that such a field exists or not.

Lemma 1.1.14
IfK is a field, then the following statements are equivalent:
(i) There are no algebraic extensions of K other than K itself.
(ii) There are no finite extensions of K other than K itself.
(iii) IfL is a field extension of K, then K = {a € L : a is algebraic over K}.
(iv) Every f(x) € K[x] splits over K.
(v) Every f(x) € K[x] has a root in K.

(vi) Every irreducible polynomial over K has degree 1.

Proof: We will show the implications in a circular order, (i) = (ii) = (iii) = (iv) = (v) = (vi) = (i).

(i) = (ii): This is clear since any finite extension is algebraic.

(ii) = (iii): Let a € L be algebraic over K. Then K(a) is a finite extension of K. But there are no finite extensions of K
other than itself. So K(a) = K. Thus, a € K.

(iii) = (iv): Let f € K[X] and L be the splitting field of f over K. Since L is algebraic over K we have L = K ie., f

splits over K.

(iv) = (v): This is obviously true.

(v) = (vi): Let f € K[X] be irreducible. Therefore, f has a root in K, so f has a linear factor. But f is irreducible.
Hence, deg(f) = 1.

(vi) = (i): Let L be an algebraic extension of K. Let a € L and p = min(K, a). Then deg(p) = 1. So [K(a): K] =1 and
hencea € K. SoL =K. [

Definition 1.1.7: Algebraically Closed Field

If any field K satisfies the equivalent conditions of Lemma 1.1.14 then K is said to be algebraically closed. IfK is an

algebraic extension of F then K is said to be algebraic closure of F.

We haven’t shown the existence of such a theorem or even that every field has an algebraic closure. Consider the
field C. This field is algebraically closed. But we will not prove if every field has an algebraic closure. We will just state

the theorem and move on.

Theorem 1.1.15

Let F be a field. Then F has an algebraic closure.
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The existence of an algebraic closure yields immediately the existence of a splitting field for an arbitrary set of

non-constant polynomials.

Corollary 1.1.16
Let F be a field and S be a set of non-constant polynomials over F. Then S has a splitting field over F.

Proof: Let K be an algebraic closure of F. Then each f(x) € S splits over K. Let X be the set of roots of all f € S. Then
F(X) c K is a splitting field for S over F, since each f splits over F(X) and this field is generated by the roots of all the

polynomials from S. ]

So using the corollary we can immediately relate algebraic closure with splitting fields.

Corollary 1.1.17
IfF is a field then the splitting field of the set of all non-constant polynomials over F is an algebraic closure of F.

But now comes another question. Can one field have multiple algebraic closures of same field? Or even can we
have more than one splitting fields for same set of polynomials over a field? The answer is splitting fields are unique,
and hence algebraic closures are also unique. Below we share the theorem which proves the above. We will not prove it

because its beyond our scope of study. But for further reading and understanding the reader can look [Mor96].

Theorem 1.1.18 Isomorphism Extension Theorem, [Mor96, Chapter 1]

Let 0 : F — F’ be a field isomorphism. Let S = {fi(x)} be a set of polynomials over F, and let S" = {o(f;)} be the
corresponding set over F'. Let K be a splitting field for S over F, and let K’ be a splitting field for S" over F’. Then there
is an isomorphism v : K — K’ with t|p = 0. Furthermore, if« € K and &’ is any root of o(min(F, )) in K’, then t

can be chosen so that T(a) = a'.

The isomorphism extension theorem immediately settles the question of uniqueness of splitting fields and algebraic
closures: any two splitting fields of the same set of polynomials over F must be isomorphic, since the identity on F extends

to an isomorphism between them. As a special case, algebraic closures are unique up to F-isomorphism.

Corollary 1.1.19
Let F be a field, and let S be a subset of F[x]. Any two splitting fields of S over F are F-isomorphic. In particular, any

two algebraic closures of F are F-isomorphic.

Proof:  For the proof of the first statement, the isomorphism extension theorem gives an isomorphism extending id on
F between any two splitting fields of S. The second statement follows from the first, since any algebraic closure of F is a

splitting field of the set of all non-constant polynomials in F[x]. [

As a corollary to the existence and uniqueness of algebraic closures, we can prove that any algebraic extension of

a field F can be viewed as living inside a fixed algebraic closure of F.

Corollary 1.1.20

Let F be a field, and let N be an algebraic closure of F. If K is an algebraic extension of F, then K is isomorphic to a
subfield of N.
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Proof: Let M be an algebraic closure of K. By Theorem 1.1.11, M is algebraic over F; hence, M is also an algebraic
closure of F. Therefore, by the previous corollary, M = N. If f : M — N is an F-isomorphism, then f(K) is a subfield of
N isomorphic to K. [ ]

§ 1.2 Some Properties of Finite Fields

In this section we describe fields of finite order. The characteristic of a finite field cannot be zero so it is a prime number.
Therefore, if K is a finite field and char(K) = p then IF, C K. Since K is finite it will be a finite dimensional vector space
over [F,. So K is isomorphic to IF}, where r = [K: [F,] as a [F,-vector space which contains p” elements. So order of a
finite field is always a prime power. We write IF; := K where q = p". Below we list the main facts of finite fields without
proof. If the reader is interested he can look into the books [Art11, LN96].

Theorem 1.2.1 Properties of Finite Field
Let p be a prime integer, and let ¢ = p” be a positive power of p.
(i) Let K be a field of order q. The elements of K are roots of the polynomial X9 — X.

(ii) The irreducible factors of the polynomial X1 — X over the field IF, are the irreducible polynomials in IF,[X]

whose degrees divide r.
(iii) Let K be a field of order q. The multiplicative group K* of nonzero elements of K is a cyclic group of order q — 1.
(iv) There exists a field of order q, and all fields of order q are isomorphic.

(v) A field of order p” contains a subfield of order p* if and only if k dividesr.

Observation 1.4. Since for everyr € IN there exists an element a € IFyr such that ]F;r is generated by a then Fyr = Fy(a).

Hence, every finite extensions of finite fields are simple extensions.

Since finite fields are finite extensions of the base prime field IF,, we can obtain irreducible polynomials for every

positive integer degree.

Corollary 1.2.2

For every d € IN there exists an irreducible polynomial of degree d over the finite field IF,.

Proof: By part (iv) of the above theorem there is a field K of order p?. Its degree [K: F p] = d. By part (iii) there is an
element a € K such that a generates the cyclic group K*. So K = IF,(«). Therefore, a is a root of a d-degree irreducible

polynomial over IF,,. [

Definition 1.2.1: Primitive Element

Let K be finite field over IF,. Then K has an element a which generates K/F i.e, K = IF,(a). Then «a is called the
primitive element of K.

Let f be an irreducible polynomial over the finite field IF,; and let « be a root of f in the splitting field of f over IF,.
Therefore, f = min(IFy, a). Now suppose h € IF,[X] such that (&) = 0. So by Theorem 1.1.4, f | h. Like Theorem 1.2.1(ii)

we will show that we can similar result for any general finite field.
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Lemma 1.2.3

Let f € IF4[X] be an irreducible polynomial of degree d. Then f(X) divides X7 - X ifand only ifd | n.

Proof: Suppose f | X9" — X. Let a be a root of f in the splitting field. Then @9 = ¢ and so & € Fgn. Now IF; C Fy(a) €
Fgn. Since [Fy(a): Fy] = d and [[Fgn : IF;] = n. So by Theorem 1.1.6, d | n.

Letd | n. Then Foa C [Fgn. If a is aroot of f in the splitting field of f over IF; then Fy(a) = Fa C Fyn. Therefore,
a is a root of X4" — X. Since f is the minimal polynomial of @ and X9" - X € Fy, f | X" - X. [ ]

Theorem 1.2.4

If f is an irreducible polynomial of Fq[X] of degree d then f has a root a € F ja. Furthermore, all roots of f are given
by d distinct elements a, a9, aqz, R a?’™ ofIqu

Proof: Let f(X) = Y%, a;X". Then

4 d ; d ¢ 4
(aq’) Zal (afﬂ) :Zaiqj~(ai)q Z(Zai'ai) = (@) =0

i=0 i=0

. d d-1
Since @9 = a the roots of f are a,a?,...,a9 . [ ]

This leads us to look at roots and field automorphisms in a new way. Let F, F’ be two fieldsand ¢ : F — F’' a

homomorphism. Then there is an induced homomorphism ¢ : F[X] — F’'[X] given by

@ (i a;-X'| = iq)(ai) - X!
i=0

i=0
Soif f = Y1, a; X" factors into a(X — a;) - - - (X — ap) then ¢(f) = @(a)(X — ¢(a1)) - - - (X — ¢(an)). The Frobenius map,
o : a > a for any element of the extended field IF ja over IF; is a Fg-automorphism meaning that automorphism fixes

the elements of IF,;. The above theorem tells us if « is a root of f which is an irreducible polynomial over IF, then o(a) is
also a root.

Now by the above theorem if f is irreducible over I of degree d then IF .« containsaroot e of f. Thena, a, ... ., ad"!
all are in IF ja. Therefore, f splits in IFja. Since f is the minimal polynomial of a, Fya = Fq[X] / (f). So [Fga is the splitting
field of f. Since all finite fields of size ¢ are isomorphic for any other degree d irreducible polynomial g € Fq[X], if B is
aroot of g then

]Fq(a)EIFq[X]/<f>£]quE]F[ ]/<>_]F(/3)

So the splitting fields of f and g are isomorphic. So we have the following corollary.

Corollary 1.2.5

Let f is an irreducible polynomial of IF 4 [X] ofdegree d. Then the splitting field of f overFy is given by F ja. Moreover,
any two irreducible polynomials f, g € IF4[X] of same degree has isomorphic splitting fields.

Now we have heard the term conjugate of an element in complex numbers. The notion of conjugates is more

general than just in complex numbers.

Definition 1.2.2

Let ]qu be an extension of F; and o € ]qu. Then the elements a, a4, . . ., a®™" are called the conjugates of a.
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The conjugates of a € IF;m with respect to IF, are distinct if and only if the minimal polynomial of & over IF; has
degree m. Otherwise, the degree d of this minimal polynomial is a proper divisor of m, and then the conjugates of « with

L d- .
respect to IF, are the distinct elements o, a9, ..., a4 ', each repeated m/d times.

Lemma 1.2.6

For any a € IF; the conjugates with respect to any subfield of Fq have the same order in the group IFg.

Proof:  Let Fy be a subfield of IFy where ¢'" = g. Since Iy, is a cyclic group of order g — 1 and ged(g'',g—1) =1 for all
0 < i <r - 1. Therefore, the order of the conjugates of a has the same order as « in the group F;. ]

§ 1.3 Trace and Norm

Let V be an n-dimensional vector space over K where K is a field. Let ¢ : V. — V be any linear operator. For any basis of

V we can generate the matrix of ¢ with respect to that basis. This is called the matrix representation of ¢ and denoted by

[o].

We now turn to field extensions. For a finite extension of field L/K we associate each element & of L the K-linear

transformation m, : L — L where m,(x) = « - x for any x € L. Now m,, is indeed a linear transformation from L to L as
me(x+y)=alx+y)=a-x+a-y=me(x)+my(y) mg(c-x) =alc-x) =cla-x) =c-mg(x)

for all x,y € L and ¢ € K. Now by choosing a K-basis of L we can create a matrix representation for m, which is denoted

by [m]. So for any ¢ € K the matrix [m,] is c[y where [L: K| = n.

Definition 1.3.1: Trace and Norm of «

For any a € L where L/K be a finite extension the trace and norm of & from L to K are the trace and determinant of

a matrix representation of the K-linear map m, and denoted as

Tryjx () =Tr([me]) € K, Ny (a) = det([mq])

. J

For any finite field IF; if IF, is the base prime field of IF; then for any a € IF; we denote the trace and norm of «
from IF, to F), by Trp, (@) and N, (), and we call it the absolute trace and absolute norm of a respectively.

Observation 1.5. For any a € K, where [L: K] = n, Tryjx (@) = n-a and Ny g (a) = a”. In particular Try jx (1) = [L: K]
andNL/K(l) =1.

There is an alternate definition of trace and norm in terms of sum and product of field embeddings of L into an algebraic

closure of K. But those definitions is hard to work with and also beyond our scope. So interested readers can look into
[Lan02, Chapter 1]

Lemma 1.3.1

Leta,f € L.
(i) Ifx # B then my #+ mg.

(ii) As functions from L — L

Masp = Mg +mg and mgp =mg o mg

and my is the identity map L — L.
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Proof: Since my(1) = a we can recover the element a uniquely from the mapping m,. Therefore, the map, ¢ : L —
{mq: a € L} where ¢(a) = m, is a bijection. And hence if @, f € L and & # f§ then m, # mg.

Now for any x € L we have
Maip(x) = (a+P)x =a-x+f-x =mg(x) +mp(x)
and
Mg 0 mp(x) = ma(f - x) = (af)x = map(x)

Since x is an arbitrary element of L we have m4p = mq + mg and myg = m, o mg. Easily m; is the identity mapping since

1 a = a and therefore m; o my, = my,. [ |

Theorem 1.3.2

The trace Try x : L — K is a K-linear and the norm Ny : L — K is multiplicative. Moreover, Ny /g (L*) € K*.

Proof: By Lemma 1.3.1 for any @, § € L we have mg.5 = my + mg and mgg = my o mg. Therefore, if we look into the

matrix representation of m, and mg then we get
[ma+pl = [mal +[mpl.  [mapl = [ma o mg] = [mq] - [mg]

So
Trp k(e + B) = Tr([masp]) = Tr([me]) + Tr([mp]) = Trp k(@) + Trr/x (B)

and

Nk (af) = det([mep]) = det([mq]) - det([mg]) = Nr/k () - N/ ()

So Try i is additive and Ny /x is multiplicative.
Now to show Tryk is K-linear we need to show for any ¢ € K and a € L we have Trp /g (c- @) = ¢ - Try /g (a) which

is true since
Trp/k(c- @) = Tr([meq]) = Tr(c[mq]) = c- Tr([mq]) = ¢ - Trr /(@)

Now Np/k(1) = 1. So for any non-zero a € L*, Np/k(a) - Nyjx(a™) = 1 and hence Ny k(a) # 0. Therefore,
NL/K(L*) C K*. |

Now the elements Tryx (a) and Nk () can be expressed in terms of the coeflicients or the roots of the minimal
polynomial of « over K. To explain this we need another polynomial in K [X] which is very similar to the characteristic

polynomial of any square matrix.

Definition 1.3.2: Characteristic Polynomial of « € L

For @ € L where L/K is a finite extension the characteristic polynomial of a relative to the extension L/K is the

characteristic polynomial of the matrix representation [my]:
Pop/k(X) = det(X - I — [mq]) € K[X]

wheren = [L: K|. Therefore, deg(Py1/x) = [L: K].

Note that here we defined the characteristic polynomial to be of the form det(X - I,, — A) instead of det(A — X - 1)

which we typically do in linear algebra. This is because we want our polynomials to monic.
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If A is a square matrix then the trace of A and the determinant of A appears as signed coefficients in its characteristic
polynomial.

det(X - I, —A) = X" = Tr(A)X" 1+ ... + (=1)" det(A)

Therefore
Pur/k(X) =X" = Trp () X" "+ + (-1)" Nk (a) (1.1)

Below we show a Cayley-Hamilton like theorem for characteristic polynomial of field elements.

Theorem 1.3.3

Foreverya € L, Py k() = 0.

Proof: By the consequence of Cayley-Hamilton theorem we have P, 1 /x ([mq]) = O. Now for any polynomial f € K[X]
where f(X) = X" + "' a; X" then

n—1

n—1

FIma]) = [me]™ + )" ailmg]’ = [man] + > [Maa] = Mansa ran 14ty = Mf(a)
i=0 i=0

Therefore Py 1/k([mal) = mp, i (a)-

Porix(a) = 0. =

Since P, 1/k([mq]) = O and by Lemma 1.3.1 all m, maps are distinct we have

Now for any a € L let f = min(K, a). Let deg(f) = d. Hence, [K(a): K] = d. Therefore, P, x(4)/x is a monic
degree d polynomial over K. Since both f and Py k(«)/x are monic and have same degree and shares a common root we

have f = P, k(a)/k- So we have the following theorem.

Theorem 1.3.4

Foranya € L, where L/K is a finite extension. Let f = min(K, @) is the minimal polynomial of a in K[X]. IfL = K(«)
then Pa,L/K(X) = f(X)
More generally, P, 1 /x (X) = Y where d = deg(f) = [K(a): K].

Proof:  We already prove the first part in the discussion before the theorem. So we will show the second part here.
Let [L: K(a)] = m and {By,...,Bm} is a basis of L over K(a). 1,a,...,a% ! is a basis of K(a) over K. Therefore,
{a'fj: 0 <i <d-1,j € [n]}is abasis of L over K. So for all i € {0,1,...,d — 1} there exists ¢;; € FF, such that

a-a' = Z;tol cijo’. Therefore for any ¢ € [n] andi € {0,1,...,d -1}, a-a'f; = Z;l;ol cija’ - B;. Hence, the matrix [m,]
is a repeated diagonal d X d block matrix of m, for K(a) over K created by c;;. Therefore, Py 1 /x = (Pa,K(a)/K)"/d. [ |

Corollary 1.3.5
Let the minimal polynomial of o over K be X% + cq_1 X4 +---¢;X + ¢o. Then
Trk (a)/x (@) = =41 and  Ng(ayk(@) = (=1)%

and more generally when K C K(a) € L and [L: K] =n,

n n, : o
Trijk(@) = —=ca-t = ~[L: K(@)] -camr, and  Nyjg(a) = (~)" )" = (1) ¢ )]
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Proof: Let f is the minimal polynomial of & over K. Hence by Theorem 1.3.4, Py k(«)/x = f(X). So we have the first
part. Now

— £rd _[yd d-1 . n/d_ n, N n-1_, . nfd
Porjx(X) = f7(X) = (X" +cq1 X+ +c1 X + ¢ =X +dcd_1X +--+c,

Therefore by comparing with (1.1) we have the result. ]

Observation 1.6. We can rewrite the above formulas for Try k() and Ny g (a) in terms of Trg(q)/x and Ng(q)/k in the
following way
Trp k() = [L: K(a)] Trg(a)/x (@), Np/k (@) = Ni(q): g (a)lF K@l

From Corollary 1.3.5 we can draw a relation between the coefficients of the trace and the norm with the roots of
the minimum polynomial of a. For any « € L if f is the minimum polynomial of & over K then Py g (4)/x = f(X). Now let
f(X) =X% +c4_1 X1+ ¢;X + ¢ and f splits into linear factors f(X) = (X —ay) - - - (X — ) in the splitting field of f
over K. Then —cg_; = a1 + - - + ag and (—1)%y = a; - - - ag. Therefore, by rewriting Corollary 1.3.5 we get the following

corollary.

Corollary 1.3.6

Let the minimal polynomial for a over K splits completely over a large enough field extension L of K as (X —aq) - - - (X —
ag). Then
Trgayx(@) =1 +---+ag and Ngyx(a) =a1---aq

More generally, if K € K(a) C L, then
n n,
Trpx(a) = E(m +-+ag) and Npg(a) = (ar-ag)"

where [L: K] =n and [K(a): K] =d, son/d = [L: K(a)].

Now for finite fields for any @ € F_a let f is the minimal polynomial of a over [F;. Then by Theorem 1.2.4 we know
the roots of f are a, a9,...,a%e(/) =1, Hence, rewriting Corollary 1.3.6 in terms of conjugates of & we get the following

corollary.

Corollary 1.3.7 Formula of Trace and Norm in Finite Fields

Let K/IF; be finite extension with [K: IF;] = n. Then for any a € K,

n—-1

TrK/]Fq((X)za+aq+...+aq"71 and NK/IFq(UC)=0(-0(q---aq

In particular, the trace and norm are invariant under the Frobenius automorphism o + «a7: replacing a by a?

merely cycles the summands (respectively, the factors) in the expressions above, leaving the total unchanged.

Theorem 1.3.8

LetK be a finite extension of F = IF,. The F-linear transformations from K into F are exactly the mappings Lg, f € K,
where Lg(at) = Trg/r(fa) for all a € K. Furthermore, Lg # L, whenever § andy are distinct elements of K.

Proof: Forany aj,a; € Kandc € F,
Lg(ay + cag) = Trg/p(f(ay + caz)) = Trgyp(Bay) + ¢ Trgp(Paz) = Lg(a) + ¢ Lg(az),

using the F-linearity of Trg/r from Theorem 1.3.2.
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Let B,y € K with B # y. For any o € K,

Lg(a) = Ly (@) = Trgr(Ba) — Trgp(ya) = Trg p((B = y) ).

Since f—y # 0, the map & — (B —y)a is a K-linear bijection on F, so the image of & = Trg/x ((f — y)a) equals the image
of Trp/k itself. As Trp/x : F — K is a non-zero K-linear map onto K, since Trg/r(1) = [K: F] > 0, there exists « € F
such that Trp/x ((8 —y)a) # 0. Hence, Lg # L,.

Write F = IF; and K = IFym, so [K: F] = m. Since the Lg are pairwise distinct as f§ ranges over K = IF;m, they yield
q™ distinct F-linear maps from K to F. On the other hand, any F-linear map K — F is determined by its values on a fixed
F-basis of K, which has m elements; each value can be assigned arbitrarily in F = IF;. So the total number of F-linear

maps K — F is g™. Therefore, the maps {Ls : f € K} exhaust all F-linear transformations from K into F.

Theorem 1.3.9
Let K be a finite extension of F = IF. Then for a € K we have Trgr(a) = 0 if and only if a = p9 — J3 for some € K.

Proof:  The sufficiency of the condition is obvious. To prove the necessity, suppose a € K = IFgm with Trg,r(a) = 0 and
let B be a root of X7 — X — & in some extension field of K. Then f? — f = @ and

0 = Trg/r(a) =a+al+-+al"
=BT =P+ (BT =P+ (BT =T
= (B =P+ (BT =D+ (B =)
=" -5,

so that § € K. [ ]

Theorem 1.3.10 Transitive Property of Trace and Norm

Let L/K/F be finite extensions. Then for any a € L
Trr/r(a) = Trg/p o Try k(@) and  Npjp(a) = NgjpoNpk(a)

Proof: Let [L: K] =mand [K: F] = n. Suppose {aj,...,a,} is a F-basis of K and {by,...,b,} is a K-basis of L. Then
{ai-bj: i€ [n],j€[m]}isaF-basis of L.
Forany a € L let
a-b;j =Zcij'bi, Cijas zzdijrs'ar (1.2)
A r=1

i=1

where ¢;; € K and d; s € F. Therefore,

m n

Cij Qs * b; = Z Z bijrs : arbj

i=1 r=1

M=

a(ash;) =

1

I
—-

So now if we look into the matrix representation of [mq]r/x and [mg]r,F then we have

[ma]L/K = (Cij)lﬁi,jﬁn’ [mCij]K/F = (bijrS)ISr,SSn > [ma]L/F = ([mCij]K/F)lﬁi,an
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where the field extension in the subscript indicates what extension is being used for that matrix. The last matrix is a block

matrix. So using all these three matrices we get

n

m
Trg/r o Try k(o) = Trgr (Z Cu) ZTTK/F(Cu) = Z Tr ([me; 1k F) = Z biirr = Trr r(a)
i=1 r=1
So we have the transitivity of the trace function. Now we will show for the norm function. For norm it is very delicate
and harder to show. We will show a proof from [Sch05]. Again assume [L: K] = m and [K: F] = n. We will prove this by

dividing it into 3 cases.

Case I @ € K: Suppose the transitivity formula already holds. Then Ny /x(a) = alL K] and hence Ng/roNp/k(a) =
Ni/p(all: K1) =

In this case F € F(a) € K € L. Let f — min(F,«) and deg(f) = d. Therefore, by Theorem 1.3.4 we have
PoF(a)/r(X) = f(X) and Py /r(X) = Por(a)r(X)E P @) and Py 1 jp(X) = Pop(ap(X) 5 F(@). Since F € F(a) K C
L we have by Theorem 1.1.6, [L: F(a)] = [L: K] - [K: F(«)]. Therefore,

Nk/r(a) [L: K] S0 in this case we will try to show that this expression is true.

)[L:K]

Pyr(a)r(X = Pyx/r(X

Pyrp(X) = Pa,F(a)/F(X)[L: Fla)l (

JIK: F<a>])” “
So if we compare the constant terms we get

) . [L: K] )
(-l Al Np/r(a) = ((_1)[K' Fl NK/F(“)) o = Npjp(a) = NK/F(“)[L' Kl

Hence we have settled this case.

CaseII L = K(«): Let f is the minimal polynomial of @ over K. Then deg(f) = m. Let f(X) = X™ + cpp—1X™ 1 +- - +co.
Then
Ng/F © Nk (a)/x (@) = Ng/p((=1)"co) = (=1)™" Ng/r(co)
So now we will compute Ng/r(co).
Let {b,...,b,} is an F-basis of K. So an F-basis of K(@) is {a' - b;: 0 < i < m—1,1 < j < n}. By definition
Nk (a)/F(a) is the determinant of the matrix for multiplication by a on K(«) as an F-linear map. Now for all j € [n],

a-(a'bj) = a'*b; where 0 <i < m—2but

a- (@™ ') =a™b; = —a™ " (cmo1b;) — - — a(c1bj) — cob;
Let C; be the matrix of expressing c;b; for all j € [n] as F-linear combinations of by, ..., b,. Hence, using the above basis
we have the matrix to be
O O o -G
I, O o -G
0 -C
[Malk@yp =9 b O -G |= °
I(m—l)n B
o O - In _Cm=1
where O is the zero matrix of dimension n X (m — 1)n and B is the (m — 1)n X n matrix gathering all the Cy,...,Cp;_1.
Therefore,
-C
det Ul = (=) D" det(~Co) = (=1)™" - (1) det(Cy) = (~1)™" det(Co)
I(mfl)n B

Now Cj is the matrix for multiplication by ¢, and therefore, det(cy) = Ng/r(co). So, Nk (qy/r(a) = (=1)™" Ng/r(co) and
previously we prove that (—1)™" Ng/r(co) = Nk/r © Ng(a)/x(@). So we have settled case II.
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Case III General Situation: Therefore in this case F C K C F(a) C L. Then we have

Nr/r(@) = Np(a)/r(a) [L: Fle)] [By Case I for L/F(a)/F]
= (Ng/r o Np(ay/k (@) [L: F(e)] [By Case I for F(a) /K/F]
= Ng/F (NF(a)/K(a) [t F(a)])
= Ng/r o N/ (a) [By Case I for L/F(a)/F]
This settles case III too. And hence the proof is complete. ]

This concludes our discussion on finite fields and their basic theory, including field extensions, the structure of
IF4, and the trace and norm maps. In the next chapter we turn to the theory of characters of finite fields, which will be
the primary tool in our study of equations over finite fields. For a thorough and self-contained treatment of finite fields
beyond what is covered here, the reader is referred to [LN96].



CHAPTER 2 -

Exponential Sums over Finite Fields

An exponential sum over Fg is a finite sum of the form >, cp, f (), where f takes values on the unit circle in C. Because
IFy carries two group structures simultaneously, the additive group (IF4, +) and the multiplicative group (IFg, x), there
are two natural families of unit-circle-valued homomorphisms, called additive and multiplicative characters, and expo-
nential sums arise by combining them in various ways. These sums encode deep arithmetic about IFy: the absolute value
| 2o f ()| measures how uniformly distributed the values of f are, and proving that it is small (typically O(+/q)) has direct
consequences for counting solutions to polynomial equations, the distribution of quadratic residues, and the structure of

Gauss and Kloosterman sums.

Two Types of Characters. A finite field IF, has two natural families of characters. Additive characters X : Fg — S' are
group homomorphisms from (IF4, +); every one is of the form Xﬂ((x) = 27 Tr(Ba)/p for some f € IF,, where Tr : IF; — IF,
is the absolute trace. Multiplicative characters { : F, — S! are group homomorphisms from the cyclic group (IF%, x) of
order q — 1; a particularly important special case is the quadratic character n, the finite-field analog of the Legendre symbol.
The interplay between these two families, their orthogonality, their products, and their behavior under field extensions,

is the engine driving all the results in this chapter.

§ 2.1 Characters of Finite Abelian Groups

Let G be a finite abelian group with the identity element 1. Let S be the set of complex numbers with absolute value 1.

Then consider the multiplicative group S! with the operation of multiplication.

Definition 2.1.1: Character X of G

A character X of G is a group homomorphism X : G — S! to the multiplicative group S! i.e. for all g1,g, € G

X(g1-92) = X(g1) - X(g2)

So if X is any character of G then X(1g) = 1. Since by definition for all g € G,
X' =x(g') = x(16) =1
the values of X are |G|*" roots of unity. Also we have for any g € G,
X(9x(g™) =Xx(g-g7) =X(1g) =1

so X(g™h) = X(9)~! = X(9)
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There are some special characters of G which have specific name. The character X defined by X,(g9) = 1 for all
g € G is called the trivial character. For any character X of G, the character X defined by X(g) = X(g) for all g € G is called

the conjugate character of X.
Given any finitely many characters of G, X,..., X, we can define the product character X = X, - X, --- X, such
that forallg € G,

X(g) = X1(9) - X5(9) - X, (9)

Hence for all g € G,
X(g)- X(9) = 1X(g)|* =1

Hence the X is also the inverse character of X. Hence the set of all characters of G forms a group, Hom(G, S1) under

multiplication whose identity element is the trivial character X,

Definition 2.1.2: Dual Group to G

For a finite abelian group G, the group of all characters of G with the identity element X, is called the dual group to
G and is denoted by G i.e. G := Hom(G, S").

Observation 2.1. The dual group G is a finite abelian group. So we can talk about characters ofé too.

Since the values of characters of G can only be |G|*" roots of unity, the dual group G is a finite abelian group.

Lemma 2.1.1 Characters of Cyclic Group
If G is a finite cyclic group of order n and let g be the generator of G, then forall j € {0,1,...,n— 1} define the function

Xj(gk)=ez”i% Vke{0,1,...,n—1}

Yhenaz{Xj:je{0,1,...,n—1}.

Proof: Certainly for all j € {0,1,...,n— 1} defines a character of G. On the other hand suppose, X € G. Then X(g)
" root of unity. Hence there exists j € {0,1,...,n — 1} such that X(g) = e(j/n). Therefore X = X;. Hence
5:{)(]:03an—1}. [ |

must be an n’

Observation 2.2. The characters defined in above lemma forms a cyclic group with X, being the generator of@.

When G = (Z/nZ)*, the characters of G described by X j(a) = 27 like in Lemma 2.1.1 are precisely the classical
Dirichlet characters modulo n, which are of fundamental importance in analytic number theory.

Corollary 2.1.2 Isomorphism of a Cyclic Group with its Dual

If G is a finite cyclic group of order n with g being the generator then G = G by the isomorphism ¢ : g’ X; for all
je{0,1,...,n—1}.

Now we will show that we can extend a character of any subgroup to a character of the group.

Theorem 2.1.3 Extending Characters from Subgroup to Group

Let H be a subgroup of the finite abelian group G and let X;; be a character of H. Then X; can be extended to a
character of G that is there exists a character X € G with X(h) = X (h) forallh € H.
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Proof: Let H be a proper subgroup of G. Let « € G \ H. Then let H; be the group generated by H and « i.e. H; = (H, a).
Let m be the smallest positive integer such that @™ € H. Then for all g € Hj, g can be written uniquely as g = &/ - h where
0<j<mandheH.

Let w be a complex number such that o™ = X, (a™). Then for all g € H; where g = o/ - h, h € H define the
function X, (g) = a)j)(H(h). Then for any g1,92 € H; where g; = al - hy, go = a’l - hy, we have g1 92 = ko hy =
gftkmodm b b Hence

X1 (g1 X,) = @R modmy (hy) - Xy (ha) = @l Xy () - 0F X (h2) = X, (g1) - X, (g2)

Hence X, is a character of H;. And also for all h € H we have X, (h) = X, (h).
So if H; = G we are done. Otherwise we can continue this process above until we get G. This process we have to

do finitely many times as G is a finite group. ]

Therefore if we have two distinct elements g1,92 € G, g1 # g2 then take the subgroup generated by the element
h = g;-g," # 1. Since this subgroup is a cyclic subgroup generated by h, by Lemma 2.1.1 we get a character X of the
cyclic subgroup such that X’ (h) # 1. Then by Theorem 2.1.3 we get a character X of G such that X(h) = X’(h) # 1 and
hence X(g1) # X(g2). Therefore we have the following observation

Observation 2.3. For any two distinct elements g1, g, € G, g1 # g2 we can get a character X € G such that X(g1) # X(g2).

Now consider any character X of G. If g € G such that X(g) = 1 then X(g™!) = 1. Hence the set of all elements
g € G such that X(g) forms a group. This group is called the annihilator of X and is denoted by Ann(X).

Similarly suppose H is a subgroup of G. Then if X € G is a character of G such that X (h) = 1for all h € H then
X(h) = 1forall h € H. Hence the set of all characters X € G such that X(h) = 1 for all h € H forms a group. This group
is called the annihilator of H and is denoted by Ann(H). Since in both cases the notation Ann is used usually the context

will make it clear whether we are talking about the annihilator of a character or the annihilator of a subgroup.

Definition 2.1.3: Annihilator

Let G be a finite abelian group. For any character X € G, the annihilator of X, Ann(X) = {g € G: X(g) = 1} which
is a subgroup of G.

For any subgroup H of G, the annihilator of H, Ann(H) = {X € G: X(h) =1 for all h € H} which is a subgroup
of@.

Now every element of G is a function X which takes an element of G and maps to a complex number in S'. Similarly
we can think of every element of as a function from G to S. In fact for every element g € G define the homomorphism

evy G — S! where evy(X) = X(g). Hence evy is a character of G for all geaG.

Theorem 2.1.4
Let G be a finite abelian group.

(i) IfX € G be any nontrivial character then

D x(g) = (21)
g€G

(ii) Ifg € G withg # 1 then
RS (22)

X€G
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Proof:  Since X is nontrivial there exists h € G such that X(h) # 1. Then

X(h) D X(g) =) X(h-g) =) x(g)

geG geG geG

Hence we have

(X(h)=1) ) X(g) =0

geG
Since we know X (h) # 1 we have ¥, X(g) = 0.
Now from the discussion above for any g € G and X € hG we have X(g) = evy(X). Hence

D x(g) =D evy(x)

xeG xeG

Since g # 1, thereisa X € G such that X (g9) # 1. Hence evy is a nontrivial character of G. Hence by the first part of the
theorem we have Z)(eé evy(X) = 0. [

The above theorem leaves the case when X is the trivial character. Then for all g € G, X(g) = 1. Hence we have

Ygec X(g) = |G|. Hence we have the following corollary
Observation 2.4. For any finite abelian group G. Then

(i) Let X is a character of G.

G| ifx=x
> x(g) = ol Fx=% (23)

9eG 0 otherwise

(i) 161 = 3 o5 Zyec X(9)

So now by counting in two ways for the sum e 2gec X(g) we get the following theorem:

Theorem 2.1.5
For any finite abelian group G, we have |G| = IG|.

Proof: From Observation 2.4(ii) we have

Gl=> > X9 =) > X9 =G

)(65 geG geG )(66

Hence we have the result. [ |

From above theorem and Observation 2.4(i) we get the orthogonality relations for characters.
Observation 2.5. Let G be a finite abelian group.

(i) Let X, t are characters of G. Then

1 E— ifX=r
EZX(Q)'T(Q)Z .
9<G 0 otherwise
(ii) Ifg,h € G are any two elements then
| {1 ifg=n
= P, X9 X(h) =
G Z 0 otherwise

xX€G
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Since we already showed that for every element g € G, evy is a character of G. Theorem 2.1.5 gives us the possibility
that G and G are isomorphic. In Lemma 2.1.1 we already showed that for cyclic groups G and G are isomorphic. In the
next few results we will show that this is the case for all finite abelian groups.

By Fundamental Theory of Finite Abelian Groups every finite abelian group G can be written as a direct product of
finitely many cyclic groups. Hence it is enough to show that if G; and G, are two finite abelian groups and G = G; X G,
then G is isomorphic to the direct product of CA}l and 62.

Theorem 2.1.6 Isomorphism of Product of Dual Groups with Dual of Their Product
Let G; and G; be two finite abelian groups and let G = G1 X G,. Then G = 61 X 62.

Proof: Since G is the direct product of G; and G,, G consists of pairs (g1, g2) where g; € G; and g, € G,. So consider the
map ¢ : G; X G, — G where for any X, € G, and X, € Gy, X = @(X,, X,) is the character of G defined by the following:

forall (91,92) €G  X(91,92) = X(g1,1) - X(1,92) = X,(g1) - X5(g2)

Hence ¢ is a homomorphism. Now we will show that ¢ is an isomorphism.
Let X € G. Then define X,(g1) = X(g1,1) for all g; € G and similarly define X,(g2) := X(1,93) for all g, € G,.

Then X, is a character of G; and X, is a character of G,. And also for any (g1, g2) € G we have

X1(g1) - X5(g2) = X(g1,1) - X(1,92) = X(91,92)

Hence ¢ (X, X,) = X. Hence ¢ is an isomorphism. Therefore G= 51 X 52. u

Theorem 2.1.7 Isomorphism of Group with its Dual

For any finite abelian group G, G is isomorphic to G.

Proof: By Fundamental Theorem of Finite Abelian Groups, G can be written as a direct product of finitely many cyclic

groups i.e. there exists cyclic groups Zy,, Zy,, . .., Zp, such that
G =2y XZp, X+ X2y,

Hence by repeated use of Theorem 2.1.6 we have G = an X an XX an. Since by Lemma 2.1.1 for all i € {1,2,...,k},
Z,i = Z,, we have G= Zp, X Zpy X -+ X Zy, = G Hence we have the result. [ |

§ 2.2 Characters of Finite Fields

In a finite field IF, there are two inherent group structures-namely, the additive group and the multiplicative group. The
nonzero elements of IF, forms a cyclic group of g — 1 elements under multiplication and the whole IF; forms a group of g

elements under addition.

2.2.1 Additive Characters of IFq

We first turn to the additive group of IF,. Characters of the additive group IF, are called additive characters of IF;. We
denote the set of all additive characters of IF; by X,.
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Suppose p be the characteristic of IF,. Then the prime field contained in IF; is IF,,. Let Tr : IF; — IF,, be the absolute
trace function from IF; to IF,. Then define the function X, by

ZﬂiL(“)
Xi(a)=e"""7 Vacl,

Then X, is an additive character of IF; since for all ay,a, € Fg, Tr(ay + a2) = Tr(ay) + Tr(a;) and hence X, (a7 + a2) =

X, (a1) - X, (arz). This character X, is called the canonical additive character of IF.

Theorem 2.2.1 Structure of Additive Characters

For § € IF, define Xﬁ with Xﬁ(a) =X,(B-a) foralla € IF,. Then Xﬁ is an additive character of IF4 and every additive
character of IF is obtained this way i.e. V X € Xy, there exists § € IF; such thatV a € Fy, X(a) = Xﬁ(a),

Proof: Now for any ay, a; € IFy, we have

Xplay+az) = Xy (f(ar + a2)) = X1 (B~ an) - X, (- o) = Xg(er1) - X g(ax2)

Hence X 5 is an additive character of IF,.
Now we will show that for any two distinct 1, f; € [F, with f; # f there exists an a € [Fy such that X 5 (o) #
Xﬁz (a). Suppose that is not the case. Then for all & € IFy,

Xp (@) = X5 (@) &= X,(Br-0) =X, (B2 o) == X,((Bi~fo)a) =1

Now X, ((B1 = f2)a) = 1 forall a € [Fy if and only if Tr((B; — f2)a) = 0 for all & € IFy. Since Tr(X) =X + XP +- .- +xP"
where g = p”. Since Tr is IF,~linear, Tr((f; — f2)X) has p” roots in [F, which is more than the degree p"~!. Hence
Tr((p1 — B2)X) is the zero polynomial. Therefore f; = f. So for any two distinct f;, B, € Fy with f; # f; there exists an
a € F4 such that Xﬁl(a) * Xﬂz(a).

Hence for every € IF, we have a distinct additive character. Therefore we have g additive characters. Since there

are q additive characters of IF, by Theorem 2.1.5 every additive character of IF; can be obtained the above way. [ ]

The orthogonality relations in Observation 2.5 when applied to additive characters and along with Theorem 2.2.1

gives the following result.

Theorem 2.2.2 Orthogonality of Additive Characters

(i) For any a € IF, the corresponding additive character is X ,. Then

0 ifa#0
S xm=1 -
yeF, q lfa:O

(ii) For any two additive characters X ,, )(b wherea,b € IFy,

— ifa+b
PIEACRAER S
yeF, q ifa=b
(iii) For any two elements a, € IFy,
ifa#p

D X@ X B =1
celFy q lfa=ﬁ
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2.2.2 Multiplicative Characters of IF,

Characters of the multiplicate group I are called multiplicative characters of IF4. We denote the set of all multiplicative

characters of IFg by M. Since IF; is a cyclic group of order g — 1 by Lemma 2.1.1 we have the following:

Lemma 2.2.3 Structure of Multiplicative Characters

The group of multiplicative characters of IFy is a cyclic group of order q — 1 and are given by {i/;: 0 < j < q— 2} where
if g is the generator of IFy then for allk € {0,1,...,q — 2} we have ¢j(gk) = eZ”iqj%cl where Y is the identity element
of the group and the trivial character.

Every multiplicative character i of IF, has the property that /97! = . Let ¢/ be the generator of the cyclic group
of multiplicative characters. Then v is called the principal character. For any multiplicative character ¢ of IF, we say ¢/
is of order d if /% = 1y and d is the smallest positive integer with this property. We use ord() to denote the order of .
Hence d | ¢ — 1. We say ¢ is of exponent e if ° = 1. Clearly d | e where d is the order of ¢/. Let Mgf) denote the set of

all multiplicative characters of M, of exponent e.

For odd q a special multiplicative character of interest is the quadratic character. It is denoted by 7. It only takes the

value +1. So ordn = 2. For all @ € F}, n(a) = 1 if  is a quadratic residue and —1 if « is a non-quadratic residue.

Therefore for all a € IF,, we have n(a) = """, The Legendre symbol (g) for any a € IF, is defined by n(a) = (g)
q q

For any multiplicative character ¢ of IF, the value of 1/(—1) is of special interest. We obviously have 1/(-1) = +1.
Let ord(y/) = m. Then m | ¢ — 1. Hence values of i are m*" roots of unity. Therefore 1/(—1) can be —1 if m is even. Let g
be a primitive element of IFq i.e. IF is generated by g. Hence y/(g) = {i where {p, is the m*" root of unity. If m is even

Y(-1) =y (g(q—n/z) _ r(:,wz

Now

q-—1

_ -1 m
r(:l)/z: q Emodmﬁ—flmOdz
m

-1 & — =
2
So m should be even and %1 should be odd. Therefore we have the following two observations.
Observation 2.6. For any multiplicative character y € Mg, y(=1) = -1 if and only lf‘%1 is odd and m is even.
Observation 2.7. Ify € M, is the principal multiplicative character of IF; then /(-1) = —1.

Suppose d | g — 1. Then for every multiplicative character ¢ of exponent d and for every a € IF, we have

Y(a?) = y%(a) = 1. Hence ¢(a) = 1ifar € (]F;)(d). Conversely if /(a) = 1 for every a € (]F:;)(d) then ¢¢ = ¢Jy. Hence

¥ is a character of exponent d then /() depends only on the cosets of Fy / (F*)(@- Therefore there are precisely d such
q

characters of exponent d.

Theorem 2.2.4 Character Sum over dth-Power Characters

Suppose d | q — 1. Suppose a € IFy. Then

. 3\ (d)
T x@)- d ifae (F)

YL 0 otherwise

Proof: The characters of exponent d are characters of the group Fy / ¢r () - Hence this follows from Observation 2.4. m
(IFq)( )
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Again, the orthogonality relations in Observation 2.5 when applied to multiplicative characters gives the following:

Theorem 2.2.5 Orthogonality of Multiplicative Characters

(i) For any multiplicative character y of IF,

Nu@={" TEn
acF; q-1 ify=1vo

(ii) For any two multiplicative charactersy and A of Iy,

— i A
@ a@=1"
ek, q-=1 ify=2
(iii) For any two elements a, € F7,
S (@) ¥ = sz
yeM, q-1 ifa=p

Therefore the multiplicative characters form an orthonormal basis on all complex valued functions from IF;, to C.

So we have the observation

Observation 2.8. obs:mult-char-fourier-basis The set of multiplicative characters My of IF forms an orthonormal basis for

the vector space W of all complex valued functions ¢: Iy, — C.

Usually we extend the definition of multiplicative characters to the whole IF, so that we can define special character
sums over the whole field. Let ¢ is a multiplicative character then 1/(0) is defined to be 0 if ¢ is nontrivial multiplicative
character and /(0) = 1 if ¢/ is the trivial character.

2.2.3 Lifting of Characters to Finite Extension

Let E be a finite extension field of IF,. Let X; and y; be the canonical additive characters of IF; and E respectively. Let
Trg/r, be the trace function from E to IF,.
Then X, and y; are related by the identity

X (Trge, (@) =pi(a) Va€eE

Since the trace function satisfies transitivity property we have Trg = Trp, o Trg/p,. Hence for all « € E, p(a) =

X, (Trgsp, (@))-
Similarly if 1/; and A, are principal multiplicative characters of IF; and E respectively then,

Ai(a) =¢1(Ngjg, (@) Vae€E

where N E/F, is the norm function from E to IF,.

In the opposite way for any additive character X of IF; or multiplicative character i of IF; we can lift the characters
to an additive and multiplicative character of E respectively by taking X o Trg/p, and ¢ o Ng/p, respectively. We denote
these by X = xo Trg/r, and tﬁm =1 oNg/p, wherer = [E: TFq].

In the following sections we will be working with hybrid character sums which are formed by taking product of
multiple characters of both kind. Hence we will be using X, 7 to denote additive characters and , A to denote multiplicative

characters.
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§ 2.3 Gaussian Sums

Having studied additive and multiplicative characters of IF, separately, we now turn to hybrid sums that interleave both
types. The first and most fundamental such object is the Gaussian sum. A Gaussian sum is formed by taking the product
of a multiplicative character and an additive character and summing over all nonzero elements of IF,. The interplay
between the two kinds of characters gives remarkable algebraic and analytic properties, and they will serve as the key

tool throughout this chapter. We define them as follows.

Definition 2.3.1: Gaussian Sum

Lety be a multiplicative character and X be an additive character of IF;. Then the Gaussian Sum associated to { and
X is defined as

G ) = ), (@) X(a)

5
aclF,

The absolute value of the Gaussian sum is at most g — 1 by the triangle inequality. However, we will see below that
when both 1/ and X are non-trivial, |G(¢, X)| = /g — far smaller than this naive bound.

Theorem 2.3.1 Evaluation of Gaussian Sums

Let i be a multiplicative character and X be an additive character of IF. Then

q_l ifI//ZI//O’X=X0
GW.X)=y-1  ify=yo, X # X, (2.4)
0 iy # Yo, X = X,

If Y is non-trivial multiplicative character and X is non-trivial additive character then |G (¢, X)| = +/q.

Proof: Ify =y and X = X, then for all & € IF;, we have /() =1 and X(a) = 1. Hence G(yo, X;) =q— 1.

Now suppose { = iy and X is non-trivial additive character. Then by Theorem 2.2.2(i)

Go.X)= ) X(@)= ) X(@)=X(0) =1

*
aclF aclF,

Let ¢ be a non-trivial multiplicative character and X = X,. Then for all « € F; we have X(a) = 1. Hence by
Theorem 2.2.5(1)

G Xo) = ), ¥(@) =0

i
aclF,

So now assume both i and X are non-trivial multiplicative and additive characters of IF, respectively. Then we
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have

G, V) =Gy, X) - G(, X)

=(Z WW)(Z t//(ﬁ)-X(ﬁ))

aclF;, BeFy
= >0 > Y@ X(@) -y (B - X (P

acF; peF;
=3 > Y e xB-w

acF} pelF;
= > D> v Xaly-1) [Takey = -]

aclF yelFy

= > v | D) xay-1)

yelE, acF,

= Z Y(y) - Z X(a(y —1)) |- Xx(0) Z ¥ (y)

yE]F:‘I ae]Fq yEIFf]
= Z Y(y) - Z X(a(y-1)) [By Theorem 2.2.5(i)]
ye]FﬁI aclF,

Hence by Theorem 2.2.2(i)

0 ify#1
2, Maly-m)=1"
ek, q ify=1
Therefore |G(1/, X)|? = /(1)q = q and so we have the required result. [

Now under various transformations of the additive or multiplicative characters Gaussian sums gives some useful identities.

We will see some of these below.

Lemma 2.3.2 Gaussian Sum ldentities

Gaussian sums for the finite field IF; satisfy the following identities. For any a € IFy let X, be the additive character
defined as in Theorem 2.2.1. Let y € My be any multiplicative character and X € X, be any additive character of IF.
Then we have the following identities

(i) Gy, X)) =y (a)-G(, X,) foranya € F; andb € F,.
(ii) G, X) = Y (1) - G(¥, X).
(iii) G, X) =Y (-G (Y, X).
(iv) G(, X) - G(, X) = ¥(~1)q if  and X are non-trivial multiplicative and additive characters of F, respectively.

W) GY*, x,) =G, Xa(b)) forany b € By where p = char(IF;) and 0(X) = X? be the Frobenius map of IF.

Proof:

(i) Foranyy € IF; we have X, (y) = X,(ab-y) = X (a-y). Hence

G Xy) = Y V(W) Xy () = D ¥(y)-Xy(a-y)

yelFg yelFg
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Now taked = a-y. Theny = a™! - d. Hence
G Xy) = Y (@) - X,(d) =y(a™) D y(d) - X, (d) = (@) - Gy, X,)

deF;, deF;,
Hence we have the first identity.

(if) Now we have X = X, for some suitable b € IF,. Therefore X = X(—1)~b' So by the first identity we have G(i/, X) =
Y(-1) -G, X,) =¢¥(-1) - G(¢, X). The last equality holds because y(—1) = 1.

(iii) Now again we have X = X , for some suitable b € [F,. Hence X = X Again by using the first identity we have

(-1)b°
G X) =G (VX (1)) = 9D - G X,) = Y(=1) - G )
Now from the definition of Gaussian sums we have G(i/, X) = G(i/, X). Hence we have the required identity.
(iv) Using part (ii) and (iii) we have
G, X)- G, X) = Gy, X) - Yy(~1)G(, X) = Y(-=1) - |G(, )

Since ¥ and X are non-trivial multiplicative and additive characters of IF, respectively by Theorem 2.3.1 we have

|G(¥, X)|? = q. Hence we have the required identity.

(v) If Tr is the absolute trace function from IF, to IF, then for any a € IF; we have Tr(a) = Tr(a”). Hence X, (&) =

X (a?). Hence for any a € [Fy, we get X, (@) = X,(b-a) = X, (b - a?) = Xa(b)(ap). Therefore

GWP. X,) = D ¥ (@) Xy(@) = > P(aP)X ) (@) = G X o)
aeIF:} zzeIFf]

Therefore we have the required result.

Now we can use Gaussian Sums in a variety of context. For any multiplicative character i we can express the value
of i at any nonzero « € IF, using Gaussian sums and additive characters. And similarly for any additive character X of
IF, we can express the value of X at any nonzero a € IF; using Gaussian sums and multiplicative characters.

Now by Theorem 2.2.2(iii) for any a € IF; we have

Pla)== > 9B Y. X(@)X(B)

1
1 jer, ceFy

ST X@ Y Yp) - Te(p)

celFy el

=13 (@ 6. Te)

celFy

=2 3 6. DX (@)
q

xeXq

1
q

This may be thought of as the Fourier expansion of ¢ in terms of the additive characters of IFy, with Gaussian sums
appearing as Fourier coefficients.

We can do similar thing for multiplicative characters of IF,. By using Theorem 2.2.5(iii) we get
1 —
Xa)=— > GINX(e)
q yeMy

This can be interpreted as the Fourier expansion of the multiplicative characters of IF; with the Gaussian sums as Fourier

coefficients. Hence we have the observations:
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Observation 2.9. For any multiplicative character { and additive character X of Fq and any a € [F; we have

(i) y(@) =5 % GHNX(a)

Xeq
aoﬂm=ﬁu§4a%nwm

We now give another special formula for Gaussian sums for 2-degree extension of finite fields and it has a lot of

application. But this has a restriction on the underlying field.

Theorem 2.3.3 Stickelberger’s Theorem

Let q be a prime power and y € My be a non-trivial multiplicative character of F . of order m such thatm | q — 1.
Let X, be the canonical additive character of IF ;2. Then

q ifmisoddor ‘%1 is even
Gy, X,) =

—a 8 i
q ifmisevenand <~ is odd

Proof:  For brevity of notations we write E = Fjz. Let y be a primitive element of E. So set g = y?tL. Therefore
¢97! = 1 and so we get g as primitive element of IF,. Therefore for all & € E* there exists unique j € {0,1,...,¢q— 1 and
k €{0,...,q+1} such that & = g/ - y*. Hence y/(g) = ¥9*'(y) = 1 as ord(y)) = m | g + 1. Therefore we have

-2

Q

Gy, X)

9
Zlﬁ(g"w")%l(gj-yk)
k=0

q-2 A
AODWACS

Jj=0

w(y)ZX(axk

aclF,

- e 1

Let 7; is the canonical additive character of IF, then for any « € IF(*] and k € {0,1,...,q} we get

Yoy = o (Trem, (@ v9) =71 (o Trr, (79))
Hence we get

-1 if Trg/p, (YF) #0
Z X (a- X5y = Z T (a-TrE/]Fq(Yk)) = ) Fa r
acl; ek, q—1 if Trg/p, (y*) =0

Now since [E : qu] = 2 we have TrE/]Fq(Yk) — yk " yk-q' Therefore
Trer,(YF) =0 &= y =—/F = ) =

+1
q and therefore we have

Z Xl(a')(k) =

. _ g+l
D(E]F; q -1 lfk =5

So if g is odd then y*@~) = -1 = k=

-1 ifkz 22

And by using Theorem 2.2.2

9
Gy, X)) =q- lﬁqﬂ/z()’) - Z lﬁk(y) =q- w(‘ﬁ”/z
k=0
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Recall that ¢ has order m and m | g + 1. Therefore /“*"2(y) = +1. Now if %1 is even then we can rewrite

PR = ) T =1

So suppose %1 is odd, say q—;ll = 2¢ + 1 for some ¢ > 0. Since q is odd, q + 1 is even, and as (g + 1)/m is odd the factor of

21in g + 1 must lie entirely in m; in particular m is even. Writing qTH =ml + 7, we get

PG = @) ) = ).

Now ¢/"/*(y) is a square root of unity since order of / = m and y is primitive element of E we have y/'""/?(y) = —1.
Therefore G(y, X,) = (1) . g. So we have the theorem. |

We can give a relation between Gaussian sums a multiplicative and additive character and Gaussian sum of lifted
characters. To build that relation we need the theory of L-functions in section 2.5. Later we proved the Davenport-
Hasse Theorem which gives this relation.

Before going into this in the next section we will define another hybrid sum called Jacobi Sums. Like Gaussian sum
this also has many important applications. In the later sections we will use both Gaussian sums and Jacobi Sums to prove

many interesting results

§ 2.4 Jacobi Sums

Jacobi sums form another class of exponential sums which are of great importance in algebraic number theory. Jacobi
sums are defined on product of many multiplicative characters.

Let ¥y € M, is a multiplicative character of IF;. So we extend the definition of i following subsection 2.2.2 by
setting 1/(0) = 1 if ¢/ is the trivial character and /(0) = 0 if ¢ is a non-trivial character. From now on by default we will
always use this extended definition of multiplicative characters.

So now let Ay, A3, ..., Ak € M be k multiplicative characters of IF;. Let « € IF; be fixed. Then define the sum

JeQi ) = T Ai(en) - Aal@a) -+ Ak

Thus in the above sum there are ¢*~! terms. Now if « # 0 then define f; = &~ ! - a;. Then fy + - - - + i = 1 and the above

summations gives us

JeOu,o k)= Yo dala- ) Al o)

ﬁlw-:ﬁke]Fq
Prt-+fr=1
=A@ D M) Ak(B)
P ﬁke]Fq
Prt+fr=1

= (A (@) - (A, - Ak)

Because of this relation it is enough to consider only the sums Jo(Ay,...,Ax) and J1 (A4, ..., Ax). The second sum is called

the Jacobi sum and it has more important applications and so we use a slightly simpler notation.

Definition 2.4.1: Jacobi Sum ]

Let Ay, ..., Ak € My be multiplicative characters of IF;. Then the Jacobi sum is defined by

JOL- ) = D ) A(aw)
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Now we want to find the value of J(Ay,...,Ax) and Jo(44,...,A). If k = 1 then J(1) = A(1) = 1for any 1 € M,
of IF,. And Jo(A) = 0if A is non-trivial and its 1 if A is trivial multiplicative character. Therefore, Jacobi sums are only of

interest when k > 2. Now first we have the following observation

Observation 2.10. By the definition of the Jacobi sums J(A1, ..., Ax) and Jo(A1, ..., Ax) are independent of the order in which

the characters A; are listed.

2.4.1 Evaluating Jacobi Sums

We begin with the degenerate cases where at least one character is trivial, then build up to the general absolute-value

formula via the key connection to Gaussian sums.

Lemma 2.4.1 Jacobi Sums with Trivial Characters

Let Ay, ..., Ak € My are multiplicative characters of IF,. Then

(i) If Ay = - -+ = Ak = o where Yy is the trivial multiplicative character then
J(Als LR aAk) :JO(Ala e ’Ak) = qk_l

(ii) If some but not all A;’s are trivial then

](Al,...,lk) 2]0(/11,...,/‘1]() =O

Proof:

(i) Since all A;’s are trivial for all « € IF4, A(«) = 1. Hence each term of both the Jacobi sums give 1. Now the sum is
over ¢*~! choices of (ay, ..., ax) € IF’q‘. Hence J(Ay, ..., A) = Jo(Ar, ..., Ap) =¢F L

(i) WLOG suppose Ay, ..., A, are non-trivial multiplicative characters where 1 < ¢t < k and A4, ..., A are all trivial.

Then we have

JOu- )= D Ale) - A
= > Aia) - Alar)

Now for any fixed a;, ..., a; € IF, there are qk_t_1 solutions of (as41,...,ar) suchthat ayq + -+ =1— (a; +

-+ + a;). Therefore we get

JOu ) = Y Aen) - Ai(en)

ay,...ar €Fy

=gt ﬁ( Z Ai(ai))
i=1 \a;€lFy

=0 [By Theorem 2.2.5(i)]

With a very similar argument for Jo(Ay, ..., Ax) we get the identity.

Before going to the case where all A;’s are non-trivial we will show that a relation between Jy(A4,...,Ax) and
J(A1, ..., A). This will show that studying J(1i,. .., A) suffices to study all kinds of Jacobi sums.
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Lemma 2.4.2 Relation between J, and J

Let Ay, ..., Ax € My are multiplicative characters of IF, with Ay is non-trivial. Then

if Hf;l A; is non-trivial

]O(Ala"'>Ak) = k
M(=1)-(q—=1) - J(M, ..., A—1)  if Tliz; A is trivial

Proof: For k = 1, we already showed Jy(1;) = A;(0) = 0 as A; is non-trivial by hypothesis. So suppose k > 2. Then we
have

Ty k) = D Jalhiyo ) - Ala)

aclF,
- ( ] Ai) (=@) - J Oy 1) - Ae(@)
acF, \i=1
k-1
=J O her) ) (1_[ Ai) (-@) - M (@)
acF, \i=1
k-1 k
- (1_[ Ai) (1) TG hn) ) (1‘[ A,-) (@)
i=1 acF, \i=1

Now by Theorem 2.2.5(i) if I—[ll-‘:1 A; is nontrivial then the sum 0, so the first case is shown and if ]—[f:1 A; is trivial then the
last sum is ¢ — 1. Now since ﬂé‘:l A; is trivial Hf:_ll A = E(—l) = Ax(-1). So we have

]0(/11"”’/1]() :Ak(_l) : (q_l) '](Al""’lk—l)

Hence we have the lemma. [ |

Hence the only case for Jy(44, ..., Ax) for which we still don’t know the absolute value is the case when all A;’s are
non-trivial and [T%_, A; is trivial. Since we understand Gaussian sums very well we will first build an important connection
between Jacobi sums and Gaussian sums that will allow us to calculate the absolute value of Jacobi sums.

Theorem 2.4.3 Jacobi—-Gaussian Sum Relation

Let Ay, ..., A € My are non-trivial multiplicative characters of I, and X € X is a non-trivial additive character of
IF,.

(i) Ifozl is non-trivial then
_ G(Alsx) : G(Az» X) e G(Ak! X)

TJ(A1, . ) G(Ay -+ A, X)

(ii) If]_[f:1 is trivial then

JAs o A) = A (=1) - J (A4, - ., Ag—1)

1 k
=—]]etun
9 i

Proof: Since each A;’s are non-trivial we have A;(0) = 0. By definition of

G(As, X) = Z - X(a) = Z Ao - X(@)

oG E]F; (Z,’E]Fq
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So now we will try to express the product of Gaussian sums as product of a Jacobi and a Gaussian sum.

k
G(A1, ) -+ G(h X) = ]‘[( D Aila) ~X(a,-))

i=1 \a;€lFy

k k
(l_[ Ai(ai)) 'X( 051')
g \i=1 i=1

ay,...,ar€F =

RCEON

aclFy, ap,...ax€Fy
a1+ tak=a

= Z X(@) - Ju(Ars ..o Ak) (2.5)

aclF,

g

k
i1

12

/11'(051'))

= 0. Now since for all a € lF; we have

Now if ]_[{-“:1 A; is non-trivial then by Lemma 2.4.2 we get Jo(Ay,..., Ax)
Ja(Al, oo Ap) = ( le Ai) () - J(A4,...,Ar). Therefore we have

k k
(]_[ A,—) (@) X(@) =] (M. i) -G (ﬂ /Ii,)()

i=1 i=1

k
[eGu0 =70, ) ]

- *
i=1 zxe]Fq

Since X is non-trivial and Hf—czl A; is non-trivial we have G(A; - - - A, X) # 0 by Theorem 2.3.1. So we have the first result.
Now if ]—[é‘:1 A; is trivial, then for all « € lF; we have J,(A1,...,A) = J(A1, ..., Ak). Hence rewriting the equation

in (2.5) we get

k
[Je(un = > x(@) - Jalhs, . 20)
i=1

aclF,

= Jo(s- s ) + T Ai) Y X(@)

aclFy

:]0(A1>""Ak) + (q_ 1)](/119'5/1]()

D T A

aclF,

k
Z ]_[ Ai(ai)

ap,...ap€Fy i=1

k
1_[ ( Z /Ii(ai)) =0 [By Theorem 2.2.5(i)]

i=1 \ackF,

[By Theorem 2.2.2(i)]

Since Ay is non-trivial and I—[lf:1 A; is trivial using Lemma 2.4.2 we have

M(=1)-(q=1) - JA1, .. ) + (@ =D J (A1, A4) =0 &= J(Ag,.. 0, ) = =A(=1) - J(A1, .., Akq)

So we already got the first expression for the second case. Since Hf—“:_ll A; is non-trivial by induction hypothesis we get

S = oy SOl )

= Ae(-1) G, ) -+ G 1) [Since A; - - - A trivial, A; - - Ag_y = Ag]
G(Aks X) . G(Ak’ X)
=M (-1) G X) - Gl %) [By Lemma 2.3.2(iv)]

Ak (=1)gq
- é G(AL X) - Gk, X)



§2.4 Jacobi Sums Page 46

Hence we obtain the second expression. Therefore we have the theorem. [

Now we have all the results to calculate the absolute value of the Jacobi sum for non-trivial multiplicative characters.

So we have the following theorem.

Theorem 2.4.4 Absolute Value of Non-trivial Jacobi Sums

Let Ay, ..., A € My be non-trivial multiplicative characters of IF,. Then

q* " IFTI, Ay is non-trivial

|J(A1s - )| =
q“ PP IfFTI, Ay is trivial

Proof:  Suppose Hf;l A; is non-trivial. Then for any non-trivial additive character X € X, of IF; by Theorem 2.4.3 we

get

G(Ar - A, X)
Since each A; non-trivial by Theorem 2.3.1 we get |G(A;, X)| = g% for all i € [k] and |G(A; - - - A, X)| = ¢'/*. Hence we get

](Al"":Ak) =

nle |G(/1is)()| _ (@12

Moo M) = =
17 (A1 k)| G A )]

Now suppose Hif:l A; is trivial. Then again by Theorem 2.4.3 we have

JAs s ) = =Ae(=1) - J (A, - o5 Ak1)

Now since H{;l A; is trivial and Ay is non-trivial we have Hf:_ll A; is non-trivial. Hence by using the first case we have
(A1, ..., Ake—1)| = ¢" 72 Hence J(Ay, ..., Ak)| = ¢" /2. Therefore we have the result. [

Using the value of J(Ai,...,A;) we can also get the absolute value of Jy(Ay,...,Ax) when all A;’s are non-trivial
and [1%, A, is trivial.

Corollary 2.4.5 Absolute Value of J for Non-trivial Characters

Let Ay, ..., Ax € My be non-trivial multiplicative characters of IF,; and Hle A; is trivial. Then
[Jo(A1s -5 )| = (g - l)q(k—z)/2

Proof: Using Lemma 2.4.2 we have Jo(A1,...,A4) = 4 (-1)-(g—1) - J(A1,...,Ak—1). Now since Héc:l A; is trivial and
Ak is non-trivial we have I—[i-:ll Ai is non-trivial. Therefore by Theorem 2.4.4 we have |J(Ay, ..., Ar_1)| = ¢* /2. Therefore

together we have the corollary. [

Combining Lemma 2.4.1, Lemma 2.4.2, Theorem 2.4.4, and the corollary above, we obtain a complete description

of the absolute values of Jacobi sums in all cases.

Theorem 2.4.6 Complete Evaluation of Jacobi Sums

Let Ay, ..., A € My be multiplicative characters of IF;. Then

(i) If A; is trivial for all i € [k] then J(Ay,..., Ax) = Jo(Ax, ..., Ak) = ¢F~ L.
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(ii) If some but not all A;’s are trivial then J(Ay, ..., A) = Jo(A1,..., Ak) = 0.
(iii) If all A;’s are non-trivial and ]—[f:1 A; is non-trivial then |J(Ay,...,Ax)| = q(k*l)/2 and Jo(Ay,...,Ax) =0.

(iv) Ifall A;’s are non-trivial and ]—[é‘:1 Ai is trivial then |J(Ay, ..., A)| = ¢* 7 and | Jo(Ay, ..., A)| = (g—1)g* 2.

2.4.2 The Davenport-Hasse Relations

The case k = 2 is the one that appears in most arithmetic applications. The central result here is the Davenport-Hasse
product formula, which expresses a high power of a Gaussian sum as a product of Jacobi sums. We first establish a useful
preliminary identity.

Lemma 2.4.7 Gaussian Sum Power via Jacobi Products

Let A be a multiplicative character of IF; of order m > 2 and let X be a non-trivial additive character of Fy. Then

GAN™ =A(=1)-q-J(AA) - J(AA%) -+ J(A,A™7%)

Proof: If m = 2 then 1 = 1and so G(LX)? =GN X) -G(z, X) and the right hand side becomes A(—1) - ¢ which we
already have from Lemma 2.3.2(iv). So now suppose m > 3.

Then from Theorem 2.4.3 we have for all i € [m — 2]

G(AX)-G(AL,X)

](Aa/li) = G(A*+1, X)

Therefore taking product of all J(A, ") for all i € [m — 2] we get

m-—2 m-—2 i
JOA = 1—[G()L X) -G X)

LT o0
» G, X)
=GN —
TSN
_G™N (L))
T G(AmLx)
Since ord(1) = m we have A1 = 1. Therefore we have
m=2 m—1 m m
n](l,/li):G mE/ll,)() _ _G A% :G A, X)
= GA™ LX) G Xx)-G(Ax) A=1)-q
Therefore we have the lemma. [

Now we give another result of relation between Gaussian sums for the k = 2 case. This gives relation between
two Gaussian sums on non-trivial multiplicative characters of different orders using Jacobi sums. We will not prove this

theorem as it is far too complicated to be included in here.

Theorem 2.4.8 Davenport—Hasse Product Formula

Lety, A € Mg be multiplicative characters of IF4 such that ord(A) = m > 2 and Y™ is non-trivial. Let X, € X, be a
non-trivial additive character of IFy as defined in Theorem 2.2.1. Then

G(w Xb)m m—1
N [Iﬂwﬂ
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Over the prime field IF, the Davenport-Hasse relation admits a more explicit form, in which the root of unity
appearing on the right hand side is written in terms of a primitive root modulo p. This form appears as Theorem 3 in the

paper of Huard, Spearman and Williams.

Theorem 2.4.9 Davenport—Hasse Relation over ]Fp, [HSW95, Theorem 3]
Letm > 2 and n > 1 be integers, let p be an odd prime with p = 1 mod mn, and set f = (p —1)/mn. Let g be

a primitive root modulo p, and for any integer I # 0 mod p let indy(l) denote the least nonnegative integer with
g% = I'mod p. Set frun = €™/™ and let A € M, be the multiplicative character of order mn determined by

A(g) = Pmn- Let X € X, be a non-trivial additive character of IF,. Then for everyt =1,...,m—1,
G(A™, x) - [175 G(A™, X) nt-indy (n)
j=0 ) G(AmI*t, X) " ,

equivalently,

1—[ T J(A™, ) ) _ g indy (n)
J(AH,28) Pran '

As an application of the Davenport-Hasse product formula, together with the evaluation of Jacobi sums in The-
orem 2.4.6, we obtain the following closed form for the product of Gaussian sums on the m characters ¢ - A’ twisting ¢/
by the powers of A. The two cases reflect the parity of m, with the even case picking up an extra quadratic Gaussian sum

G(n, X,) where 1 is the quadratic character of IF,.

Corollary 2.4.10 Product of Twisted Gaussian Sums

Lety, A € My be multiplicative characters of Fy such that ord(1) = m > 2 and y™ is non-trivial. Let X, € X be a
non-trivial additive character of IF; as defined in Theorem 2.2.1.

q" Gy X ) ifm is odd

m
l_[G([’b./lj’Xb) - 1 2 2
=0 (_1)(q* )(m=2)[g q(m— )2, G(Us Xb) . G(l//m’)(mb) lfm is even

Proof:  Since ord(1) > 2 and y/™ is non-trivial we have i/ - A/ is non-trivial for all j € [m — 1]. By Davenport-Hasse Prod-

uct Formula we have

G(lﬁ b)m m—1
Gy™ x ]_[J(lﬁ )

Now by using Theorem 2.4.3 on the right hand side of this expression we get

G(Eﬁ, Xb)m _m71 G(lﬁ, Xb) 'G(Aj:)(b) m—1 ] (/1] Xb)
oty 1 gy 0w gy,
So together we have
m-1
Gy -4, X,) =™ X,) ]_[ G, X,) (26)

I
o

J

Notice we already obtained the left hand side and one term in the right hand side correctly. So now the value at right only
depends on the product of G(A/, X,)’s.
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Now if m is odd then we have

m—1 (mfl)/z
G, x,) =[] 6. x)60m,x,)
j=1 j=1
(m-1)/2 .
= 1_[ GV, X,) -G, X,) [As ord(1) = m = odd]
j=1
(m=1)/2
= 1—[ M(-1)-q [By Lemma 2.3.2(iv)]
j=1
(m-1)/2
=" [] Ve

j=1
Since m is odd by Observation 2.6 we have A(—1) = 1. Therefore

-1

3

G(A,x,) =q" "

Il
—

J

So we have the first case together with (2.6). Now for the remaining case of m being even we have

m—1 (m=2)/2
[[oW.x) =6 x,) [ 6W.x,)6(™,x,)
Jj=1 j=1
(m=2)/2 .
=G(n,X) 1_[ G, X,)-G(AM, X,) [As ord(1) = m = even]
j=1
(m=2)/2
=G(n,X) 1_[ M(-1)-q [By Lemma 2.3.2(iv)]
j=1
(m-2)/2
=q""Gmx,) [] ¥(-1)
j=1

Again by Observation 2.6 since m is even if ‘%1 is odd then A(—-1) = 1 and if ‘%1 is even then A(—1) = 1. Hence we can
write A(—=1) = (—=1)"“""/™_Therefore

-1
G(/l Xb) _ ( 1)(q 1)(m-2)fs q(m—z)/z G(?],Xb)

S

I\
—-

J

So together with (2.6) we have the result. [

Corollary 2.4.11

Lety, A € Mg be multiplicative characters of Fy such that ord(A) = m > 2 and Y™ is non-trivial. Let X € X, be any
non-trivial additive character of IF,. Then

Tow 2 =ymm-cm 0 [ ] 6.0
Jj=0 j=1

where for anyy € Fq, X,,(y) = X(m - y) similar to as defined in Theorem 2.2.1.

Proof: By Davenport-Hasse Product Formula we have

GW.N" _ 1 j
D gﬂw)
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Now using Theorem 2.4.3 for any j € {m — 1} we have

S = G, X) -GV, x

G(y-M,X)
So replacing J(, A7) we get
G, )™ T G X) -G, X ma T G, X
cymn 11 ey WY l_[ G A7)
So we get the final relation
m—1
Gy~ ) =G X,) ﬂ G, X) (27)
Jj=0
Now by Lemma 2.3.2(i) we have G(y™, X,,,) = ¢~ (m)G(y™, X). So replacing G(y™, X,,) we get the theorem. [ ]

Since for the trivial multiplicative character /o € Mgy we have 1° = ). Therefore ]—I;-":BI GM,x) = -[175 LG, X)
by Theorem 2.3.1. Therefore from (2.7) we have

[u

m— m-—1
G- M) ==Gy" Xy [ | 6. %)
Jj=0 =0

So we get the following observation:

Observation 2.11. Let ), A € M, be multiplicative characters of IF; such that ord(d) = m > 2 and Y™ is non-trivial. Let
X € X4 be any non-trivial additive character of IF;. Then

S

m—1
Tow-#) =-p=m) - Gm, 0 [Jow. 0

Jj=0

~.
I}
=]

2.4.3 Application: Fermat’s Two-Square Theorem

A classical application of the arithmetic of Jacobi sums is a short representation-theoretic proof of a celebrated theorem
of Fermat: every prime p = 1 mod 4 is a sum of two integer squares. The key point is that when A is a multiplicative

character of IF,, of order 4, the Jacobi sum J(4, ) lies in the ring of Gaussian integers Z[i] and has absolute value exactly

N

Theorem 2.4.12 Fermat’s Two-Square Theorem

Let p be an odd prime with p = 1 mod 4. Then there exist integers A, B € Z. such that p = A* + B%.

Proof: LetA,n € M, are multiplicative characters such that ord(1) = 4 and 7 is the quadratic character. Since ord(4) =
4, A takes values in {£1, +i} C Z[i], and since 7 takes values in {+1} C Z, the Jacobi sum

Jm = ) Me)-n(1-a) € Zi].

aclF,

Write J(A,n) = A+ iB with A, B € Z. Since A and 7 are both non-trivial and A - = A3 is also non-trivial (as ord(1) = 4),
Theorem 2.4.4 gives |J(A, )| = p'/*; equivalently A% + B? = p. [

We give another proof of this theorem in subsection 2.9.2 during the discussion of Jacobsthal Sums in section 2.9.
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§ 2.5 L-functions

The characters of cyclic groups defined in Lemma 2.1.1 are precisely the classical Dirichlet characters. Dirichlet characters
are of paramount importance in analytic number theory: they appear in the study of primes in arithmetic progressions,
the distribution of prime ideals, and the analytic continuation of L-functions. In the finite-field setting, the multiplicative
characters of IF; play an analogous role, and the associated L-functions encode deep arithmetic information about char-
acter sums over IF;. The treatment here focuses on the aspects directly relevant to the Weil bounds; readers interested
in the general theory of L-functions in its full depth are encouraged to consult Iwaniec and Kowalski [IK12] for the ana-
lytic theory, and Miller and Takloo-Bighash [Mil06] for a broader introduction to modern number theory and the role of
L-functions within it.

Before specialising to the function-field setting, it is helpful to pause and describe the general analytic framework

into which all of these objects fit. The central analytic device is a Dirichlet series

Definition 2.5.1: Dirichlet Series )

Let a(n) be a sequence of complex numbers and s € C be any complex number. Then a series of the form

(o]
Z—n, seC,

n=1

S |8

is called a Dirichlet series.

Two very familiar Dirichlet series organize a vast section of analytic number theory:

1. Zeta functions arise when the coefficients are the trivial ones, a, = 1, so that the Dirichlet series simply counts
the size of some arithmetic object. The prototype is the Riemann zeta function {(s) = },, n~°, which encodes the

multiplicative structure of Z.

2. L-functions arise when the coefficients are twisted by a character A, giving L(s, A) = 2 4. monic A(R)/n(h)*. The
character A is what allows one to isolate arithmetic information that a zeta function averages over. Since L-functions
are defined using polynomials over a finite field and then we can talk about the prime analogue in polynomial rings
i.e. irreducible polynomials. Taking the trivial character A = 1 recovers { up to finitely many Euler factors, so zeta

functions are the “character-free” special case of L-functions.

The rest of this section unfolds this dictionary in two parallel worlds. First we recall the classical story over Q —
the Riemann zeta function, its zeros, and its L-function generalisations — so that the relevant analytic phenomena are in
view. Like in the case we go to Q the fraction field of Z, we develop the function-field IF,(X) analog: the zeta function
associated to IF, [X] and its twists by multiplicative characters of IF;. The zeta function turns out to be a rational function

of g%, and the analog of the Riemann Hypothesis is a theorem (due to Weil) rather than an open problem.

2.5.1 The Classical Riemann Zeta Function

The prototype of everything that follows is the Riemann zeta function.

Definition 2.5.2: Riemann Zeta Function

For any complex number s € C, the zeta function at s is

(=31
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which converges absolutely in the right half-plane R (s) > 1. Infactfor s € C with R(s) > 1 the product [],, {(n)
also converges. Most proofs in this subsection are omitted, especially those relying on contour integration or the Mellin

transform; the emphasis is on statements together with their arithmetic meaning.

Theorem 2.5.1 Euler Product for {(s)
Fors € C with R(s) > 1,

(o= [] 1_1[),3.

p prime

Proof: Since Z is a UPD (unique factorization domain) every positive integer n can be written uniquely as a product of

powers of positive prime numbers.

(=3~ ] (i[%)iﬂ (1-p)"

n=1 p: prime \ i=0 : prime

So we have the lemma. [ |

The identity is the analytic translation of unique factorisation: expanding each geometric factor (1 —p~)™' = Y5, p~*
and multiplying reproduces the sum over positive integers. Since {(s) has a pole at s = 1 (the harmonic series diverges),
the product must have infinitely many factors — giving an analytic proof of the infinitude of primes. Dirichlet series
evaluated on certain “natural points” encode interesting algebraic and arithmetic information.

The Euler product is the first of many important properties of {(s). The next is that {(s) has a meromorphic
continuation to the entire plane; we recall the relevant definitions (zero, pole, meromorphic function) in Appendix A.2. The
special values of { encode deep arithmetic: {(2n) for n > 1 s a rational multiple of 7°", expressible via Bernoulli numbers.
Odd values are much harder — Apéry (1979) proved ¢ (3) is irrational, while the arithmetic nature of {(5), {(7), . . . remains
unknown. The negative-integer values {(0),{(—1),... make sense only after analytic continuation: naively {(-1) =

14+ 2+3+---, yet the continuation assigns it the value —%. To study {(s) and its analytic continuation we use the

F(s):/ e 't ldt
0

The analytic continuation is most cleanly stated for the completed zeta function.

Gamma function

Theorem 2.5.2 Analytic Continuation of the Completed Zeta Function
Define the completed zeta function by

£(s) = 1s(s = 1) T(3) 72 (s).

Then &(s), originally defined for R (s) > 1, has an analytic continuation to an entire function and satisfies the func-

tional equation é(s) = £(1 —s).

From now on whenever we say zeta function we often mean the analytic continuation of zeta function by default.
Now we will study the zeros of zeta function and why they are important. The Gamma function has poles at all negative
integers. From the functional equation of the zeta function it has zeros at all the poles of I'(s/2) i.e. at all negative even
integers. These zeros are called trivial zeros of {. The {(s) has positive value for all s € C with R(s) > 1. Therefore all
other zeros lie in the critical strip 0 < R(s) < 1; the functional equation forces them to be symmetric under s — 1 —s,

and conjugation s — § forces reflection symmetry across the real axis. Hence

Theorem 2.5.3 Trivial Zeros and Symmetry of Non-trivial Zeros

The only zeros of {(s) wheres € C for R(s) < 0 are ats = —2n forn € IN. In the critical strip the zeros lie
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| symmetrically around the critical line R (s) = 1/2 i.e. ifa+ib is a zero so is 1 — a + ib.

regarding the zeros of the zeta function. The line R (s) = 1/2 is the critical line, and the most famous open problem

in mathematics is:
| Riemann Hypothesis: Every non-trivial zero of { (s) satisfies R(s) = 1/2.

While Hardy in 1914 showed that there are infinitely many zeros on the critical line the problem of every non-trivial

zero being on the critical line is a major open problem in mathematics.

Theorem 2.5.4 Hardy, 1914

Infinitely many non-trivial zeros of { (s) lie on the critical line R(s) = 1/2.

Another interesting property, first noted in Riemann’s original paper is the product expansion of zeta function

using the non-trivial zeros.

Theorem 2.5.5 Hadamard Product

There exist constants A, B € C such that

é:(s) — €A+BS l_[ (1 _ %) es/p,

p

where the product runs over all non-trivial zeros p of {.

The Hadamard Product gives the “zero-side” factorisation of &, to be contrasted with the Euler product as the “prime-

side” factorisation. Together they are the source of the famous duality between primes and zeros: equating the two

factorisations — typically after taking logarithmic derivatives — converts statements about primes into statements

about zeros and vice versa.

Zeros < primes. Taking the logarithmic derivative of the Euler product we obtain,

) DA
Z(s) ‘Z o

where A(n) = log p if n = p* and 0 otherwise (the von Mangoldt function). Therefore we can see how the non-trivial zeros

of {(s) and the primes are very related.

2.5.2 Dirichlet L-function

The function-field world has its own zeta function, obtained by replacing Z with the polynomial ring IF, [ X] and the primes
with monic irreducible polynomials. The notational parallel with the classical case is exact, but the analytic behavior is
dramatically simpler: the resulting zeta function is a rational function of ¢~°, with no mystery in its analytic continuation,
and (as will be developed in later sections) a fully-proven analog of the Riemann Hypothesis.

Let @ C IF,[X] denote the set of all monic polynomials, and let ®; C @ be the subset of polynomials of degree
exactly d, for each d € IN. A basic count gives |®4| = q%: a degree-d monic polynomial is determined by its d lower-order
coefficients, each of which is a free element of IF;. This simple combinatorial fact is what makes the function-field zeta

function so much more tractable than its classical counterpart.
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For any polynomial f € IF;[X], the quotient ring IF,[X] / (f) is a finite IF-algebra of size qie(f). We define the

norm of f to be
() =[Fl¥ ] | = e,

by direct analogy with the norm of an ideal in the ring of integers of a number field. This norm is the direct replacement
for the size of Z/nZ (namely n) that appears in the classical Riemann zeta function.

To define L-functions in the function field setting we first need to extend multiplicative characters to the polynomial
ring. Let G C IF4(X) be the group of rational functions %1 (X)/n,(x) where h, # 0 and hy, hy € ® where ® C G is the set of
all monic polynomials over IF;. From now on we use 2(X) € G to denote monic polynomials. Let G be the subgroup of
G such that h; - h, € G whenever hy, h, € G. For a character A on G we extend A to all of G by setting A(r) = 0 for all
r ¢ G, after which A remains multiplicative on G. This allows us to sum A over all monic polynomials.

Definition 2.5.3: Dirichlet L-function

Let A be a character on G extended to G as above. For a complex number s = a + ib € C with a > 1, the Dirichlet

L-function associated to A is defined by

L(s,A) = > Ah)-n(h)~*

hed

where the sum runs over all monic polynomials h € ® C G and n(h) = q%8™ is the norm of h.

Again this sum is absolutely convergent for R(s) > 1. Like in the case of Riemann-Zeta functions we can express

L(s,A) in a Euler product form using only irreducible polynomials.

Theorem 2.5.6 Euler Product for {(s)
Fors € C with R(s) > 1 we have

LA = [] a-am-nm™"

hed
h irreducible

Proof: Since R(s) > 1 we have

L(s,A):ZA(h)-n(h)‘sz ]_[ iA(hi)-n(hi)‘s)z [_[ (1= A(h) -n(h)~5)!

hed hed i=0 hed
h irreducible h irreducible

Hence we have the lemma. [ |

Solet A : G — C be a multiplicative complex valued function over the G where G is as defined above which also satisfies
|A(r)| < 1forall r € G and A(1) = 1. Then for any s € C with R(s) > 1 we can rewrite

o)

L(s,A) = ZA(h) -n(h)™° = Z Z A(h) q—d‘s

hed d=0 \hedy
Since for any h € ® we have 1(q)* = (¢°)%" we can consider the corresponding power series

L(z,A) = Z A(h) - zdee(®)
hed

hence L(q~%,A) = L(s, A). Now using Theorem 2.5.6 for L(z, A) we have

Izn= [] (1 —A(h) .zde€<h>)_l

hed
h irreducible
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Now we do some operations on the power series L(z, A) to get some expressions which help us later in proving some prop-
erties of exponential character sums. So for brevity of notations we use Irr(®) to denote the set of irreducible polynomials

of ®. We have logf(z, A== Y log(1- A(h)zdeg(h)). So by differentiating we get
helrr (@)

~A(h) - deg(h) - zdee(M -1 B Z A(h) - deg(h) - zdee(h—1

d . —
— logL(z,A) = —
ZloglzN == ) — = Ah) - 28 1= A(h) - %)

helrr (@) helrr (D)

So

A(h) - deg(h) - zdeg(M)-1
1 - A(h) - zdeg(h)

d
z- ElogL(z,A) = Z

helrr(P)

= Z A(h) - deg(h) . zdeg(h) ZAk(h) . gkdeg(h)

helrr (D) k=0

= > deg(h) | AF(h) - ZFdeE®

helrr (D) k=1

o)

I DI R NOE B 8)
k=1 | helrr (D),
deg(h) |k
So define Ly = Y perr(a), deg(h) |k d€g(H) - A(h)"4=" Hence we have z - % logL(z,A) = S L - 25
Now suppose there exists a positive integer N € IN such that for all d > N we have > ;cq, A(g) = 0. Then we have

N N

L(s,A) = Z Z Ald) g9, L(zA) = Z Z A(d) | 2¢
d=0 \hedy d=0 \hed,
Since now L(z, A) is not an infinite power series anymore, instead a degree N polynomial over C there exists complex
numbers wy, - - -, wy € C such that L(z,A) = (1 - w;z)(1 - wyz) - (1 — wyz). Now applying z - % log L(z, A) on this
expression we get

= _ZNl (i Wf) Z (2.9)

Therefore by comparing coefficients of (2.9) with (2.8) we get L = — YN, wlk. for all k € IN. So we have the following
theorem

Theorem 2.5.7

Let A : G — C be a multiplicative function with |A(r)| < 1 for allr € G and A(1) = 1, and suppose there exists a

positive integer N € IN such that 3 cq, A(h) =0 for everyd > N. Then L(z,A) is a polynomial of degree at most N
over C, and there exist complex numbers w1, ..., wyn € C such that

N N

L(z,A) = l—[(l - w;z), and L(s,A) = l_[ (1-w;q™%).

i=1 i=1
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Moreover, for every k € IN,

N
Le = ) deg(h)- A(R)T=® = =% wk.

helrr (®) i=1
deg(h)|k

§ 2.6 Lifting of Gaussian and Jacobi Sums

So using the discussion on Dirichlet L-functions we can relate Gaussian sums in IF; with Gaussian sum of lifted characters

to any finite extension of IF,.

Theorem 2.6.1 Davenport-Hasse Theorem

Let X € X be an additive character andy € Mg be a multiplicative character of IFy, not both of them trivial. Suppose
X and ) are lifted to characters X" and ") respectively of the finite extension field E of Fg with [E: Fg] =r. Then

Gy, Xy = (=) Gy, X)"

Proof: Like previous section G is the set of all rational functions r(X) = #1/n, where hy, h, € ®, h; non-zero. Let G be
the subgroup of G consisting of rational functions r(X) = % having h;(0), h2(0) # 0. Then define the multiplicative
function A : G — C such that for all r € G, |A(r)| < 1 and A(1) = 1 in the following way:

If r(X) € G where r(X) = Z; 88 and in the common splitting field E of k4, h,, they factor as:

d dy
mx) =] |X-a) and  mX)=]]X-8)
i=1 j=1

where a;, fj € Eforalli € [di], j € [d2] then
dl dz dl dZ
sor=o[Tee [157) (S 530
i=1 j=1 i=1 j=1

Now for any monic polynomial h € ® let h(X) = X" —c¢; - X" ' + -+ + (—1)"c, where ¢; € F, for all i € [n]. Then we
have A(h) = ¢/(c,) - X(c1). Clearly A is a multiplicative map on G. Now for a given (cy, cx) pair there are ¢"~2 polynomials

where same (cy, ¢,) occurs. Hence

DA =g > D e Xe) =g > || D] X(co)

hedy c1€lFy cne]F; cn€lFy ) \ci1€lFy,

Since § and X are non-trivial by Theorem 2.2.2 and Theorem 2.2.5 we have };cq, A(h) =0 forn > 1.
Now ®(0) = {1} and (1) = {x — a: & € IF_}. Hence

DIAMR) = (@) X(@) =Gy, )

hed, ae]F’{]

Therefore
L(z,A)=1+G(,X)-z and  L(s,X) =1+q° -G, X)

Therefore root off(z, A) is =G(¥, X).
Now we will calculate L, where r = [E: IF;]. From the definition of L, in previous section we have

L= > deg(h)- x(m)"=® = deg(h)’A(h’/deg"”)
helrr (®), helrr (),
deg(h)|r deg(h)|r
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Now for any irreducible h let y be a root of A in the splitting field of f. Let

r—1
Bldee) = 5r _ XNt (_1)k0r _ 1_[ (X _ yqz)

i=o

Hence ¢; = Trg/p, (y) and ¢, = Ng/g, (y). Hence we have

A(BT) = yer) - X(er) =y (N, (0) - X (Tea, (1) =97 )X ()

Now we can express deg(h) - A (hr/deg(h)) = Y yeEh(y)=0 Yy (y) - X (). Therefore

L= 3 deg(h)-A(HM@) = 3 g a0 (y)

helrr (), helrr(®), yeE,h(y)=0
deg(h)|k deg(h)|k

Now all irreducible polynomials of IF, whose degree divides r with non-zero constant their roots in E are disjoint sets and

partition E*. Therefore we have

L= 97 m x4 =602

YEE*

Since by Theorem 2.5.7 we have L, = —(—G(i, X))". So we have the theorem. [

An analogous lifting phenomenon holds for Jacobi sums. Using the relation between Jacobi and Gaussian sums
established in Theorem 2.4.3 together with the Davenport-Hasse Theorem, one can compare the Jacobi sum of a tuple of

characters over IF, with the Jacobi sum of their lifts to a finite extension. The following theorem makes this precise.

Theorem 2.6.2 Lifting of Jacobi Sums

Let Ay,..., Ax € My be multiplicative characters of IFy, not all of which are trivial. Suppose Ay, ..., A are lifted to
characters A (r), ... ,Al(cr) respectively, of the finite extension field E of IFq with [E : F;] = r. Then

T, 20) = (DO ED Ty, )T

Proof: Now if any J; is trivial then the lifted character A(") is also trivial over E. If Then by Theorem 2.4.6(ii) we get
both sides to be 0. So suppose Ay, ..., Ax are non-trivial. Now we will use Theorem 2.4.3. Let X € Xq be any non-trivial
additive character of IF;. So let X (r) be the lifted character of X to E. If Hle A; is non-trivial then we have

M. G (/ﬁr),)((r))
G ( i Ai(r),)((r))

_ IS )60 0"
(-6 (M5 20, %)

T A7) =

[By Davenport-Hasse Theorem |

r

G, X)

— (_1)(5—1)(r—1)
G( k Ai,x)

= (1)U A, )
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Now the only case remaining is when Hf—ll A; is trivial. In that case we have

1

](AY),...,A](C’)) o

k
G (/1?”, X“))
=1

k

1

= - (=1)r-Dk 1—[ G, X) [By Davenport-Hasse Theorem |
i=1

= (-1 VED TR )

So we have the theorem. [ ]

§ 2.7 Kloosterman Sums

We now turn to a genuinely different family of exponential sums, introduced by Hendrik Kloosterman in 1926 in his refine-
ment of the Hardy-Littlewood circle method for the representation of integers by positive definite quaternary quadratic
forms. Instead of twisting two characters of different types, a Kloosterman sum twists a single additive character X with
the inversion map y — y~! on IF;, producing a sum of the form », X(ay + by ).

Definition 2.7.1: Kloosterman Sums

Let X € Xq be a non-trivial additive character of Fy and let a,b € . Then the Kloosterman Sum associated to
X,a,b is defined as

K(X;ab)= > Xa-y+b-y™)
yelFg

. J

When one or both of the parameters a, b vanish, the Kloosterman sum collapses to an additive character sum on
IF;, which we have already computed in Theorem 2.2.2. If both a = b = 0 then forall y € IF¢, X(a -y +b- yH=x(0)=1.
Hence K(X;0,0) =q—1.

If exactly one of a, b is zero then we have either

K(X;a,b) = Z X(a-y) =-1orK(X;a,b) = Z X(b-y ) =-1
ye]F; ye]F;

So in both cases K(X;a,b) = —1. So we have the following observations:

Observation 2.12. Let X € Xq be a non-trivial additive character of Fy and a,b € Iy such that ab = 0. Then
(i) K(X;0,0) =q—1ifbotha="5b=0;
(ii) if exactly one of a, b is 0 then K(X;a,b) = —1;

Now another property to notice is Kloosterman sum is always real since

K(iab)= ) Xa-y+b-y™)= > X(=(a-y+b-y™)) = > X(a-(=y)+b-(-)™") =K(X;a,b)

yelFg yelFy yelFy
Therefore we have another observation:

Observation 2.13. For all additive characters X € Xq and a,b € T, the Kloosterman Sum is real i.e. K(X;a,b) =
K(X;a,b) =K(X;—a,—b) = K(X;a,b).
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Now we can express Kloosterman sums as product of two additive characters like Jacobi sums is for product of
multiplicative characters. For any X € X, let X = X, for some ¢ € IF; as defined in Theorem 2.2.1. Then

K (Xc;a’ b) = Z Xc (a Y+ b- Y_l) = Z Xa~c ()/) 'X—b»c (Y) =K (Xac’ybc)
yelFg yelFy
Observation 2.14. The Kloosterman sum can equivalently be viewed as two-additive-character sum: for any a,b,c € IF,
and X4, X, X. € X (in the notation of Theorem 2.2.1),

K (X4 X,) =K (Xj;a,-b) and K (Xz;a,-b) =K (X4, X,

When the ground field has odd characteristic there is a useful alternative expression for K(X;a,b) as a sum of a
single additive character against the quadratic character 1 evaluated on a quadratic polynomial. This representation is

often the starting point for asymptotic bounds on Kloosterman sums in arithmetic contexts.

Lemma 2.7.1

Let X € X, be a non-trivial additive character of IF, with q odd, let ) be the quadratic character of IF (extended by
n(0) =0), and let a,b € F; be not both zero. Then

K(X;a,b) = Z X(d) - n(d* - 4ab)
delFy

Proof: Ifone of a, b is zero then by Observation 2.12(ii) we have K(X; a,b) = —1. And then at the right hand side we have
the sum over n(a? — 4ab) = n(a?) = 1 and therefore the sum is of X(a) over all non-zero alpha which by Theorem 2.2.2(i)
gives ¢ — 1 = —1. Therefore in this case the lemma is satisfied. So now assume a - b # 0.

Let for any y € IF}, denoted = a-y+b-y~'. Now for any d € FF, let Z(d) is the number of y € IF; such that
d=a-y+b-y'.Now for any d € FF,

a-y+b-yl=d & a-y*-d-y+b=0

Therefore if Py(X) =a-X?>—dX +b € F4[X] be a polynomial then Z(d) = number of zeros of Py(X). Hence Z(d) < 2.
Let Ay is the discriminant of Py i.e. Ay = d? — 4ab. Hence If Ay = 0 then Z(d) = 1. If a non-zero square root of Ay exists in
IF, then A, is a quadratic residue i.e. 7(Ag) = 1 then Z(d) = 2 and if it doesn’t exists then Ay is a quadratic non-residue
ie. n(Ay) = —1 then Z(d) = 0. Therefore together we can write Z(d) = n(Ay) + 1 with the extended definition of n by
setting (0) = 0. Therefore we have

K(Xab)= > X(d)-Z(d) = Y, X(d)-n(da) = ), X(d) - n(d" - 4ab)

delFy delFy delF,

Hence we have the lemma. |

The following theorem is the Kloosterman analogue of the Davenport-Hasse Theorem: the entire sequence of lifted
sums K (X ) g, b) is controlled by just two algebraic numbers w;, w, — the reciprocal roots of the associated L-function.

The proof uses the Dirichlet L-function theory from section 2.5.

Theorem 2.7.2 Lifting of Kloosterman Sum

Let X € X4 be a non-trivial additive character of IF4 and let a,b € Fy with ab # 0. Suppose X is lifted to character
x® of the finite extension field E of IF; with [E: IFy] = r. Then there exist complex numbers wy, w; (depending only
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on X, a,b), which are either complex conjugates of each other or both real, such that for every positive integer r

K()((');a,b) = Z X(’)(ay+by71) =—w] — wj,
yeF,,

Proof: Let G be the set of all rational functions r(X) € F4(X) such that for any r € G, r(X) = m(X)/h,(x) where

hi,hy € IFg[x] and both hy, hy are monic. Let G the subgroup of G such that for any r € G, r(X) = m(X)/n,(x) where hy, hy

have non-zero constant term. We will define a multiplicative function A : G — C such that |A(r)| < 1 forall » € G and
hi1(X)

A(1) = 1. Let r € G where r(X) = (0 and in common splitting field E of Ay, hy they factor as

d; dy
mX) =] [X-a) and B =]](X-8)
i=1 j=1
Then we will define A using X in the following way:

d; ds d 1 d, 1
a(Zai—Zﬁj)w(Z;—zﬁ—j)l (2.10)
i=1 j=1 i=1 j=1

1

Ar)y=Xx

Then if h € ®, such that A(X) = X" —¢; - X" 1+ + (=1)" - ¢, then A(h) = X (a cer+becrq -c,;l). Now it is enough

to show that the corresponding coefficients are additive if two polynomials are multiplied since X is an additive character.

Let hy € ®,, and g, € ®,, and

ny ny nitn;
g1 (X) =X" + Z(_l)i or XM 92(X) = X™ + Z(_Z)j -Cy . X"~ and g1-gs = X" 4 Z (-1)! - ¢ . xmtna—t
i=1 j=2 t=1

Then by comparing coeffieicnets we have

€1 =C1,1+C21, Cny+n, = Ciny " Comys  ANA Cnygny—1 = Ciny  C2ny—1 + Ciny—1 - Comy

Hence A is indeed a multiplicative function. Now we extend A to G by setting A(r) =0 for all h ¢ G.
Now for any k € Z,if (c1,ck—1,ck) is fixed where ¢, # 0, there are qk_3 possible choices for cy, ..., ck—2 such

that all polynomials with coefficients ¢;’s give same value for X(a-c¢; +b - cx_1 - c,;l. So we will show that for k > 3,
Shea, Alh) = 0. So

ZA(g): Z Z)((a~c1+b-ck_1-c,;1)

g€k C1yeensCh-1 cr €y

:qk_3 Z Z X(a-c1+b~ck_1~c,;1)

c1,ck-1€Fg cr€Fg

— qk—3 Z X(a-cy) Z Z X(b-cpey - clzl) =0 [By Theorem 2.2.2(i)]

c1€Fy, ck-1€Fy cke]FfI
Hence we have L(z,A) =1+ z Shew, A(h) + 22 Ypeq, A(h). Now &1 = {X —y | y € IF;}. Therefore we have
DA =D X y+b-yTh) =K(X;a,b)
hed; yelFg

And furthermore for &, we get

ZA(h) Z ZA(XZ—cl-X+02)

hed, c1€Fg ¢z e]F*,‘Z

Z Z X(a-ei+b-ci-c;t)

c1€Fg c; e]Fj}

DD Xea+bgh)

c1€Fg c; EIF’(‘I
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Soifc; = —a 'bthena+b-c;' = 0and hence ¥ e, X(0) = gandif c; # —~a~'b then X cp, X(c1(a+b-c;')) = 0 by
Theorem 2.2.2(i). So therefore 3;cq, A(h) = g and thus we get L(z,A) =1+ k(X;a,b) -z + q-z%. Let wy, w; € C which

are either complex conjugates or both real such that
L(z,A) = (1—wy-2)(1—wy - 2)
Now we will calculate L, where r = [E: IF;]. From the definition of L, in previous section we have

L= Y deg(h)- X(WM® = %" deg(h)- A (nT")
helrr (D), helrr (D),
deg(h)|r deg(h)|r

Now for any irreducible h let y be a root of A in the splitting field of f. Let

r—1
hr/deg(f) =5 — 1 .xrfl 4o+ (_l)kcr = 1_[ (X — yq‘)

i=o

Hence ¢; = Trg/p, (v) and ¢, = Ng/p, (y). Hence we have

A (K1) = yer) - Xer) =y (New, (1)) X (Trzge, (0) =9 (1) - X7 )

Now we can express deg(h) - A (R7**") = 3 g ()20 ¥ (y) - X7 (y). Therefore

L= 3 deg(h)-A(H®) = 3 g () a0 ()

helrr (D), helrr(®), yeE,h(y)=0
deg(h)|k deg ()|

Now all irreducible polynomials of IF, whose degree divides r with non-zero constant their roots in E are disjoint sets and

partition E*. Therefore we have

L= 97w 2" =6, 1)

Y€EE*

Since by Theorem 2.5.7 we have L, = —w] — wj. So we have the theorem. [

Assuming wy, wp as above, every lifted Kloosterman sum is a symmetric function of wy, w,, which by Waring’s
identities can be rewritten purely in terms of K = K(X;a,b) and q. This gives the following closed-form reduction of
K()((S); a,b) to the ground-field sum.

Lemma 2.7.3 Reduction of Lifted Kloosterman Sums

Let X € X4 be a non-trivial additive character of I, and let a,b € IF; with ab # 0. Then for every positive integer s,

Ls/2]
K (X(S);a, b) = Z (_1)5—1—1 . % . (s j ]) . qj SK(X; a’b)s—zj'

Proof: Consider the polynomial X| + X;. Now by Waring’s Formula we can express this polynomial in terms of ele-

mentary symmetric polynomials ESym,, ..., ESym, which gives
di+dy—1)!
X+ X} = Z (—1)% rldi+d; 1! ESym, (X1, X2)% - ESym, (X1, X,)%
d;'d,!
dy,dr,eZy
di+2dy=r

Lot2] .
. —ji—=1)! . .
= Z(_l)J M ESym, (X1, X2)* "/ - ESym, (X1, Xz)’
= (s = 2j)!
/2] r—j r . .
= Z(—I)J( , ) —— ESym, (X1, X,)° "% - ESym, (X3, X,)’
= j)s=i
Jj=0
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Now we take X; = w; and X; = w, obtained from Theorem 2.7.2 we get wf + w§ = —-K(Xx®); q,b) for any k € N and

wy - Wy = q. So by this replacing in the equation we get the result. ]

This lemma gives a relation between powers of Kloosterman sum and lifted Kloosterman sums. We can obtain a recursive

relation between different lifts of Kloosterman sums very easily using this identiy

wi +wj = (wf_1 + wg_l)(wl +wy) — (w;_2 + w;_z)wlwz

which gives us

K(X"sa,b) = -K(X"V;a,b) - K(X;a,b) —q- K(X"™;a,b)

and so we have the corollary.

Corollary 2.7.4 Kloosterman Sum Recurrence Relation

Let X € X4 be a non-trivial additive character of IF; and let a,b € I, with ab # 0. Then for every positive integer s,

the lifted Kloosterman sums satisfy the recurrence
K(X(s);a, b) =-K (X(s_l);a, b) -K(X;a,b) —K(}((S_Z);a,b) -q foralls > 2,

with the convention K()((O);a, b) = -2 (and noting K (X(l); a, b) =K(X;a,b)).

§ 2.8 Character Sums via the Quadratic Character

For certain special characters, the associated Gaussian sums can be evaluated explicitly. A very special multiplicative
character to study is the quadratic character, n. We get a very celebrated formula for the Gaussian sum of 1 and the

canonical additive character.

Theorem 2.8.1 Gaussian Sum of the Quadratic Character

Let Iy be a finite field with q = p" where p is an odd prime and r € IN. Let n be the quadratic character of IF4 and let
X, be the canonical additive character of IF,. Then

(-1)rt.gq ifp =1mod 4
G(n,Xy) = 3 i
(=) 1" g ifp=3mod4

In other words,
(p-1?

G, X)) = (~)™L.it 1 g

Proof:  Since n always takes values in +1 we have 7 = 77. Hence by using Lemma 2.3.2(iv) we have G(n, X;)* = n(-1)q.
Now if ¢ = 1 mod 4 then n(—1) = 1 and if ¢ = 3 mod 4 then 5(—1) = —1. Hence

+¢”  ifg=1mod4
G(n, Xy) = , (2.11)
+i-¢” ifg=3mod4

Since j71 = 1 ifg=1mod4

0 ifg=3mod4
Observation 2.15. For any finite field Fq, G(n, X)) = + jale . g

It remains to resolve the + sign. We first prove this for r = 1 then extend to r > 1.
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Step 1: Setting up the linear operator T. Let W be the vector space of all complex valued functions on IF;, a (p — 1)-
dimensional vector space over C. Let 8 := {fi,..., f,—1} where fj(k) = 1if j = k and otherwise 0 be the standard basis
of W. By the orthogonality of multiplicative characters in Theorem 2.2.5 the set Bm, = {Yo, ..., -2} as defined in
Lemma 2.2.3 also forms a basis of W.

Let {, = ¢”"? be the p" root of unity. Hence if X, € X, is as defined in Theorem 2.2.1, then X, (j) = ;k for all
Jj € IF,,. Define the linear operator T : W — W by

p—1
Vhew,YVkelp-1  (Th(k) =) G h(j). (2.12)

J=1

For each basis element ¥;,
p-1 .
(Ty) (k) = > X () - 9:(G) = G X) = i (k) - G(Y, X))V k € F),
j=1
where the last equality uses Lemma 2.3.2(i). Hence Tt); = G(¢;, X)) - % for every multiplicative character of IF,.

Step 2: Computing det(T) via the character basis. Since J =1 only for Yo and n = Yjp-1,, the matrix of T in By, has
two diagonal entries G(yp, X;) = —1 and G(#, X,); all other characters pair up as conjugates (¢/, J), each contributing the
0 Gy, X))

G, X)) 0
¥(—1) = —1 for the principal character),

block with determinant contribution —i/(—1)p by Lemma 2.3.2(iv). Using ¢/;(-1) = (—1)/ (since

det(T) = =G(n, X,) - (=p)" " ] [ (=1

Jj=1
— (_1)(p—1)/2 . G(UaX1) 'P(p_3)/2 . (_1)(p—1)(p—3)/3
- i(_l)(l’*l)/z L P22 'p<pfz)/2,

where in the last step we substitute Observation 2.15 and simplify the exponent. Thus:

det(T) — __'_(_1)(17*1)/2 X i(Pfl)(P*2>/2 .p(P*2)/2. (213>

Step 3: Computing det(T) via the standard basis. From (2.12), the (j, k) entry of Tin Bis { I{k. Factoring and reducing
modulo p (since p | 1+ 2+ -+ (p — 1)), the determinant equals that of the Vandermonde matrix V({,, {5, . {117;71):

det(1) =[] (gj;-g,’).

1<j<k<p-1

Setting {5, = """ so that §ZZP = {p and using {3 — {5/ = 2isin %T, we expand the Vandermonde product:

dewty =[] & (a7 -5,"7")

1<j<k<p-1

e Cn k—j
- ZEMC(H,C) S 1—[ (2 sin : P J)).

1<j<k<p-1

Computing the exponent sum X1 <;x<p-1(j + k) = Iw gives gz%ﬂk) = (-1)*"2, so:

det(T) = (=1)7 V2. jle- 0@/, ﬂ (2sin@). (2.14)

1<j<k<p-1
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Step 4: Resolving the sign for r = 1. Comparing (2.13) and (2.14), the first two factors coincide. Since k — j € [p — 1]
forall1 < j < k < p—1, we have sin # > 0,50 [[;<x 2sin @ > 0. Therefore the product on the right of (2.14)
equals p'*~/2, and matching with (2.13) forces the + to be +:

Gy, xy) =i ph,

Step 5: Extension to r > 1 via character lifting. For r > 1, lift  and X, from IF, to IF; (g = p") via n'") =pnoN and

X Y) = X, o Tr, where N and Tr are the absolute norm and trace from IF, to IF, respectively. By Davenport-Hasse Theorem,

(p-1?

r r
G, 2047) = (=176 X)) = () (i) = 1y g

Since U(r ) is the quadratic character of IF, this is the stated formula. ]

The proof of the above theorem gives us another important result.

Lemma 2.8.2 Vandermonde Determinant with Roots of Unity

Ifp is a odd prime and {j, is the pt" root of unity. Let V(& gﬁ, cees {5_1) is the p X p Vandermonde Matrix. Then

det (V(Gpu G157 = (<)) e 070l gl

As a striking application of the machinery developed around the quadratic character, we can now give a proof of

one of the classical result of number theory — Law of Quadratic Reciprocity.

Theorem 2.8.3 Law of Quadratic Reciprocity

P\ (4) _ (_{\e-va-v/s
&)=

Proof: Let X; be the canonical additive character of IF, and 7 is the quadratic character of IF,. Then by Lemma 2.3.2(iv)
we gave G*(1, X,) = (-1)*2 . p. So

For any two distinct odd primes p, q we have

(g-1), —1)(g-1 —1
GI(n, Xy) = G(n, Xy) - (G2 (1, X)) = (=) PV p @ G, 1) (2.15)

Now we calculate G?(n, X,) in different way.

q9

D7 (@) - xy(a)

aEF;

> (@) - xd(@) mod g

'
aeFP

D7 (@) - Xy(a) mod q

i
aclFy,

Gq(r],)(l)

= G(n,Xy) mod q
=n(q)G(n, X;) mod g [By Lemma 2.3.2(i)] (2.16)

Now we already obtained (‘%) in the right hand side above and (—1)*""“""/* in (2.15). Since 5 and X , are both non-trivial

characters of IF, we have |G(7, )(1)|:p1/Z by Theorem 2.3.1 and so G(#, X;) # 0. So now comparing (2.16) with (2.15) we
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get
(=) p I G (n, Xy) = n(q) - G(n, Xp) mod g = (=) pE = (g) mod g
By Fermat’s Little Theorem we have p?~! = 1 mod q as p and q are two distinct primes. So we have

(_1)(P—1)(q—1)/4 .p(q—l)/z = q(q) mod q
— (_1)(17*1)(4*1)/4 .p(qfl)/z .p(q—l)/z = ’7(61) .p(q—l)/z mod q
— (_1)(17*1)(61*1)/4 = U(q) _p(qfl)/z mod q
-1)(q- q) (P
= (-1 = (—) : (—) mod q
p] \q

Since both sides are +1 we can remove the modulo q. And therefore we have the theorem. [ ]

We close the section with an elementary but remarkably clean evaluation of the quadratic character summed
against a quadratic polynomial. Its value depends only on the leading coefficient and the discriminant, and it will play a
basic role in many later arguments — most notably in extracting the quadratic character of the discriminant when counting

solutions of quadratic equations over IF,, and in the reformulation of Kloosterman sums in section 2.7.

Theorem 2.8.4 Quadratic Character Sum via Discriminant

Let f(X) = a;X*+ a1 X +ap € IF4[X] with q odd and a; # 0, let A = af — 4apa, denote the discriminant of f, and let
1 be the quadratic character of IF (extended by n(0) = 0). Then

— if A i
Sy =4 @ FAO
acFy (q -1)- U(az) lfA =0.

We will not prove this theorem now. We will discuss this again in section 3.2.

§ 2.9 Jacobsthal Sums

Building further on the theme of character sums twisted by the quadratic character, we now introduce a classical family
of sums first studied by Ernst Jacobsthal in 1907 in connection with the representation of primes p = 1 mod 4 as sums of
two squares. Unlike Gaussian and Jacobi sums, which are defined purely multiplicatively, Jacobsthal sums mix an additive
shift with the quadratic character 5 of IF4, which makes them particularly well suited to problems involving quadratic

residues and the arithmetic of IF;.

Definition 2.9.1: Jacobsthal Sums ]

For a € IF, where q is odd and for any n € IN the Jacobsthal Sum is defined as

Ho(@) = D n(y™ +a-y) = D) n(y) - n(y" +a)

yeF, veF,

Another associated sum we define is

(@)= ) n(y" +a)

veF,

foralla € .

Now for n = 1 we get Hi(a) = 1 by Theorem 3.2.7 and by Theorem 2.2.2(i), I; (a) = 0 for all & € [F},
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The sums Hy, and I, are closely related: in the following theorem we give a recursion relation between I, and H,,

for any n,m € IN.

Lemma 2.9.1 Relation between H,, and I,,,

For everyn € IN and every a € IF},
Ipn(a) = In(a) + Hy(a)

Proof: For an € et Z is the number of y € such that y* = . Hence Z =1+ . Hence we have
y B € Fqlet Z(p) is th ber of y € F, such that y? (B) n(p) h

bn(@) = ) 0" +a)

yeFy
= > (B +a)-Z(p)
BeF,
= > 0" +a)(1+ ()
pelFy
= > B @)y + D B n(p +a)
BeF, BelF,

= In(a) + Hp(a)

Hence we have the theorem. [ ]

2.9.1 Relations between Jacobsthal and Jacobi Sum

Although H, and I, are defined using only the quadratic character, they can be evaluated in terms of Jacobi sums for
multiplicative characters of higher order. The key observation is that the count of n-power roots in IF7 is a sum of
multiplicative characters of order dividing gcd(n, g — 1), and regrouping the definition of I, accordingly expresses it as a

linear combination of Jacobi sums J (A7, 7).

Theorem 2.9.2 Jacobi Sum Representation of I,

Letn € N and a € [Fy, and setd = ged(n,q — 1). Let A € Mg be a multiplicative character of Fy of order d. Then

d-1
Li(a) = n(@) )" M (=a) - J(W,n).
j=t

Proof: For any 8 € IFy let Z(f) is the number of y € IF, such that y” = . Then we have

Li@)= ). n("+a)= Y n(f+a)-Z(P)

yeF, BeF,

Suppose f # 0. Then by Theorem 2.2.5(iii) we have

ZB)= 25 Y, X VB = 21 3 VB Y )

yeF, yeM, yeM, yeE;,

Now by Theorem 2.2.5(i), /" is trivial then ZYGJF?; Y™ (y) = q— 1 and otherwise its 0. Now /" is trivial if and only if { = Ij
forall j € {0,1,...,d — 1}. Then we have

d-1 .
z(p = 7B
Jj=0
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Suppose f =0 then Z(f) =1 as 0 is the only solution. Therefore this also holds for § = 0. Hence we have

d-1
@)= ) n(B+a) Y. V(p)
j=0

BeF,

d-1
=3 > B+ (P

Jj=0 BelF,

d-1

=n(=1) ). > n(=(B+ V()
Jj=0 BeF,
d—1

=n(=1) > Ja(¥. 1)
Jj=0

d-1
=(=1) Y. (W - p) (=) J (A7)
Jj=0
d-1

=n(a) ). M (=a)J(M,p)
j=0

Hence we have the theorem. [ ]

The Jacobsthal sum H, satisfies a similar Jacobi-sum representation, but now involving a character A of order 2d
rather than d, and with the parity of the power of 2 dividing g — 1 relative to n playing a decisive role: when all the 2-power

content of g — 1 already divides n, the sum H,, vanishes identically.

Lemma 2.9.3 Jacobi Sum Representation of H,

Letn € N and a € [F(, and setd = ged(n, q —1). If the largest power of 2 dividing q — 1 also divides n, then Hy(a) = 0.
Otherwise, let A € My be a multiplicative character of By of order 2d; then

d-1
Hy(@) = (@) - A(=1) D" A2 () - JA¥ ™, p).
j=0

Proof:  Since the largest power of 2 dividing g — 1 also divides n we have d = ged(n,q — 1) = ged(2n, g — 1). Therefore
by Theorem 2.9.2, I,() = I, («). Therefore by Lemma 2.9.1 we get H, () = 0.
Now suppose that is not the case. Then ged(2n,q — 1) = 2d. Then by Theorem 2.9.2 we get

2d-1
bn(@) = (@) D M (=a)J (W, ) (217)
j=1
Since ord(A?) = d using the same theorem for I,(«) and A? we get

d-1
In(@) = n(@) Y A% (=) J (A, ) (2.18)
Jj=0

Therefore from Lemma 2.9.1 we have H,(a) = L, () — I, (). So subtracting (2.18) from (2.17) we get the expression. ®



§2.9 Jacobsthal Sums Page 68

By Theorem 2.4.6, | J(A/,n)| = q'/? for each j € {1,...,d — 1} since A/ and 7 are non-trivial and A/7 is non-trivial for
j # d/2. Summing the d — 1 terms in Theorem 2.9.2 therefore gives |I, ()| < (d —1)¢"* for all @ € .

2.9.2 Yet Another Proof of Fermat’s Two Square Theorem

We close this section with the classical application of Jacobsthal sum. Using H, one can compute the two integers A, B
in the representation p = A% + B? (guaranteed by Theorem 2.4.12) directly, and moreover with a canonical sign choice
determined by a congruence modulo 4. Here p = 1 mod 4 is prime, 7 is the quadratic character of IF,, and 1 € M, is a

multiplicative character of IF, of order 4, so that > = p and 1> = A.
By Theorem 2.9.3 applied with n = 2 and hence d = ged(2,p — 1) = 2,

1
Hy(1) = A(-1) Z AFEL(1) - JQP ) = A1) (J( ) + T (A, ).

Jj=0

Since A* = 1 and nis real, J(A3,n) = J(A,n), so Hy(1) = 2A(=1) - RJ(A,7). In the notation of Theorem 2.4.12, J(A,7) =
A+iBwith A,B € Z and p =A%+ B? so

RJ(An) =A=3A(=1) - Hy(1).
A similar computation starting from an a € IF, with n(a) = —1 uses A(«) = +i and A*(a) = —A(a) to give
Hy(a) = n(a)A(-1) (/1(06)](/1: n) —Ma)J (4, fi)) =-A(-DA(a) - 2i- 3] (A, n),

which identifies 3 J(A, 1) = B up to the unit factor —A(—1)A(a) € {£1, £i}; absorbing this factor gives B = %Hz(a) (up to

sign).
To pin down the sign of A, we expand H;(1) directly. Pairing y with —y and using n(—1) = 1 (since p = 1 mod 4)

gives
p-l (p=1)/2
Hy(1) =Y 0 0+ =2 > n(p) -G +1),
y=1 y=1

) %Hz(l) = Z;‘:wz n(y)n(y?* +1). On the other hand Theorem 3.2.7 applied to f(X) = X? + 1 (discriminant —4 # 0 and
n(1) = 1) gives 3 cF, n(y?+1) = -1, so Z)(/‘ZII)/Z n(y* +1) = =1 (excluding the zero term). Subtracting and reducing
modulo 4, using the fact that (7(y) — 1)(n(y® + 1) — 1) = 0 mod 4 whenever (y? + 1) # 0, one obtains after a short
computation

1H,(1) +1= 352 — A(~1) mod 4.

Since A(-1) = 1 when p = 1 mod 8 and A(—1) = —1 when p = 5 mod 8, in both cases %Hz(l) +1 = 0mod4, ie.
3Hz(1) = =1 mod 4.

Hence setting A = %A(—l)HZ(l) and B = %Hz(a) (for any a € IF, with n(a) = —1), we obtain integers with
A%+ B? = p, A odd, B even, and the normalization A = —1 mod 4. With this normalization A is uniquely determined: if
p =A%+ B? = C? + D? with A,C odd and A = C = —1 mod 4, then choosing h,k € Z with A = hB, C = kD mod p gives
h?+1=k%+1 =0 mod p, hence C = +hD mod p; writing C; = hD mod p and C = +C;, we compute

p? = (A*+ B*)(C? + D*) = (AC; + BD)* + (AD - BC,)?,

and both AC; + BD = (h* + 1)BD = 0 mod p and AD — BC; = 0 mod p. Dividing by p? gives 1 = (+1)? + 07, forcing
AD - BC; = 0 and |AC; + BD| = p. Since gcd(A, B) = ged(Cy, D) = 1, it follows that A = +C; and hence A = +C; the
congruence A = C = —1 mod 4 then forces A = C.

Thus the Jacobsthal sum $A(—1)H;(1) produces the canonical integer A in Fermat’s representation p = A% + B2,
and 1 H, () produces B up to sign.
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§ 2.10 Salié Sums

The Kloosterman sums of the previous section are notoriously difficult to evaluate in closed form - even their size is
controlled only by the deep theorem of Weil. Remarkably, a very mild modification of the Kloosterman sum, obtained by
inserting the quadratic character 5 as a weight, produces a family of sums for which exact evaluations are possible. These

are the Salié sums, introduced by Hans Salié in 1931.

Definition 2.10.1: Salié Sum

Let IFy be a finite field with q odd, and let X, € X, be non-trivial additive characters of IF,. Then the Sali¢ sum

associated to X and t is defined as

S = Y ny) - X -ty

yelFg

Theorem 2.10.1 Evaluation of Salié Sums

Let IF; be a finite elements with q being odd and X,7 € X4 be non-trivial additive character of F,. Let a € IF4 such
that for ally € Fq, 7(y) = X(a - y). Then we have

ST =6(mx) D, X(®)

b: b%=4a

Proof:  Since 7(y) = X(a-y) for all y € Fy we have X(y) - 7(y™") = X(y) - X(a-y™") = X(y +ay™!), so S(X,7) =
Zyer, n(NX(y +ay™).

Step 1: Multiplicative Fourier expansion. For b € F; let X, € X, denote the additive character X, (y) = X(by),
similar to as given by Theorem 2.2.1. Define ¢ : Fy — C by

p(b) =S(X,7) = D n(X(by +ay™).
yEF;

By Theorem 2.2.5, the multiplicative characters form an orthonormal basis for functions on IF}, so we may expand

o(b) = 3 G(A®), where () = 25 3 o))

AeMy beE;

Step 2: Computing the Fourier coefficients. Substituting the definition of ¢ and interchanging the order of summa-

tion:

G = =5 3 ) 3 )by +ar™)

belF, yeF;
T-1 Z n(y)X(ay™) Z A(b) X (by).
velFg beF,

Substituting b + by~! in the inner sum gives Zbd:; A(b)X(by) = A(y) Zbdp; A(b)X(b) = A(y) - G(A, X). Hence
P = =222 (AWK (ay ™).
q yeFg
Substituting y > y~! in the remaining sum:

DA x(ay™ = . WA (ay) = G- A, X,)

yelFg yelFg
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where X,(y) = X(ay). Since 1 is real-valued, 7 = . By Lemma 2.3.2(i), G(A, X)) = Ma)G(A, X), so
G- 2 Xg) = n(@A(a) - G(7 - 4. X).

Altogether: B ~
n(@A(a) GA.X) -GH-4X)

() = p

(2.19)

Step 3: Applying the Hasse-Davenport product formula. By Corollary 2.4.11 applied with m = 2, the quadratic

character 7, and Ain place of ¢/, we have
G(LX) -G, X) = A(4) - G, X) - G(n, X).

Since 77 - A = Ay, substituting into (2.19):

(a)G(n X)

Aa)-A4) -G x) = - A(4a) -G, ).

P() = n(a)G(n, X)
q

-1

Step 4: Final Step. Since A(1) = 1 for every 1 € M:

S(X, 1) =o(1) = Z A(A)_w Z A(4a) -G, X)

AeEMy AeEMy

_ M > aa) ) T (nx(y)

q AeM, yeF;
n(@)G(n, X) 2
=0 > A4a
= X(y) (4ay™)

1 yeF; reMg

By the orthogonality of multiplicative characters (Theorem 2.2.5(ii)):

-1 ify? =4aq,
3 ey =19 Y
AeM, 0 otherwise.

Hence S(X,7) = n(a) - G(17, X) Y p-p2—aq X(b). If n(a) = —1 then 4a is a non-square so b?> = 4a has no solution and the sum
is 0; if n(a) = 1 the factor is 1. In both cases:

ST =G0 ). X(b).
b: b’=4a

Therefore we have the theorem. [ |

Lemma 2.10.2 Bound on Salié Sums

Let IF, be a finite elements with q being odd and X,t € X, be non-trivial additive character of IF;. Let a € IFy such
that for ally € Fy, ©(y) = X(a-y). Then |S(X,7)| < 2- q”.

Proof: Since a # 0, the equation b? = 4q has either 0 or 2 solutions in IF,. From Theorem 2.10.1 if 0 solutions, S(X,1) =0
and if +by are the two solutions, S(X,7) = G(5, X) (X(bo) + X(—=by)). Each term G(n, X) X (xby) is a product of the Gauss
sum with a root of unity. By Theorem 2.3.1, |G(5, X)| = ¢'%, so |S(X,7)| < 2¢"*. [



CHAPTER 3 -

Equations over Finite Fields

The central question of this chapter is: given a polynomial f € IF4[X1, ..., X, ], how many solutions does f(Xj,...,X,) =0
have in ]FZ? We write V (f) for the solution set and Z(f) = |V (f)| for its size; for a system f; = -+ = fi = 0 we write
YV(fi,.. s i) =V(H)N---NV(fx) and Z(fi, ..., fx) for the common solution count. Variants V and Z track the non-
trivial (nonzero) solutions. The notation mirrors that of varieties of algebraic geometry: V(f) is the affine variety cut out
by f.

The chapter develops two complementary strategies. The first is direct combinatorics: for special polynomial fam-
ilies (univariate polynomials, systems of low total degree, quadratic forms, diagonal equations) one can write exact for-
mulas or prove sharp divisibility constraints on Z(f). The second is character sum methods: the indicator of whether o
is a solution can be encoded as an additive character sum, turning the problem of counting solutions into the problem of

bounding }, X(f(a)). These two strategies reinforce each other throughout the chapter.

§ 3.1 Some Elementary Results

In this section we give some elementary results on the number of solutions. We present some classical theorems such as
those of Konig-Rados, Chevalley, and Warning. We also establish elementary upper bounds for the number of solutions

and results on the expected order of magnitude.

3.1.1 Univariate Polynomials

We start of with univariate polynomials. Let f* € IF,[X] be a univariate polynomial Naturally the number of solutions in
IF, for the equation f(X) = 0 is basically the degree of gcd(f(X), X7 — X). Since checking if 0 is a solution or not is very
easy to check we’ll only consider non-zero solutions. So the number of non-zero solutions of f(X) = 0 is basically the

degree of ged(f(X), X97! —1). Therefore we may always assume without loss of generality that deg(f) < q — 1. Suppose
fX) =ag1-XT +ago - X7+ +a- X +a

where a; € Fg forall 0 < i < g —1. Since for all « € F, we have a97! = 1 the variable X9~! will always evaluate to be 1
for all non-zero values of X. Therefore the number of solutions of f is same as of the equation a,» X924 da - X+

(ap + ag-1) = 0. Therefore we can always assume deg(f) < q — 2. So suppose we have a polynomial f € IF;[X] such that
f(X) :aq,z ~Xq_2+~~-+a1 ~X+a0

where a; € IF; forall0 <i<g-2.
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Now we can also analyze the number of solutions of f using matrix methods. From f we can define the following

matrix
ap aq aq_g
a az ao
Mf =
ag-2 Qo aq-3

This matrix is a left circulant matrix i.e. each row is obtained from the preceding row by a cyclic shift of the entries to the

left. The number of non-zero solutions of f(X) = 0 and the rank of the matrix M are very related.

Theorem 3.1.1 Kénig-Rados Theorem
Let f(X) = Z?;OZ a; - X' € Fy[X] be a univariate polynomial. Then

Z(f) = q— 1 —rank(My)
Proof:  Since deg(f) < q—2we have Z(f) < g—2. Z(f) = q— 1 rises only when f is a zero polynomial i.e. My is a zero

matrix and in that case rank(My) = 0 which satisfies the theorem. Let y be the primitive element of IF,. Then consider

the Vandermonde matrix, V(y,y?,...,y?™!):

1 1
}/ }/2 e }/q71
V=1 . ) )
yq—z yz(q—Z) ... },(q—l)(q—Z)
Then using y*" (9~ =1 for all i € g — 1] we obtain
f) f&? - fyth)
Yy ' f(y) yAGH e @
MgV = ) . . )
y‘(‘?‘z)f(y) Y—Z(q—z)f(yz) - },—(q—l)(q—z)f(yq—l)

Now for any i € [g— 1] we have f(y’) = 0 if and only if the i*” row becomes zero. Therefore the rank(My - V) =
q—1-Z(f). Since V is the Vandermonde matrix V and M r - V have the same rank. So the theorem follows. ]

In the next subsections we will give simple upper and lower bounds for solutions multivariate polynomial equations

or system of polynomial equations.

3.1.2 Chevalley-Warning Theorem

We begin with two elementary lemmas about power sums that will serve as the key tools.

Lemma 3.1.2

Let k be a non-negative integer. Suppose fork =0, 0° = 1. Then

ZOCk: 0 ifk=0o0rq-11tk
aclFy -1 ifq_1|k
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Proof: For k = 0 the sum becomes g = 0 mod g. So suppose k > 0. Let y be the primitive element of IF;. Then we have

Sate Y =Sy Sy
7=0 7=0

A
aclFy aclF,

- R
Now if ¢ — 1 | k then y* = 1 so the sum evaluates to be —1. If ¢ — 1 { k then }.7 Oz(yk)f = Y"1 _ . Hence we have the

J= yk-1
lemma. [ |

So using this lemma we can prove if we take the sum over all evaluations of a polynomial then the sum evaluates

to be zero.

Lemma 3.1.3

Let f € Fg[Xq,...,Xp] withdeg(f) < n(q—1). Then

> flaw...,a) =0

Proof: It suffices to prove this property for every monomial of f. So suppose Xlk te. -X,If" be a monomial of f where
ki+--++k, <n(q—1) and k; € Z, for all i € [n]. Since ky + -+ k, < n(q— 1) then by Pigeon Hole Principle there
exists j € [n] such that k; < g¢— 1. Then

n

k kn _ ki
5[] 3 e

at,.-.an€Fy i=1 \a;€lF,

Then for j, by Lemma 3.1.2 Zajelpq ok = 0. So we have the lemma. [

The two lemmas above are the principal tools behind the Chevalley-Warning theorem. It asserts that whenever
the total degree of a system is small relative to the number of variables, the number of common zeros is divisible by p —

forcing, in particular, that a system with one solution must have a second.

Theorem 3.1.4 Chevalley-Warning Theorem

Let f € Fq[X,...,Xy] with deg(f) < n. Then the number of solutions of the equation f(Xi,...,Xn) = 0 in[Fy is
divisible by the characteristic p of IF,.
Moreover, if £(0,...,0) = 0 then there exists a nontrivial solution in 'V (f) i.e. V(f) # 0 or Z(f) > 1.

Proof:  We first construct a polynomial and then will use Lemma 3.1.3. So take the polynomial F(Xy,...,X,) = 1—

fq_1 (X1, - --,Xy,)- By construction F always takes vale 0 or 1. Therefore for any «y, ..., a, € IF, we have

F(ay,...,an) =1 & f(a1,...,an) =0

So
Z F(ar,...,or) =Z(f) mod p
ay,....an€Fy
Now by Lemma 3.1.3 we have
Z F(ay,...,ox) =0
ap,....an€Fy

Therefore p | Z(f). So we have the first part.
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Now since f(0,...,0) = 0 we have Z(f) > 1. Since p is a prime p > 2. So by first part p | Z(f). Hence Z(f) = 2.

So we have the second part too. [ ]

The bound deg(f) < n in Chevalley-Warning Theorem is the best possible: the norm polynomial f(Xj,...,X,) =

;’:_01( o a?]Xi), where {a;,...,a,} is a basis of Fgn over [Fy, has degree n and satisfies f(y1,...,yn)

Nk /F, (2; @iyi), which is zero only when y; = 0 for all j. Thus Z(f) = 1, so divisibility by p > 2 fails.

Now we can extend the Chevalley-Warning Theorem to a system of polynomial equations f; =0, ..., fy = 0 with

fis-o o Sk € Fg[Xi, ..., Xu]. In this case we are interested in the number of common solutions.

Theorem 3.1.5 Chevalley-Warning Theorem for Systems of Equations
Let fi,...,fi € Fg[Xy,...,X,] with deg(fi--- fi) = deg(fi) +---+deg(fi) < n. Thenp | Z(fi,..., fx) where
p = char(IF,).

Moreover, if (0,...,0) € V(fi,.... fi) then V(fi,....fi) #0ie. Z(fi,.... ) = 1.

Proof:  Again we construct a polynomial. Consider the polynomial F € IF;[Xj,...,X,] such that F = (1 - lql) (1
ﬁcq_l). Therefore for any a,...,a, € IF; we have F(ay,...,a,) = 1if and only if fi(a1,...,a,) = 0 for all i € [k]. Now
deg(F) < deg(fi) +---+deg(fx) < n(q—1). Now by applying Chevalley-Warning Theorem for F we get the theorem. m

3.1.3 Lower Bounds on the Number of Solutions

In the next theorem we will show if we have a system of polynomial equations fi = 0,...,fy = 0 with fi,..., fx €
F, [Xi,...,Xy] then for any affine subspace W all its parallel shifts have same number of solutions modulo the character-
istic of IFq. If W1 and W, are two affine subspaces of IFy of same dimension then we call they are parallel affine subspaces

if they are obtained by translation from the same linear subspace.

Lemma 3.1.6 Parallel Shift Invariance of Solution Counts
Let fi,....fk € FglXq,....Xn]. If Wi and W, are two parallel affine subspaces of IFy of dimension d where d =
deg(fi) + - -+ deg(fi) then

WiNV(fi,.... o)l = WanNV(fi,..., fr)| mod p

where p = char(IF,).

Proof: Now if Wy = Wy, we get (W1 NV(fi,..., i)l = WanNV(fi,..., fi)]. So we get the theorem. So we can assume

Wi # W, Now by change of coordinates we can take

Wi ={(aq,...,an) E]FZ: a; =0, Vie|[n]}

Wy ={(ay,...,an) e]FZ: a;=1landa; =0,V2<i<n}

Again we construct a polynomial G € IF4[Xj, ..., X,] where
G(Xl, N ,Xn) = (_l)n—d(X;172 + .. ‘Xl + 1)(Xg*1 _ 1) . (ngl _ 1)

Sodeg(G) =(n—d)(g—1) - 1.
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Observation 3.1. With the above construction of G for any (ax,...,an) € Fg
(i) if (a1,...,ay) € Wy then G(ay, ..., o) =—1
(ii) if (a1,...,an) € Wa then G(atq, ..., an) =1
(iii) if (a1, .., tn) € WU W, then G(ag,...,an) =0
Then we construct the following polynomial F € IF;[X, ..., X,] such that
F=(1-f"Y-(-f"Nc

Sonow we have deg(F) <d(q-1) +(n—d)(q—1) -1 =n(q—1) - 1. Therefore for any (a1, ..., an) € Fg,if (a1,...,an) €
WinV(fi,....fx) then F(ay,...,an) = 1. If (a1,...,a,) € WoNV(fi,..., fi) then F(ay,...,a,) = —1 and 0 elsewhere.
So

> Flan.a) = WinV(fi o fl = VNV, fo)]

Now by using Chevalley-Warning Theorem on F we have the lemma. ]

The Lemma 3.1.6 above can be used to obtain a lower bound on Z(fi,..., fx): the Chevalley-Warning Theorem
guarantees that p | Z(fi,..., fx) whenever d < n, but by counting how many parallel affine hyperplanes each must

contain a solution we can say much more.

Theorem 3.1.7 Lower Bound via Parallel Shifts

Letfi,.... f € FylXy,...,X,] withd = deg(fi) +--- +deg(fi) < n. IfZ(fi,.... fo) = 1 then Z(fi, ..., fi) = "¢

Proof: We will prove this by analyzing two cases.

CaseI: Let there exists an affine subspace W; of IFg with dimension d such that [Wi N V(fi,..., fi)| # 0 mod p. Then
by Lemma 3.1.6 for all parallel affine spaces W, of W; we have |W, NV (fi,..., fi)| # 0mod p. In particular [W, N
V(fi,..., fi)] = 1. Since W; is of dimension d there are ¢"~¢ distinct affine subspaces parallel to W;. Therefore

Vo= ] (WY f0)

W : affine subspace
parallel to W;

For each such W we have |[WNV(fi,..., fx)| = 1. Therefore

Z(fionf)= D, WOV, f)l 2 g

W : affine subspace
parallel to W;

Therefore we have the theorem in this case.

Casell: Wehave [WNV(fi,...,fi)| =0 mod p. for all affine subspaces W of IFy of dimension d. Since Z(fi, ..., fi) > 1

there exists k € [d] such that for any affine subspace W’ of dimension k, |W' NV (fi,..., fi)| = 0 mod p but there is an

affine subspace W”’ of dimension (k — 1) such that [W” NV (fi,..., fi)| # 0 mod p. Now consider all affine subspaces
)

n—(k-1

. . . -1
W’ of dimension k containing W”’. There are exactly qT many such affine subspaces. For each such affine subspace

W’ we have

[(WAWDYNV(f,.. o ) =IW NV ) =W N V(fi,.... fi)l 2 0mod p
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So (W \W"')NV(fi,..., fi)| = 1. Therefore we have

Vfonf) =WV ] (AW V(H o)

W’ affine subspace
of dimension k
contains W”’

Hence we have

—(k-1) _
q" 1 -
Z(firo o f) =W OV (ol Y (WAW)AV(fro fi)l 214 T > g
W’ affine subspace
of dimension k
contains W”’
So we have the theorem. [

The lower bound on the number of solutions above is best possible even for k = 1 i.e. for any positive integers
d and n with d < n there is a polynomial f € Fy[Xy,...,X,] of degree d such that f(Xi,...,X,) = 0 has exactly g

j=1
{a;: j € [n]} was a basis of [Fg» over IF,. But in this example we take the same polynomial but on d variables but the

solutions in IFg. Consider the polynomial defined in the support Chevalley-Warning Theorem, 15! a;.IIX i where

solution space is over IF4». Hence our polynomial in this case is f(Xi,...,X,) = g(X1,...,Xy) = e ?:1 a;.IlXj‘ Since

f had only one solution, g has a solution at (yi,...,y,) if y; = 0 for all i € [d]. Therefore g has exactly ¢"~¢ solutions in
Fg.
3.1.4 Upper Bounds on the Number of Solutions

We now give upper bounds on the number of solutions of a polynomial equation. The first is the celebrated Schwartz—

Zippel lemma, which bounds the probability of a random point being a root in terms of total degree.

Lemma 3.1.8 Schwartz-Zippel Lemma

Let f € Fgq[X,...,Xn] with deg(f) = d be a non-zero polynomial. IfS C IF, be any subset then

d
= < _
al,...],l?xnes[f(al""’a") 0] < 5

This lemma immediately gives an upper bound of d - ¢"~! solutions for the equations f(Xj,...,X,) = 0 in Fg.
Hence

Corollary 3.1.9 Total Degree Solution Bound

Let f € Fy[Xy,...,X,] withdeg(f) = d be a non-zero polynomial. Then the equation f(Xi,...,X,) = 0 has at most
d-q""" solutions in TF}.

We can give another probabilistic upper bound when we control the degree of f in each variable separately rather

than just the total degree.

Theorem 3.1.10 Individual Degree Bound
Let f € Fy[Xi,...,Xn] be a non-zero polynomial with degy. (f) < d for alli € [n]. Then for (a1, ...,a,) chosen

uniformly at random from [FZ,

P [f((xl,..,,an)zo]Sl_(l_g)n

ay,....an€Fq
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Proof:  We proceed by induction on n. For the base case n = 1, since f € [F;[Xi] is non-zero with degy (f) < d, it has
at most d roots in IF;. Hence ]P]F [f(x) =0] <d/g=1-(1-d/q)".
x1€F,

Assume the bound holds for n — 1 variables. Let ¢ = degy (f). Then write f as a polynomial in X;, with coefficients
in ]Fq [Xl, RN ,Xn_l]Z

F(Xi,... X)) = Zﬁ(xl,...,x,,_l) - xk.
i=0

Since degy (f) < d for each j € [n - 1], every f; satisfies degy (f;) < d.
Let ay, ..., a,—1 be uniformly random points on IF; and &, be uniform on ]Fq, independently. Then by induction
hypothesis

[fi(e1, ..., an-1) =0] < 1- (1 - g)n

at,....an-1€Fg
Now we have

P [f(ag,...,an) =0] < P o [fi(ar,...,an-1) =01+ P [f(o1,...,n-1,0n) =0A fi(a1,...,0tn—1) # 0]

ap,....an€ly Alseensn—1 ap,....an€Fy

< P [ﬁ(al,...,an_l)zo] +

ay,....on-1€Fg

P [f(a1,... n-1,00) =0 fi(ay,...,an—1) # 0] P o [filar,...,an-1) # 0]
ay 1€lfg

an€l, yeeesOp—
Letp = r [fi(a1,...,an-1) = 0]. For the second term after fixing a1, ..., ap—1 wehave P [f(a1,...,00-1,an) =
at,..,an-1€Fg an€ly,
0] filar,...,an-1) 0] < g. Now
[filaq,...,an-1) #0] =1- P [fila,...,an-1) = 0]
ap,....0n-1€Fg ay,....an-1€Fg

Therefore together we get

]PG]F [f(al"“’an):()]Sp+(l—p)§:c—l+(l_g)p

[

n—1
By induction hypothesis p <1 - (1 - %) . Therefore we have

n—1 n
P [f(al,...,an>:o]Sg+(l_é)[l_(1_é) ]:1_(1_é)

ay,....an€ly

So we have the lemma. [}

We can give another upper bound based on individual degrees of each variables. If degree of each variable is at
most d then there can be at most d(¢"~! — 1) many non-trivial solutions. For this we consider f to be homogeneous i.e.

total degree of each monomial is same.

Theorem 3.1.11 Nontrivial Solution Bound for Homogeneous Polynomials

Let f € Fg[X,...,X,] be a homogeneous with deg(f) = d > 1. Then the equation f(X,,...,Xy) = 0 has at most

d(q"~! — 1) non-trivial solutions.

Proof: We use double induction on n and d. For the base case n = 1 then f = aX{i for some a # 0, so the only root is
X; =0, giving Z(f) =0 < d(q° - 1) = 0. Ifd = 1 then f = ¢, X; + - - - + a, X, is a non-zero linear form whose zero set is
an (n — 1)-dimensional hyperplane, so Z(f) = ¢" "' =1 =d(¢g" "' - 1).

Suppose n > 1, d > 1, and the bound holds for non-constant homogeneous polynomials in at most n variables of

degree less than d and for those in fewer than n variables of degree at most d. We consider two cases.
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Case 1: X; | f. Write f = X - g where g € IF4[X;,...,X,] is homogeneous of degree d — 1. Every nontrivial solution
(ar,...,an) € E(f) with a; € IF, for all i € [n], satisfies @y = 0 or g(ay,...,@,) = 0. Solutions with a; = 0: any
(0,az,...,a,) # 0 works, giving g"~! — 1 solutions. Solutions with a; # 0: these are nontrivial zeros of g, and by the

induction hypothesis on d there are at most (d — 1)(¢"~! — 1). Hence

Z(H) < ("' =D+ -1 -1 =d(g" - D).

Case2: X1 1 f. Write f = Zzzofk(xz, ..+, Xy) - XK with f, homogeneous of degree d — k. Since X; 1 f we have f; # 0, so
for every a € IF, such that f(a,X;,...,X,) is a non-zero polynomial of degree d in n — 1 variables we have by Schwartz-
Zippel Lemma it has at most d - ¢"~2 zeros in ]FZ’I. Now summing over a € [F gives at most (¢ —1) - d - q"~? nontrivial
solutions with a; # 0. For solutions with a; = 0: f(0,Xz,...,X,) = f5(Xz,...,X,) is a nonzero homogeneous polynomial
in n — 1 variables of degree d, so by the induction hypothesis on n it has at most d(g"~? — 1) nontrivial zeros. Altogether,

E(f) < (q - 1)d . qn—2 +d(qn—2 _ 1) =d (qn—l _ qn—z + qn—z _ 1) — d(qn—l _ 1). -

§ 3.2 Character Sums with Polynomials

Let X € X, be a non-trivial additive character of IF, and let f € IF,[X] be a non-constant polynomial. In this section we

will look sums of the form

> X(f(@)

aclF,

Such sums are called Weil Sums.

Definition 3.2.1: Weil Sum

Let X € X4 be a non-trivial additive character of IF; and let f € IF4[X] be a non-constant polynomial. The Weil sum

associated to X and f is

WOGf) = ) X(f(@).

aclFy

More generally, for a multiplicative character y € Mg and a additive character X € X4 and a polynomials f,g €
F4(X), the Weil sum is

Wi f) = ). ¥(f(@)

aclF,

W X5 £.9) = ) W(f(@) X(g(@)).

aclF,

Weil sums are extremely difficult to evaluate. One usually has to be satisfied with estimates for the absolute value

of the sum. In certain cases it is easier to find the character sums exactly.

3.2.1 Additive Character Sums

The first family of Weil sums we evaluate exactly are those of the form X(ac” + b), where the polynomial is a shifted

monomial. The key is to factor the sum over ¢ using multiplicative characters of order d = ged(n,q — 1).

Theorem 3.2.1 Weil Sum of a Shifted Monomial
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Let X € Xy be a non-trivial additive character of IFq, n € IN, and let A € M be a multiplicative character of order
d = gcd(n,q —1). Then for any a,b € IF; with a # 0,

d-1 |
Z X(a-y"+b) = X(b) Zif(a) G, X).
yeF, j=1

Proof: Let r € X, be a non-trivial additive character of IF; defined by 7(y) = X(a-y) for all y € IF,. Then we get
DXy +b) =x(b) Y X(a-y")y =X(b) D (")

yeF, yeF, yeF,

Now by Observation 2.9(ii) we get 7(y") = ﬁ le,qu G(J, 7) - Y (y") for all y € IF,. Therefore we get

SNy =+ Y —— 3 6F.0 Y

yeF, e Ay v
— 1 " n
=0+ —— PIRELDINUE
yeMy yelFg

Now if (" is trivial then ZYEJFZ Y™ (y) = ¢ — 1 and if ¢ is non-trivial then Yyem, " (y) = 0 by Theorem 2.2.5(i). Now
" is trivial if and only if ord(y) | d. Since ord(Im) = d, the characters i with order dividing d are exactly A/ for all
0 < j <d - 1. Therefore

d-1 d-1 d-1
Z () =1+ Z GV,7) = Z GWV,1) = ZI’(a) LGN, X)
yeF, j=0 j=1 7=
Hence we have the theorem. [ ]

From Theorem 2.3.1 we have the absolute value of G (1, X) to be ¢"* if X, / are non-trivial additive and multiplicative
characters respectively. So we get the absolute value of the above character sum to be at most (d — 1)g"2. Therefore as an

immediate consequence we get the following bound on the absolute value of such sums.

Theorem 3.2.2 Bound on Weil Sum of a Shifted Monomial
Let X € X4 be a non-trivial additive character of IFg, n € IN, and d = ged(n, g — 1). Then for any a,b € Fy witha # 0,

D" X(ac" +b)| < (d= 1)y,

celFy

So if ged(n, g — 1) = 1 then the sum at right hand side is over no elements. So the sum evaluates to be zero. So we

have the following corollary:

Corollary 3.2.3 Vanishing for Coprime Exponent
Let X € X be a non-trivial additive character of F; and n € IN. If ged(n,q — 1) = 1 then for any a,b € F, with
a+0,

Z X(ac™ +b) =0.

celF,

For quadratic polynomials in odd characteristic the Weil sum can be evaluated exactly in terms of a Gaussian sum

and the quadratic character.
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Theorem 3.2.4 Weil Sum of a Quadratic Polynomial
Let X € Xg be a non-trivial additive character of IF; with q odd, and let f(X) = X2+ a1 X +ap € Fq[X] with
as # 0. Then

D X)) = X (a0 - a}(4a2)™") m(az) G(n, X),

yeF,

where 1 € My is the quadratic character of IF,.

Proof: Since f is a quadratic polynomial we can express f as in the form of Theorem 3.2.1 for degree 2.
f(X) = a X%+ a X + ap = as (X+ a - (2612)_1)2 + (ao - a%(4a2)_1)
Lety =y + a1(2a;) " and = ag — a3 (4a;)'. Then we have

DL X(FW) = D] Xar 7+ B)
yeF, yelF,
So by Theorem 3.2.1
DX () = X(B) - n(a2) - G, X)

yeF,

Hence we have the result. [ |

For polynomials whose monomials are all affine p-polynomials i.e. powers of p = char(IF;), the sum collapses to either 0

or a full power of g depending on a linear condition on the parameter b.

Theorem 3.2.5 Weil Sum of an Affine p-Polynomial
Let p = char(IFy) and let

FX) =a X +a, XY 4+ @ XP + apX +a € Fy[X]

be an affine p-polynomial over [Fq. Let X, € X4, b € Iy, be a non-trivial additive character as defined in Theorem 2.2.1.
Then

r— r—1 r r
X,(a)-q ifba,+bPa,_y+---+bP 1a117 + bP ag =0,

PEAGDE

yeF, 0 otherwise

Proof:  We can bring out the X, (a) factor from X, (f(y)) as a is the constant term. Consider the following polynomial
F(X) =b- f(X). So we have

2, G W) =Xp(a) ) X (F ()

yelF, yelF,
where X, is the canonical additive character of IF;. Let 7 be the additive character defined as 7(y) = X, (F(y)) for all
y € IFy. Then by Theorem 2.2.2(i) we have

q if 7 is trivial
Dy = _
Y 0 otherwise

So now it suffices to characterize those affine p-polynomials F(X) for which r is trivial. Let ¢ = p°® and let Tr is the absolute
trace function from IF, to IF,,. Then 7 is trivial if and only if Tr(F(y)) = 0 for all y € IF,. Therefore we get

s—1
T is trivial & ZFPJ (X) = 0 mod (X7 -X)
j=0
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Now we have
s—1 _ s—1 r _ »’ s=1 r ) ; o s—1 r R i
ZFP’(X)=Z(Zb-ai-XP’) = b - al -XP”EZ(ZbP ‘o )XP mod (X9 — X)
7=0 j=0 \'i=0

j=0 i=0 k=0 \i=0

Therefore we get

s—1 r

i i ki
> FP'(X) = 0mod (X1-X) &= > b 'al =0, Vo<k<s—1
j=0 i=0

Now for all j € {0,...,s — 1} we have

u —i pk-i u —i pk-i d r—i prei
Zb"k d =0 = Zb"k a’ =0 = Zb" ad =0

i=0 i=0
So we get the Theorem. [ ]
The above theorem covers both odd and even characteristic, whereas Theorem 3.2.4 was restricted to odd g. Specializing

to the case where f is a quadratic polynomial f(X) = a;X? + a;X + a¢ and applying the p-polynomial criterion, we can

fill this gap and obtain the analogue of Theorem 3.2.4 for even characteristic:
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Corollary 3.2.6 Weil Sum of Quadratic Polynomial in Even Characteristic

Let f(X) = azX* + a1X + ag € Fy[X] with g even, and let X, € Xq, b € Fy, be as defined in Theorem 3.2.5. Then

o
T 2oy = | ()4 Fae=be

ceF, 0 otherwise.

3.2.2 Quadratic Character Sums

When the character is the quadratic character 7, the sums ;. n(f(c)) can be evaluated by completing the square (for

quadratic f) or by the continued fraction algorithm (for polynomials with no roots in IF).

Theorem 3.2.7 Quadratic Character Sum of a Quadratic Polynomial

Let f(X) = a;X*+ a1 X +ap € IF4[X] with q odd and a; # 0, let A = af — 4apa, denote the discriminant of f, and let
1 be the quadratic character of IF (extended by n(0) = 0). Then

—n(az) if A # 0,
(f(y) =
Y;qn ’ (g—1)-n(az) ifA=0.

Proof:  Since 4a% = (2a;)* we have n(4a;) = 1. So we multiply the sum by 1(4a,)? and the sum stays the same. So we
get for any y € IF,

n(f(y)n(4as - f(y)) = n(az) - n(4as - y* + 4ayay - y + 4azar) = n(az) - n ((2az -y + a1)* = A)

This gives X, cF, n(f(y)) = n(az) 2yeF, n(y* — A) where for any y € F, define y = 2a, -y + a;. Now if A = 0 then
n(y*) = 1 and hence 3, cp, n(f(y)) = —n(az).

So suppose A # 0. Let for any f € IF;, Z(p) is the number of solutions of ¥ € IF, such that ¥* = p> = A. Then
2 pek, Z(P) is the total number of ordered pairs (¥, §) € IF} such that 7% — B* = A. Now

V- =N = F+pF-pH =A

Since A # 0, both y + f and y —  are nonzero. Take u =y + f and v =y — f. Then there is a one-one correspondence for
each (y,p) € lFé such that y* — % = A and each (u,0) € IF; such that u - v = A. For any u € [F}, we automatically get the
value v hence number of such (u,v) € IF?I suchthatu-v = Aisq— 1. Therefore 3 g Z(f) = q— 1. So we have the result. m

3.2.3 Weil Sums of Continued Fractions

There is a remarkable connection between Weil sums for the quadratic character  and the continued fraction algorithm
for rational functions over IF,. We collect the necessary algebraic facts about continued fractions of rational functions
in Appendix C; here we set up the specific expansion needed for the application to character sums and state the main
results. Recall from Appendix C that every rational function ry/r; € IF4(X) with r; # 0 admits a unique continued fraction

expansion

1
fo =Ag+ ———— = [Ag, Ay, ..., Agl,
ri 1

A+
A2+...
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where Ay, Ay, ..., A; € F4[X] are the partial quotients produced by the Euclidean algorithm applied to ry and ry, with
Ay, ..., As all of positive degree. Associated to this expansion are the convergents P;/Q; := [Ag, A1, ..., A;], where the

numerator and denominator sequences are defined by the recurrences
P_y=1, Py=Aop, Pi=AiPi1+Pi, Q-1=0, Q=1 Qi =A;Qi-1+ Qi

Each P;/Q; is a best rational approximation to ry/r1, and the denominators Q; are pairwise coprime with strictly increasing
degrees.

For q odd, put G(X) = X9 - X, let f € IF4[X] be a polynomial of positive degree with no roots in IFy, and set
F(X)=f(X )(@=1D/2_ Consider the continued fraction expansions

OO -1 . F(X)+1
Goo T e Al and o —re

=lag, a1,...,a¢]

with P;, Q; and p;, g; the corresponding convergent sequences. It is clear that Ay = ao. Define n¢ to be the largest integer
m such that A; = q; fori =0,1,...,m.

Lemma 3.2.8

For q odd, put G(X) = X9-X, let f € F4[X] be a polynomial of positive degree with no roots in IFy, and set
F(X) = f(X)4 D2, Let

FO-1 _aar...a] ana X1

G(X) G(X) = [ao,al,...,at]

Yheneithernfzszt—lornf=t=s—1.

Proof: Let P;, Q; are defined as above from [Ay, . .., A;] and p;, g; are defined from [ay, . . ., a;]. Then using Corollary C.2
and Corollary C.5 we have

Py F(X)-1 and pr _FX)+1
Qs G(X) @  G(X)
So we get
0,(X) = @ - G(X) 4 (X) = @ - G(X) for some ay, a; € (3.1)

ged(F(X) - 1,G(X))’ ged(F(X) +1,G(X))
Since f has no roots in IFg, for all @ € Fq, f77'(a) =1. So G(X) | f971(X) —1ie. G(X) | (F(X) - 1)(F(X) +1). So

ged(G(X), F(X) 1) - ged(G(X), F(X) + 1) = G(X)
Therefore Qs(X) - ¢:(X) = a - G(X) with « € [F;. Let n = ng < s and n < t. Therefore by Lemma C.3 we get

F(X)_I:Pn+l+ﬂn+1'Pn and F(X)+1:pn+1+}’n+1'Pn
G(X) On+1 + ﬁn+1 . Qn ’ G(X) dn+1 t Yn+1 " qn

with f,4+1, Yn+1 being rational functions with negative degree. Therefore

2 _FOO+1 F(X)-1 _ H(X)
GX) GX) G(X)  (Qn+1+ Bus1 On) (Gna1 + Y1 - Gn)

(3.2)

where

H =ppi1°Oni1 = Pry1 - qnar + ﬁn+1(pn+l “Qn—Py- qn+1) + Yn+l(pn “Qn+1— Ppy1 - qn)

Hy H,; H;

+ ﬂn+1 : Yn+1(Pn “Qn—Pp- qn) (3.3)
—
Hs
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Now by definition of n we have P; = p; and Q; = g; forall -1 < i < n. By Lemma C.4 we have H; = (-1)" and H, = (-1)"*!
and H; = 0. So now we have to calculate H,.

Ho = pn+1* On+1 — Pra1 - Gnt

= (An+1 *Pn +Pn—1)(An+1 < Qn + Qn—l) - (An+1 <P, + Pn—l)(an+l “qnt Qn—l)

= an+1(pn . Qn—l - Pn . qn—l) +1411+1(pn—1 : Qn —qn-1" Pl‘l)

= (-1)"lay = (=1)" ' Apn

= (=1)"(An+1 — ans1)
Therefore H = (=1)"(An+1 — dn+1 + Pu+1 — Yn+1)- Now by definition of n, A,11 # ans1. So deg(H) > 0. Therefore
from the equation (3.2) we get G(X) - H(X) = 2(Qn+1 + Pn+1 - On)(qn+1 + Yn+1 - qn). By the definition of G we have
deg(G) + deg(H) > g. On the other hand, deg(G) + deg(H) = deg(Qn+1) + deg(qn+1) < deg(Qs) + deg(q;) < g. Therefore

we have deg(H) = 0. So deg(A,+1) = deg(a,+1). And hence deg(Qy,+1) = deg(qn+1) = 9/2. But we have q to be odd. Hence
contradiction / So we have either n = s or n = t. Suppose n = s. Then ¢ > s and therefore we can write

F(X) +1 _ Ps+1+ Vs+1 " Ps
G(X) qs+1 t Ys+1°9qs

Therefore we get new equality for (3.2)
2 FX)+1 F(X)-1
GX) ~ G6(X) G
_bsitysncps B
C Ges1+Ys1-qs Qs
_ Qs - ps+1 — Ps - gss1 + ¥s41(Qs - ps — Ps - qs)
- Os(gs+1 + V541 Gs)
_ (-1°
- Qs(gs+1 + Y41 Gs)
So we have (-1)° -G = 2 Qs(gs+1 + ¥s+1 - qs)- Again we will compare the degrees. And since deg(G) = g we have
deg(Qs) +deg, ., = g. On the other hand we have deg(Qs) + deg, =~ < deg(Qs) +deg(q:) = g. Therefore deg(gs+1) =
deg(q;). Since degrees of ¢; increases strictly we have t = s + 1. Similarly, if n = t then we get t + 1 =s. [ ]

[By Lemma C.4]

So now we can derive the Weil sum of quadratic character for any polynomial f which has no rooots in IF; where q is

odd.

Theorem 3.2.9 Weil Sum via Continued Fractions

Letn € My be the quadratic character of IFy, q odd, and let f € IF4[X] be a polynomial of positive degree with no
roots inIF,. Then

d S ) =S,
S n(pay = {48 =
yeF, _deg(As) lfnf =t,

where As and as are obtained from the continued fraction expansions above.

Proof: We define the following two sets Z; = |{y € Fq: n(f(y)) = 1}/ and Z_; = {y € Fg: n(f(y)) = —-1}|.
Then basically we have ZYE]Fq n(f(y)) = Zy — Z_. Since n(f(y)) = 1if and only if F(y) = f“"2(y) = 1 we have
Zy = deg (ged(F(X) — 1,X9 - X)) and hence by (3.1) we have Z; = q — deg(Qx).

Similarly n(f(y)) = —1if and only if F(y) = —1. Hence Z_; = deg (gcd(F(X) +1,X?9- X)) = q — deg(q;). So if
ng =t =s—1then g, = Qs_1. And therefore q; = Qs_1. So Z; — Z_; = —deg(Qs) + deg(Qs—1) = deg(As). In case of
np=s=t-1wegetZ —Z_; =deg(q;) —deg(q,-1) = deg(a;). So the result follows. [ ]
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The hypothesis that f has no roots in IFy is essential. For example, take f(X) = X: then Y cp_n(f(y)) = 0 by

Theorem 2.2.5(i), yet I}ﬁ;{l = [0, X"/ 4+ X] and };gf_);l = [0, X9 _ X], giving s = t = 1 and deg(A;) = deg(a;) =

q+1/2 # 0. The continued fraction formula does not reproduce the correct value in this case.

In the next section we turn to a statistical perspective and study the average number of solutions of polynomial
equations over IF;. We will show that the average value of Z(f) over all polynomials f of bounded degree is exactly g,

and then compute the variance of the solution count around this mean.

§ 3.3 Average Number of Solutions

We now investigate the average number of solutions of a polynomial equations. Let d € IN. Then define Q; = ngd [X1,..., X0l
and w(d) be the set of n—tuples (iy,...,i,) € Zy such thati; +--- +1i, < d. Then

Observation 3.2. With the definitions of Qg and w(d) as above we have |Qq| = ¢!*(@1.

Lemma 3.3.1 Average of Solution Count

With the notations of Q4 and w(d) as defined above we have

o o 2P =g

feQa

Proof: We have

feQq f€Qq ai,...an€ly ap,....an€Fy feQq
f(ay,...an)=0 f(ai,....0n)=0
Let for any f € Qg
FnX) = Y fun XX f € Fo Y (i) € 0(d)
(i1,ein) €0 (d)
Then for a fixed a4, . .., &, € IF; we get to choose the coefficients f;, _;, forall (iy,...,i) € w(d)\ {(0,...,0)} arbitrarily

and then determining the constant term f; _, to make f(ay, ..., a,) = 0. Thus the number of f € wy with f(a,...,a,) =0
is equal to ¢/“(®1-1 Therefore 2rea, Z(f) =q" gl@I=1 = |Q,| - ¢"'. So we have the lemma. ]

The proof of the above lemma gives us the following observation:

Observation 3.3. Forany ay,...,a, € IFy, the number of polynomials f € Qg such that f (a1, ..., a,) =0 is gle@l-1,

The above lemma implies that a polynomial equation in n variables has on average ¢"~! solutions in 7. So we

now consider average deviation from the average number of solutions, g"~.

Theorem 3.3.2 Variance of Solution Count

With the notations of Q4 and w(d) as defined above we have

ﬁ Z (Z(f)—q"_l)2 =q" =g

feQa
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Proof: Leta = (ai,...,an),p = (P1,....Bn) € Fg be any two points. Then we get
2

DECGEDN DIEIEDNDIPINES DI

feQq feQa| ackg feQa acky peky a,felFg feQq
Fa)=0 Fa)=0 £(B)=0 fle)=f(p)=0

Now if @ = f then by Observation 3.3 we have Y. rcq, f(a)=0 1 = q!“@I1=1 Now suppose a # f. This gives two linear
equations for the coefficients of f. Therefore there are ¢/(?1=2 polynomials f € Qg such that f(a) = f(f) = 0. Hence
we obtain

Z Z(f)? == Z 1Qal-q7 " + Z 1Qql - g7 [By Observation 3.2]
fEQd IZEIF; a,ﬂe]}jg,aiﬂ
=q" 19l ¢ +4"(¢" - )|Qal -q”*

— |Qd|(qn—1 +q2n—2 _qn—Z)

So now we get
D =g =)z 2 Y Z(H+gE D
feQa feQa feQq feQa

_ |Qd|(q2n—2 +q _qn—Z) —2.q" Q- g+ Pl
=1Qal(g" " = q"%)
So we have the result. [ |

(q—l)/z)

From this result we can expect that | Z(f) — ¢"~!| is often O (q . Later we will see instances of such expected behavior

for various polynomial equations. In the next sections we will talk about character sums over polynomial evaluations.

§ 3.4 Quadratic Forms

In this section we will study about quadratic forms and its equivalent forms which are easier to study than a general
quadratic form. We will give bounds on the deviation of number of solutions from average number of solutions. Before

all of that let’s see what is a quadratic form.

Definition 3.4.1: Quadratic Forms

A quadratic form over I, is a degree-2 homogeneous polynomial or the zero polynomial.

If f € Fy[Xi,...,X,] is a quadratic form. Now if g is odd then for any i, j € [n] we write a; ; X;X; = 1a;;X;X; +

%ai iX;X; which leads to the representation

f(Xl, . ,Xn) = Z ai’le'Xj for all a; j € ]Fq with ajj =4aj;.
i,je[n]

From this formulation we can represent f by a matrix denoted by Cy where (i, j)** entry of Cf is a; ;. This matrix is called

the coefficient matrix.
Observation 3.4. Sincea;; = a;; we have C}I =Cy.

So if X denotes the column vector of all variables then f = XTCyX. With this representation now we can talk

about equivalence of two quadratic forms.
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Definition 3.4.2: Equivalent Quadratic Forms

Let f,g € Fy[Xy,...,X,] be two quadratic forms over IF;. Then f and g are said to be equivalent if f can be

transformed into g by a non-singular linear transformation of the variables.

So let f,g € Fy[Xi,...,Xa] are two equivalent quadratic forms. Then Let X be the variable vector for f and X
be the variable vector for g. Then f = X"CyX and g = XTC,X. Suppose M is the non-singular linear transformation of
variables i.e. X = MX. For odd q we have

XTCX =g=(MX)"Cr(MX) =XT(MTCrM)X,
s0 Cy = MTCrM.

Observation 3.5. If f,g € F;[Xy,...,Xy] (q odd) are two quadratic forms then f and g are equivalent if and only if there

exists an invertible matrix M € ]F,';X” such that Cy = M"C¢M where M is the non-singular linear transformation.

Since X = MX. So M gives the one-one correspondence between V(f(Xy,...,X,) = @) and V(9(X1,...,Xn) = )
for any a € IF,.

Observation 3.6. If f,g € F,[Xy,...,Xy] (q odd) are two quadratic forms then f and g are equivalent by the non-singular
linear transformation M € Fg*". Theny > My wherey € IFy gives an one-one correspondence between V (f(X,..., Xn) =
a) and V(9(Xi,...,X,) = a) forany a € .

We will use another terminology to make our life easier. If f € IF;[X;,...,X,] is a quadratic form then for any
a € Fy we will say f represents a if f(Xy,...,Xy) = a has a solution.
To calculate and understand the of solutions of quadratic forms we define the integer-valued function & : IF; — Z

by §(a) = —1for all « € IF; and (0) = g — 1. Then we have the following properties of ¢ function.

Lemma 3.4.1

For any finite field F, we have

Z 3a) =0,

aclFy
and for any a € IF and integers1 < k < m,
0 ifi<k<m
D, ) ) = L
ay,....am€Fg Ha) - q lfk =m.

Proof:  Since for all a € IF, 9(a) = —1 we have ZaE]F; d(a) = —(q —1). Therefore 3(0) + Zad:; d(a) = 0. So we have
the first result.

Now suppose k < m. Then we have

k
2. o

at,...am€Fg j=1 ap,....ap€Fy
o+t =a Apey1+F+Am=a—ay—-—

1l Il
Q
7
T M
M 13-
3
1= <
Se
&
N
—
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Now assume k = m. Here we will use induction. The case m = 1 holds trivially. Suppose the formula is shown for m > 1.
Then

m+1 m+1 m
E | |3(a,~)= § | |'9(05j)+ § | |t9(aj)
a,.am+1€Fg j=1 ai,...ame1€Fg j=1 ar,....am1€Fq j=1
o+ U = apt o+ ame1=a ot tome1=a

]

ﬂ 3(aj>] [ H@mer) +1]

Jj=1
apt-+ame1=a

% |Foe

a,....am€Fg L j=1

9(a—iaj)+1

J=1

q Z 1_[ Iaj) [If o1 + - - + ay # « then the term is 0]

a,....am€Fg j=1
a+ ot am=a

=q-¢" % HNa) [By Induction Hypothesis]
— qm—l . 19(6!)

so now we have the second result too. So we have the lemma. [ ]

3.4.1 0Odd Characteristic Quadratic Forms

We now resume the study of quadratic forms f € IF,[X;, ..., X,] where q is odd. We will first show that every quadratic
form f € IF4[Xi,...,X,] where q is odd is equivalent to a diagonal quadratic form i.e. a quadratic form of type ale +
-+ +a,X? where a; € IF, foralli € [n].

Lemma 3.4.2 Reduction by Separating a Variable
Let q be odd and f € Fq[Xi,...,Xy] be a quadratic form withn > 2. If f represents a € IF then f is equivalent to

a-X:+g(Xa,...,Xn) whereg is a quadratic form in n — 1 variables.

Proof:  Since f represents a, 3 (y1,...,yn) € g such that f(y1,...,yn) = a. Since a # 0 not all y; are zero. So we can
find an invertible matrix M € IFZ*" such that in the first column of M the entries are y1,.. ., y,. Therefore if we apply the
non-singular linear transformation by M to f, we obtain a quadratic form in Y;, ..., Y, for which the coefficient of Y/ is

f(y1,-...yn) = a. Thus f is equivalent to a quadratic form of the type
aYE +2b,Y1 Yy + -+ 2bY Yy + h(Ya, ..., V) =a(Yi+ by ot Yo+ obyoa V)2 4+ g(Ya, ..., V)

for some by, ...,b, € IF; where g,h € qu[Xl, ..., Xpn] are two quadratic forms. So now take the non-singular linear

transformation
Zi=Yi+by-al Yo+ +b,-at Y,
ZiZYiViE{Z,...,I’l}

Then we get a quadratic form of the desired type and this is equivalent to f. [

Applying Lemma 3.4.2 repeatedly separates variables one by one, eventually reaching a diagonal form. The only
subtlety is ensuring at each step that the remaining form represents a non-zero element of IF; this is handled in the proof
of Theorem 3.4.3 below.
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Theorem 3.4.3 Diagonal Form of Quadratic Forms over IF,

For any quadratic form f € Fg[Xy,...,X,] where q is odd, there exists ay, ..., a, € Fy such that f is equivalent to
the diagonal quadratic form a;X? + - - - + a,X?.

Proof:  We will prove this using induction on the number of variables. If n = 1 then f(X;) = a;;X?. Then its already

diagonal. So suppose n > 2 and the result holds for quadratic forms in (n — 1) variables.

Let f € IF4[Xi, ..., Xu] be a quadratic form in n variables. Now the theorem is trivial if f is a zero polynomial. So
suppose f is a non-zero polynomial. If there exists i € [n], a;; # 0 then f represents g;; since at the point X; = 1 and
X; =0forall j € [n]\{i}, f evaluates to be a;;. If for alli € [n], a;; =0then3i,j € [n],i # jsuchthata;; =a;; # 0.
Then f represents 2a; ; since at the point X; = X; =1and X; =0 forall t € [n] \ {i, j}, f evaluates to be 2a; ;.

So f represents some element a; € F; and hence by Lemma 3.4.2 we have f is equivalent to a quadratic form
a1X? + g(X, ..., X,) where g is a quadratic form in (n — 1) variables. Now by induction hypothesis g is equivalent to a

diagonal quadratic form a;X? + - - - a,X2. Therefore f is equivalent to the diagonal quadratic form a;X? + - - - + a,XZ. ®

So now we can only talk about the solutions of diagonal quadratic forms since all general quadratic forms in
F4[Xi, ..., Xy] are equivalent to a diagonal quadratic form. Now let f € IF;[Xj, ..., X;] is equivalent to alez +o+ag Xt
Then some a;’s may be zero. Since non-singular linear transformation preserves ranks, equivalent quadratic forms have
coefficient matrices with same rank. Therefore non-singular linear transformation also preserves the non-zero ness of

determinant of the coefficient matrix.

Observation 3.7. Let f € Fy[X, ..., X,] is a quadratic form is equivalent to a1 X? + - - - + a,XZ2. Then rank(Cr) =n—|[{i €
[n]: a; = 0}|. Similarly, det(Cy) = 0 if and only if [1}_; a; = 0.

Observation 3.8. Let f,g € Fy[Xy,...,X,] are two equivalent quadratic forms by the non-singular linear transformation
M e Fg*". Since by Observation 3.5 we have Cy = MTC¢M and therefore det(g) = det(f) - det(M)?.

If the coefficient matrix C for any quadratic form f € IF4[Xj, ..., X,,] has rank n then we call f to be non-degenerate.
We also define determinant of f, det(f) to be the determinant of the coefficient matrix Cy.

The two-variable lemma below is the base case for the induction used in Theorem 3.4.5. Once we know Z(a; X? +

a;X? = «) exactly, the convolution property Lemma 3.4.1 allows us to build up the solution count for n variables.

Lemma 3.4.4 Solutions of a Two-Variable Diagonal Quadratic Form

For odd q, let @ € IF, a1, a; € Fy, and let n € My be the quadratic character of IF,. Then

Z (alez +apX? = a) =q+ %) - n(-aiaz).

Proof: Now we can break Z(ale2 + azXZ2 = ) into sum over all a3, a; € IF; product on(ale2 = a) and Z(azXZ2 = .
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So we have

Z(a1 X2+ apX? = )

D ZaX =) Z(aXf =)

ar,a2€F,
a+az=a

D1 (en(arta) - (1+7(e; @)
a,az€lF,
a1+or=a

Z (1+n(a; ) +n(ay ' az) +n(a;'ay ' craz))

a,az€F,
ar+or=a
=q+n(a) Y nle)+n@) Y nle)+n(@ma) Y nlew)
ai€lFy az€Fy ay,oz€lF,
ataz=a
=q+n(ajaz) Z n(aiaz) [By Theorem 2.2.5(i)]
ay,az€lF,
aj+ox=a
= q+n(a1az) Z n(y(a—y))
yeF,

Now consider the polynomial g(X) = aX — X2. Then by Theorem 3.2.7 using the function & we have Zye]Fq n(g(y)) =
F(a)n(—1). Therefore we have the lemma. [

Theorem 3.4.5 Solution Count for Non-degenerate Diagonal Quadratic Forms

Let f be a non-degenerate quadratic form inIF4[X, ..., X,] with n even and q odd. Then for any a € I,
(i) Ifniseven Z (f(X1,....Xn) =) =q" L+ Ha) - ¢" /-0 ((-1)" - det(f)) .

(ii) ifnisodd Z (f(X1,.... Xn) =) =q" L +q" "2 5 ((-1)""2- - det(f)).

Proof: By Theorem 3.4.3 f is equivalent to a diagonal quadratic form g(Xi,...,X,) = a1X? + ---a,X? by the non-
singular linear transformation M € IFZX". By Observation 3.8, we have n(det(f)) = n(det(g)). Hence it suffices to prove
the theorem for g(X,...,X,) = a. Since f is non-degenerate by Observation 3.7, a; # 0 for all i € [n].

(i) Let nis even. So take m = n/2. Then

Z(g(X1,. ... Xp) = )

M
—

2 2
Z (azj_lej_l + aszzj = 0{]')

m
= Z 1—[ (q+ 9(aj) - n(—azj_1az))) [By Lemma 3.4.4]
ap,...am€Fg j=1
aj+ o =a

= > "+ ) ﬁﬁ(aj)~f7(—azj—1a2j)

ag,....0m€Fy ap,....am€Fg j=1
ap+e o, =a ap+tam=a

=q" g ()" det(g) Y. [ ]9
A yeeny ameIFq j=1
aj+-tam=a

=¢”" 14 ((-1)" det(g)) - Har) - ¢! [By Lemma 3.4.1]

=q"""+n ((—1)"/z det(f)) - 9(ar) - q"
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(if) Now suppose n is odd. We will use induction on n. Now this formula is valid for n = 1. So suppose n > 3. Then

Z(g(X1, ..., Xy) = ) Z Z(aX? =) - Z(a X2 + -+ + anX? = )

ay,oz€Fy
aj+a=a
- Z (1+n(a;ar)) - (q"’z +1 ((—1)”"%2 e a,,) ~3a)- q(niwz) [By first part]
ay,oz€Fy
a+ar=a
= Z "+ g p(a) Z n(a)
ar,a€F, a€Fy
a+az=a
" q(q—S)/z n ((_1)n—1/2a2 e an) Z 8(“2)
a€Fy
+ q(q_s)/z n ((_l)n—l/zaz ... an) Z ,9(a2);7(a1—1a1)
ay,oz€F,
ar+a=a
=g g ((_1)"*1/2(11 e an) Z Haz)n(ay) [By Lemma 3.4.1]
ay,€F,
o tax=a
_ qn +q @32 (( l)n 2 det(f)) Z ,7(},) . 19(0(_}/)
reFq

So now we only have to calculate ZYE]Fq n(y) - #(e —y). Now

D - da—y) =Y 0y - [Ha-y) +1] =gq-n(a)

yeF, yeF,

So we have the results for both cases. [ ]

The following alternate proof uses Jacobi sums directly and illustrates how the machinery of the previous chapter
applies to count solutions of polynomial equations.
Alternate Proof : Again it suffices to prove this theorem for the diagonal quadratic form g(Xi, ..., X,) = a1 X7 +- - - an X}
where a; € IF for all i € [n]. Here we will work with the extended definition of 5. Let A is the trivial multiplicative

character and A; = 5. Then

n

> Tz(axi= a,-)

ay,...an€Fy j=1
- tap=a

Z (Al(ajaj) +A0(ajaj))

Z Z Ay (aray) - - Ay, (@natn)

..... anE]Fq i15e0in=0

> (ﬁ&,(a») > ﬁai,(a»

ienin=0 \j=1 | ay,.., aneF, j=1
a1+-+oap=a

1 (l_[/l,j(aj)) T (Rirs s A

Now if not all but some 4;,’s are trivial then J, (Ail, e, /L-n) = 0 by Theorem 2.4.6(ii). So this remains the cases when all

Z(g(Xy,...,Xn) =)

'M

are A;;’s are trivial or non-trivial. Now if i; = 0 for all j € [n] then by Theorem 2.4.6(i), Jo (Aiy, ..., As,) = ¢" . Therefore
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by
Z(g(X1,....Xn) =) =¢"" +n(det(f)) - Jo (n,-...7) (3.4)

N——
n—times

If & # 0 then above expression gives us

Z(g(X1,.... Xn) =) =q"" +n(det()) - n"(a) - J(n.....n) (3.5)

(i) Now suppose n is even. Let a # 0. Since n is even 5" is trivial character. So from the equation (3.5) we have

Z(g(X1,....Xn) =) =q"" +n(det(f) - J(n.....m)

Let X € X is a non-trivial additive character of IF;. Then by Theorem 2.4.3(ii) we have

JOe o) = =G, 00" === (G2, 00) " = == (r(=1)g)"™ = =" (1))
q q q

Hence if a # 0 then we have

Z(g(X, .., Xe) = @) = 4"+ (det(F)) - (g -y (<)) = g7 = g Ven ((<1) - det(£)

Now suppose a = 0. Then (3.4) gives

Z(g(X1,.... Xn) =) =q"" +n(det(f) - Jo(n.....n)

Since n is even n" is trivial. Therefore by Lemma 2.4.2(ii) we have

Jo(m,....n) =n(=1)-(g=1)-J (n,...1n)
— N——
n—times (n—1)—times

So by Theorem 2.4.3(i) we have
G(n, X)"!
J(n.m) = =2

2 GmLY
(n—1)—times

_ (n-2)/5 ) e
=G"%(n,X) = (G*(n, X)) /2 _ gk .y ((_1)( z)/z)

Therefore from (3.4) we get

Z(g(Xs.o Xa) =) = ¢"7 4 (q=1) - " (<1)" - det(f)
So combining the result of « # 0 and a = 0 we get the theorem.

(if) Now suppose n is odd. Then n" = n which is non-trivial. If « = 0 then by Lemma 2.4.2(i) we have Jy(n,...,n) = 0.
So assume @ # 0. Then in the equation (3.5) by using Theorem 2.4.3(i) we have

_G(m,0"

](”""’")_G(q",x)

n— (n-1) e .
=G 1(’7,)() = (Gz(f],)()) /2 _ q( D2 n ((_1)( 1)/2)

So in both cases
ZG(Xey . X)) =) =" L+ g ((—1)("’”/2 - det(f))

This expression works for @ = 0 because then the second term becomes zero.

Hence we have theorem. [ ]
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For any general degree-2 polynomial f € IFy[Xj, ..., X,] there exists g, h € [F;[Xj, ..., X,] where g is a quadratic form
and deg(h) < 1. Then by some non-singular linear transformation we can transform f into an equivalent diagonal

quadratic form. Then we obtain an equation of following form:
fXi, o Xn) = ailXP + e XP + 01X+ bpXy

where a; € IF; foralli € [k], k < nand b; € [F, forall j € [n]. Hence for any « € FF, the number of solutions of
f(Xi,...,X,) = a is same as number of solutions of f(Xi,...,X,) = a.

If k < n then without loss of generality we can assume b, # 0. Then the number of solutions is ¢" ! as we can
arbitrarily substitute elements for X, ..., X;,_; and then value of X, is uniquely determined.

If k = n then takes the non-singular linear transformation X; = Y; — b;(2a;)~! for all i € [n] gives an equivalent

diagonal quadratic form a;Y? + - - - + a,Y? = c for some ¢ € IF;. Now we can use Theorem 3.4.5 to find the number of

solutions.

3.4.2 Even Characteristic Quadratic Forms

We will now study quadratic forms and its number of solutions over finite fields IF, with char(IF;) = 2i.e. q is even. Again
like in the case of odd characteristic we will first reduce any general quadratic form to canonical forms and then we will
try to find the number of solutions of such canonical forms.

For even characteristic fields we define non-degenerate quadratic forms differently. Let f € Fy[Xy,...,X,] isa
quadratic form in n-variables. Then f is called non-degenerate if f is not equivalent to a quadratic form in fewer than n

variables.

This definition is consistent with the odd-characteristic case: there, if f is equivalent to a form in fewer than n variables,
Theorem 3.4.3 and Observation 3.7 show that rank(C¢) < n, i.e. det(f) = 0, which is the standard criterion for

degeneracy. So in both characteristics one can reduce to the non-degenerate case by passing to the equivalent form in

fewer variables.

Lemma 3.4.6 Reduction for Quadratic Forms in even characteristic

A non-degenerate quadratic form f € Fg[Xq,...,X,] with q even and n > 3 is equivalent to X1 X5 + g(X3,...,Xp)

where g is a quadratic form in n — 2 variables.

Proof:  First we will show that f is equivalent to a quadratic form where coefficient of X? is 0. So let
f(Xl, RN ,Xn) = Z ai,jX,-Xj
ije[n]
where a;; = aj; € IF,. If there exists i € [n] such that g;; = 0 then we can permute the variables so that X; goes to X1

and thus a;; = 0. So assume a;; # 0 for all i € [n]. Now if a; ; = 0 for all i # j then

2
f(Xy,....Xp) = a1)1X12 +ee 4 an,nX,Zl = (a‘lz{in +ee aZ{an)

then f is equivalent to Y? by the non-singular linear transformation
Yi=aliXi+ o+ alnXa
Y,=X;Vie{2,. .. n)

This contradicts the non-degenerate property of f # So there exists i, j € [n], i # j such that a;; # 0. Without loss of

generality suppose az3 # 0. Now

FX1, .0 Xn) = a22X0 + Xo(a12X1 + a23Xs + - + a2, Xn) + 1 (X1, X5, X,)
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Then take the non-singular linear transformation

Y; = ag_é(a1,zX1 +az3Xs+ -+ azXn)
Yi=XiVie[n]\{3}
This gives an equivalent quadratic form ay; YZ2 +Y,Ys +g2(Y1,Ys, ..., Yy,). Let b is the coefficient of Xl2 in g;. So now take
the non-singular linear transformation
Zy = (a; 1) Vi + Y,
Zi=Y;Vie[n]\{2}
This transformation makes the coefficient of Z2 to be 0. Now we’ll use f to denote this final quadratic form with variables
Xi,...,X,. Since f is non-degenerate not all a; ;’s are 0 where i # j. Without loss of generality suppose a;; # 0. Then
take the non-singular linear transformation
Y, = al_’;(Yz +a3Ys+ -+ ay,Yy)
Yi=XiVie [n]\{2}

Then we get a quadratic form of the type
Y, + Z Ci,jYin

2<i,j<n

where ¢; j € IF; for all 2 < i, j < n. So take the non-singular linear transformation

Z] = Y1 + C2’2Y2 + -4+ CZ,nYn

Zi=YiVie[n\ {1}

This transformation gives a quadratic form of the type Z;Z, + g3(Zs, ..., Z,). So we have the lemma. ]

So now we will use this theorem to find proper canonical forms for any general quadratic forms. But we have to

treat the cases of odd and even number of variables separately.

Theorem 3.4.7 Canonical Forms for even characteristic

Let f € Fy4[Xy,...,Xn] be a non-degenerate quadratic form with q even.
(i) Ifn is odd then f is equivalent to X, X + X3 X4 + - - - + Xp—2Xp-1 + Xﬁ.
(ii) Ifn is even then f is

(a) either equivalent to X1 X + - -+ + Xpn—1Xy,

(b) orto X1 Xo + -+ - + X3 X +X§_1 +a- X2 wherea € IF, satisfies Tr(a) = 1 where Tr is the absolute

trace function from IF, to IF,.

Proof:

(i) Suppose n is odd. By applying Lemma 3.4.6 again and again on f we get an equivalent quadratic form of the type
X1 X + X3Xy + - + Xy 2X,—1 + aX? for some a € lF;. Then take the non-singular linear transformation

Y, = a X,
YiZXiViE [n—l]

Then we get the desired quadratic form.
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(if) So now assume n is even. Again by applying Lemma 3.4.6 again and again on f we get an equivalent quadratic form
of the type
XiXp + -+ + Xp_3Xp_g + X2 + cXp_1 X, + dX?

with b, ¢, d € IF,. If ¢ = 0 then take the non-singular linear transformation
Y1 = b7 X1 + d7°X,,

Yi=X;Vie[n]\{n-1}

Then we get a quadratic form with (n — 1)-variables. But f is non-degenerate. Hence contradiction # Therefore
celF,

If b = 0 then take the non-singular linear transformation

Y1 =cXn-1 +an
Yi=XiVie[n]\{n-1}

With this transformation we get the first form.

If b # 0 then take the non-singular linear transformation

Yn-1 = b_q/Zanl
Y, = b"c71X,
Yi=X;Vie [H—Z]

Then we get a quadratic form of the type
VYot o+ Y sYyo+ Y2 +Y, 1Y, +aV?
for some a € IF,. If X? + X + a is reducible in IF, then there exists ¢y, ¢; € IF; such that
X*+X+a=(X+c))(X+c) = Y2 +Y, 1Yy +a¥?:= (Yoo +c1Yy)(Yaoy +c2Yy)
Therefore if we take the non-singular linear transformation

Zpn-1 =Y+ ly
Zp =Yy 1 t+cY,
Zi=Y;Vie [n—2]

then we get a quadratic form of the first form. Now X? + X + a is irreducible in F4[X] if Tr(a) = 1. Then we have
the second form.

Therefore we have the canonical forms for all cases. [ |

Now by the above theorem it suffices to only find the number of solutions for canonical non-degenerate quadratic forms.

We will first show two results on two variable version then we will use it to show the general version.

Lemma 3.4.8 Solutions of a Two-Variable Quadratic Form in even characteristic

For even q, let a,a € IFy with Tr(a) = 1. Then
Z (X2 + XXz +aX; = a) = q—Ha).

where Tr is the absolute trace function from ]Fq toIF,.
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Proof:  Since Tr(a) = 1 the polynomial X? + X + a is irrducible in F4[X]. So there exists y € Fg: \ IF; such that
X2+X+a=(X+y)(X+y?).So

F(X1,X2) = X2 + X1 Xo + aX? = (X1 + yXo) (X; + yIX2)
Therefore for any (f1, f2) € ]Ff] we have

F(Br.B2) = (Bi+yBe)(Bi+vIB2) = (Bi+yB2) (B + vB2) = (B1 + v o) T+

So we get

Z(f(X1,Xy) =a) = {y € F: y?*' = a}|

Hence if & = 0 then Z (X? + X1 Xz + aX? = 0) =1 = q— 3(0). If « # 0 since IF:;2 is cyclic we have o' Vet = ga-1 = 1 and
hence there are g + 1 elements in IF > such that y?*! = . Hence Z (X2+X1 X +aX; =a) =q+1=q+a). ]

Lemma 3.4.9
For even q, let a € IFy. Then Z(X1X; = a) = g+ d(a).

Proof: If a # 0 then both X; and X; has to be assigned with non-zero values. After assigning X; arbitrarily from IF; the
value of X; gets uniquely determined. Therefore Z(X1X; = @) =q—1=q+ Ha).

Suppose & = 0. Then at least one of X; or X; gets assigned 0. Then the other variable can take any value from IFy.

Therefore there are 2q — 1 such solutions. Hence Z(X X, = a) = 2g — 1 = g + J(«). So we have the lemma. [ ]

Theorem 3.4.10 Solution Counts for Canonical Quadratic Forms in even characteristic

Let By be a finite field with q even. Then for any a € Fy:
(i) Ifnisodd Z (X; Xz + -+ + Xn—2Xn-1 + X2 = @) = ¢" ' + Ha) - ¢" "2
(ii) Ifn is even:

((1) Z (X1X2 +-- -+ X, 11X, = a) = q”*l + 19(0{) . q("*Z)/z;
(b) for a € Fy with Tr(a) = 1, then Z (X, Xp + - + Xp_1Xn + X2, +a- X2 =) = "' = 9(a) - ¢" P,

where Tr is the absolute trace function from IF to IF,.

Proof:

(i) Suppose n is odd. Since g is even the equation X* = « for any @ € IF, has an unique solution in IF,. There-
fore Z (X1X2 +oe+ Xy 0 Xy + X,ZL = (x) =q¢" 1+ Ha) - q("_D/2 because after assigning the variables X, ..., X,_1

arbitrarily the value of X, is uniquely determined.
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(ii) So let n is even. Let m = n/2. Then we have

n
Z(X1X2+---+X,,_1Xn 26() = Z l—IZ(ij_1X2j =aj)

ay,...am€Fg j=1

11
g
=
Q

+

<
S
N—"

[By Lemma 3.4.9]

1l

QN

:
E
M
-
=
&

="+ Ha) - ¢" ! =q" + () -q("_z)/2 [By Lemma 3.4.1]

So we have the first part. Now for the second part we already showed the n = 2 case in Lemma 3.4.8. So assume
nx4.

Z (X1X2 + + X3 X +X371 ta- szl = 0{)

Z Z(Xi Xy 4+ Xn3Xnz = 1)  Z(Xpo1Xp + X2 +a-X° = )

ay,€F,
a+ar=a
= Z (q"_3 + () - q("_%) (g - 9az)) [By first part and Lemma 3.4.8]
apoz€F,
o +ay=a
_ n-1 (n=4)/2 Z
=49 —q Har) - Haz) [By Lemma 3.4.1]
ap,oz€F,
a +a=a

¢ -q""q-9(a)
qnfl _ 19(“) A q(n—z)/g

So now we have the result for second part

Therefore we get the values of number of solutions of quadratic forms in even characteristic finite fields. ]

§ 3.5 Diagonal Equations

In the previous section we talked about equations involving diagonal quadratic forms. These are a special case of much

general family of equations called diagonal equations

Definition 3.5.1: Diagonall Equations

A diagonal equation over IFy is an equation of the type

alel+--~+anX,If" =a

for some positive integers ky, . .., k, € IN with coefficients ay, . .., a, € ]F; and a € IF,.
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3.5.1 Counting Solutions using Jacobi Sums

Now we express the number of solutions Z (alel +.o0 anX,]f" = a) in terms of Jacobi sums.

n

Z (alel 4ot a, Xk = a) = Z ﬁZ (anJ].(j = aj) = Z l_[Z (X]I.Cj = a;laj)

ay,...an€Fy j=1 ay,...an€Fq j=1
o+ tap=a aj+tap=a

Let A is a multiplicative character of IF, with ord(1) = d = gcd(k,q —1). Then for any k € IN and y € IF,; we have
Z(Xk=y) = Zjl;ol M. So here let for j € [n] let d; = gcd(k;, g — 1) and 4; is the multiplicative character of F4 of order d;.

Then we have
-1
-1, j)

di-1 dn—1
- ( ) A?(a;lal)) R ( 2 ma:an))
g \1=0

ki
Z(anj] =aj) =

[
g
-
N
=
[
\Q

ay,....an €F tp=0

o+ tap=a

di-1  du-1

t -1 -1 t

=Z...Z,111(a1 ) A (azt) Z Al (ary) -+ A (an)

t1=0 tn=0 at,....an€ly

o+ o =a
di-1  dn-1
—t —itn 4 th

=D D A (@) Ay (an) S (A )

t1=0 t,=0

If (t1,...,ty) = (0,...,0) then by Theorem 2.4.6(i) we have ]a(/lil, ..., A"y = ¢"1. Also by Theorem 2.4.6(ii) if at least one

of t; is zero then ]0,(/1;1, ..., A"y = 0. So we have

di—1 dp—1
k;: _ —t —tn
Z(aX) =ag) =" 4 Y D T ) Ay ) T (A5 )
H=1 ta=1
So we have the following observation:
Observation 3.9. Forany a € IF, let alel +-- anX,]f" = a is a diagonal equation withky,...,k, €e N anday,...,a, €

IE;. Suppose for alli € [n], d; = ged(ki,q — 1) and A; € Mg be a multiplicative character of Fq of order d;, then

di—-1 dp—1
z (a,-x]’?f - aj) S tZ{ e tz_l A (@) A (@n) - Jo (A, A1) (3.6)

Now we distinguish the cases when a = 0 and when « # 0. If « = 0 then by Lemma 2.4.2(i) for any (#4,...,t,) if
/1? .- Al" is non-trivial then J, (Ail, .. ,A,ﬁ") = 0. So let T denote the set of all tuples (t1,...,t,) € X, [d; — 1] such that

/1? -+ Alr is trivial. Then we have the following result

Theorem 3.5.1 Solution Count for Diagonal Equations at Zero
For any diagonal equation alel +oee anX,]f" =0 withky,....,k, € Nanday,...,a, € ]F:;, the number of solutions
is
Z (ale1 +e a,,X,If" = ) =q" '+ Z Iil(al) . -Z;n(a,,) o (/1?,...,/1;") ,
(t1,..tn) €T
where d; = ged(ki,q — 1), A; has order d;, and T is the set of tuples (t1,...,t,) with each t; > 1 such that /1? SRR

trivial.

Now we can a trivial upper bound on the set T. Since T € X}, [d; — 1] we have |T| < [1%,(d; — 1). So we get the

following upper bound from the above theorem.
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Corollary 3.5.2 Bound on Solutions of Diagonal Equation at Zero

For any diagonal equation ale‘ +---+ a,,X,If" =0 withkq,...,kp, € Nanda,,...,a, € IF;:

‘Z (alel bt apXkn = ) e

<(g-1-¢""'[ |-,
i=1

where d; = ged(ki, g — 1) foralli € [n].

Proof: For all (t1,...,t,) € T we have Ai‘ .- Al* is trivial. Therefore |]0(/1§1, LA = (g-1) - "2 by Theo-
rem 2.4.6(iv) Therefore using the trivial bound of T and absolute value of | (/1?, ..., Al")| we get the above result. [

Let A is the generator of M. Then for alli € [n], A; = A97V/4i Hence
PURRSTIPLL St P C e )

Therefore /1i1 -+ A s trivial if and only if })7, é—ii € Z. So let M(dy,...,d,) is the number of all tuples (#;,...,t,) €

X, [d; — 1] such that 37, 2—’; € Z. Therefore |T| = M(dy, . ..,d,). So we have the following theorem.

Corollary 3.5.3 Bound on Solutions of Diagonal Equation at Zero (via M)

For any diagonal equation a1Xf‘ +---+ a,,X,]f" =0 withky,...,kn, € Nanda,,...,a, € ]F(*],

2 (x4 @ =0) =" < (g 1) - g M@ d),

where d; = ged(k;, q — 1) foralli € [n].

So now assume « # 0 then we have J, (/1{1, LA (/1{1 ---Af,") (a)](lil, ..., A!"). So we get the following

formulation of number of solutions for a # 0.

Theorem 3.5.4 Solution Count for Diagonal Equations at Nonzero Values

Leta € IFZ. For any diagonal equation ale‘ +---+ anX,If" =a withky,...,k, € Nanday,...,a, € ]F(*],
di—1 dp—1

Z(axf o v X =a) =g e Y Y A ) A e @) T (0 A,
t=1 ta=1

where d; = ged(k;, g — 1) and A; € My has order d; for alli € [n].

Now we will show another way to find the number of solutions for « # 0 using the notation M(d;, .. .,d,) we used

in the case of a = 0.

Theorem 3.5.5 Bound on Solutions of Diagonal Equation at Nonzero Values

Leta € IF;;. For any diagonal equation alel +---+ anX,]f" =a withky,....,k, € N anday,...,a, € ]F,’;,

n
|Z (alel +-4a,Xn = a) - q”‘1| < l—l(di -1) - (1 - q‘l/z) - M(ds, .. .,dn)l q" "
i=1

Proof: By Theorem 2.4.6(iii-iv) if & # 0 then |J, (A, ..., A;")| = ¢""/%. So we have

q(n—l)/z

‘Z (alel R a) - q"_l’ < [ﬂ(di 1) - 1T
i=1

g g = | =0 = (1= g7 171
i=1
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Since |T| = M(dy, . ..,d,) we have the theorem. [

3.5.2 A General Formula of M(dy,...,d,)

We follow the notation from the previous subsection. Now suppose one of the d; is relatively prime to all other d;’s where
j #iie ged(d;,d;) =1forall j € [n], j # i If for some (t1,...,t,) € XL [d; — 1] we have Y1, 2’ =m € Z then we

have

tl'(dz"'dn)+k'd1 ZM‘(dl,C...dn)

Thus t; - (dz - - - dp) = 0 mod d;. Since d; is relatively prime with all other d; for all j € {2,...,n} we have d; | t;. Hence
contradiction £ Hence such tuple (ti,...,t,) does not exist. Therefore M(dy,...,d,) = 0.

Now we already have a trivial upper bound on M(dy, . ..,dn) < [15,(d; — 1). We will give a general formula for
M(dy,...,dy). Suppose D =lcm(ds, ..., d,). Then for any tuple (t1,...,t,) € X, [d; — 1] observe that

D-1 i b t

t 1 if++--+FeZ

Z exp [th ( ot —")] = g o (3.7)
s dn 0 otherwise

bl»—‘

Then using this expression we have

di—-1 dn—1 1 D-1 n £
= il i -t
M(dy,....dy) = Z Z D exp [thz dil

-
o &
AN

DI|I _
g

il
(=]

I}
Ol=
|}
L
=
" S
M;
o
>
S
o
S..|;-
—

=
i
(=]
T
N

I
Wl
= w]
T IDMT

S
—_——
[¢]
>
e}
_
Sl
&=
—
|
-
-

i=1 t;=0
15 sl h
n n—k
=2 +Z< DN Zexp t,l 7l t,,,ﬂ
h=0 1<ip<---<ig<n \ t;; =0 1 n
1 D-1 n k d’j_l h
_(_1\n o _1\n—k L
S I D Y B Zexp[ d]
h=0 k=1 1<ij<---<ig<n j=1 t,-jfo
Now for any d € IN we have
d h d ifh=0modd
Dexp iz =
= d 0 otherwise
So in the product term at the end of the last expression survives if d;; | h for all j € [k] ie. lem(d;,,--- ,d;) | h. So in the

product at the end of last expression we obtain

LT h di---dy ifdy | hforall j e [K]
l_[ Zexp v || = .

J=1\ ;=0 ij 0 otherwise
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Hence we have

D-1 n
Mlds,- ) = (1" 4 3 S 0" S (dy ey

h=0 k=1 1<i)<---<ip<n
lem(d;, ,....di, ) |h

n D-1

D-1
S0 Y EDE Y () 5 1

h=0 k=1 1<iy<--<ip<n h=0
lcm(dil ..... d,n)lh

D-1 n di ---d:
— (_l)n + (_l)n—k 1 3
;; 1Si1<Z:<ik§n lcm (dil""’din)

So we have the following theorem summarizing the formula.

Theorem 3.5.6 Closed Form for M(dy,...,d,)
Letd,...,d, € N such thatd; | ¢ — 1 foralli € [n] and set D =lcm(ds, ..., d,). Then

£ di1 0o 'dik
M(dy,...,dy) = ()" + > ()" 3
k=1

1<ij<<ip<n ICIII (dil, e ,dik)




CHAPTER 4 -

Weil Bounds on Special Cases

A central question in arithmetic geometry is: how many IFy-rational points does an algebraic curve have? André Weil
established in a series of papers [Wei41, Wei48, Wei49] that for any smooth projective absolutely irreducible curve of
genus g over IF,, the number of rational points N satisfies [N — (g + 1)| < 29q""*. In [Wei41] Weil first proved the Riemann
hypothesis for function fields and deduced point-count bounds for hyperelliptic curves. The subsequent papers [Wei48,
Wei49] refined the approach and applied it to exponential sums and equations over finite fields. Weil’s original proof used
the full machinery of algebraic geometry over function fields. This chapter develops the Weil bounds from first principles,
working with two families of curves that are central to analytic number theory: the superelliptic Y¥ = f(X) and the
Artin—Schreier equation Y1 - Y = f(X).

Character Sums and Rational Points. The number of IF;-rational points on Y4 = f(X) is not just a geometric count;
it encodes the multiplicative character sum 3, cF, ¥ (f(«)). Precisely, if d | ¢ — 1 and ¢ is a non-trivial multiplicative
character of order d, then (by Theorem 4.1.9) bounding Z(Y¢ = f(X)) is enough to bounding ¥, ¥/(f(«)). Analogously,
for Y? —Y = f(X), the solution count encodes the additive character sum },, X(f(«)). Proving sharp bounds on these
character sums is the overarching goal of the chapter.

Two Elementary Proofs. The first two sections establish bounds via the polynomial method: constructing an auxiliary
polynomial that vanishes with high multiplicity on the solution set, then comparing degree with zero-count.

§ Section 4.1 (Stepanov Method: Y% — f(X)) treats the multiplicative case. Many years after Weil’s original proof,
Stepanov [Ste69] discovered an elementary method to count points on hyperelliptic curves, which he subsequently ex-
tended in [Ste70] to prove congruences for a prime modulus and then presented in a unified form at the 1974 ICM [Ste74].
This approach, now known as the Stepanov polynomial method or polynomial method with multiplicities, works by inter-
polating an auxiliary polynomial Q that vanishes with high multiplicity on the solution set, then comparing degree with
zero-count. It gives | Z(Y? = f(X)) — q| < 4d”*q"* (Stepanov’s Theorem). The proof is presented in two ways: first under
the simplifying assumptions ged(m,d) = 1 and q¢ = p or p?; then in full generality, removing the coprimality assump-
tion via a symmetrization argument with the roots of unity. A connection to genus is drawn: H. M. Stark sharpened the
constant 4d”” to 2g for the hyperelliptic case d = 2, recovering the Weil bound.

§ Section 4.2 (Bombieri Method: Y9 — Y — f(X)) treats the additive case. Bombieri [Bom] adapted and generalized
Stepanov’s method in his 1972-73 Bourbaki seminar, giving a streamlined treatment that also covers additive character
sums via the Artin—-Schreier curve. An auxiliary polynomial is constructed using the trace map on field extensions, yielding
|Zg(Y? - Y = f(X)) - ¢*| < ql*/?1** (Bombieri’s Theorem). The strategy parallels Stepanov but exploits the Frobenius

structure of the Artin—Schreier curve.
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L-function Machinery. The bounds from the polynomial method are sharp in the solution count, but to pass to sharp
bounds on character sums one needs to control the individual reciprocal roots w; of an associated L-function.

§ Section 4.3 (Special L-functions) constructs the multiplicative function & = () o¢) - (X 0 ¢) on the group G of
rational functions over IF (X). Here ¢ and g are the “multiplicative” and “additive” valuations at the roots of f, respectively.
Two subgroups H (where 1/ o ¢ = 1) and H (where X o o = 1) are identified, and their intersection H is where £ = 1. This
structure is the function-field analog of the Gaussian period decomposition.

§ Section 4.4 (Character Sums of Y(f(X))X(g(X))) uses the &-function to build the L-function L(z, &) and shows it
is a polynomial of degree n + m — 1 (Theorem 4.4.3). The leading coefficient is ), ¥ (f(«))X(g()), and the polynomial
factors as [];(1 — wjz). Lifting £ to a finite extension field E = IF « and using the factorization of the lifted L-function
(Theorem 4.4.6) shows that the sums over E are — 3 wj? , so all information about the character sum over every extension

field is encoded in the finitely many reciprocal roots wy, ..., Wyim-1.

Weil Bounds from the Roots. § Section 4.5 (Weil Bounds via the Lifting Method) closes the argument. The polynomial-
method bounds of § Section 4.1 and § Section 4.2 show |Zz(-) — ¢| = O(q*/?) for large k, which translates (via the

ower-sum bound) into |w;| < ¢"/2 for every reciprocal root. Summing over j then gives:
p il=q y recip g g

ZaE]Fq lﬁ(f(a))‘ < (m—1)q"* when Y? — f(X) is absolutely irreducible,

2acF, X(g(a))| < (n—1)q"* under appropriate conditions on Y7 — Y — g(X),

Z(XE]Fq ¢(f(a)))((g(a))‘ <(n+m- l)ql/2 for mixed sums.

The chapter closes with the general Weil Bound (Weil Bound Theorem): for any absolutely irreducible polynomial of total
degree d, |Z(f(X,Y) = 0) — q| < V2d**q"?, whose proof rests on the Riemann Hypothesis for curves.

§ 4.1 Stepanov Method: Y? — f(X)

A curve of the form Y4 = f(X) over IF,, where f € IF4[X] and d > 2, is called a superelliptic curve. When d = 2 it is
a hyperelliptic curve. The main result of this section gives a sharp bound on the number of IF-rational points on such a
curve, proved via an auxiliary polynomial that vanishes with high multiplicity on the solution set. The theorem we will

be proving in this section is the following:

Theorem 4.1.1 Stepanov’s Theorem
Suppose that Y — f(X) € IF,[X, Y] is an absolutely irreducible polynomial where deg(f) = m. Suppose g > 100dm?.
Then

1Z(Y? = f(X)) - q| < 4d"*q".

4.1.1 Absolute Irreducibility Criteria

The hypothesis that Y? — £(X) is absolutely irreducible is central to Stepanov’s Theorem. The following theorem gives a

concrete criterion in terms of the factorization of f over E.
Theorem 4.1.2 Characterisation of Absolute Irreducibility of Y¢ — f(X)
Suppose Y4 — f(X) € Fy[X,Y]. Then the following are equivalent:

(i) Y¢ - f(X) is absolutely irreducible.

(ii) Y —c- f(X) is absolutely irreducible for any c € F;.
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(i) If f factors into f(X) = a1, (X — a;)k: overE where a; € IF_qfor some positive integers ki, . .., km, then
r=ged(d, ky,....km) =1

Proof: We will prove this lemma in three steps:

(i) = (ii): Suppose Y? — ¢ - f(X) is reducible over E[X]. Since ¢ € [y, we can write (Y/ %) - f(X). Therefore,
(Y %)? - f(X) is also reducible over E[X]. But we have Y? — f(X) irreducible. Hence, contradiction ¢ So Y? — ¢ - f(X)
is absolutely irreducible.

(ii) = (iii): Assume the contrary i.e, r > 1. Then consider the polynomial
900 =] [(x=a)""
i=1
Then we have
Y= Yaf (X) =Y = g(X)" = (Y = g())(g(X) ™" + -+ g(X) +1)

Therefore, Y¢ — 1/af (X) is reducible over E[X ]. But we are given that Y? — ¢ - f(X) is absolutely irreducible for any

ce ]F;. Hence, contradiction # We have r = 1.

(iii) = (i): Let E be the function field ]F_q(X). Then we can consider Y¢ — f(X) as a polynomial of E[Y] = IF_q(X) [Y].
Suppose y € E be a root of Y¢ — f(X) and ; be the d** root of unity. Then notice that

Yo fX) =(Y=-p)(Y =Ly (Y =0 p)

Therefore, { Cil -y forall 0 < i < d are the roots of Y¢ — f(X) over E. Now suppose for the sake of contradiction assume
Y4 — f(X) is reducible over E[X ]. Then there exists a t € [d] such that

(Y—é’;“y)---(Y—{;“y) GE[X,Y]

for some 0 < i; < --- < i; < d — 1. Now the constant term of this polynomial is y* H§:1 g;f. Therefore, y* € E[X]. Let

| € Z, be the smallest non-negative integer such that y! € E[X ]. Then I | d. So consider the polynomial h(X) = y.
Now since y is a root of Y¢ — f(X) we have y¢ = f(X). Therefore, g”/(X) = f(X). So take k = d/i. Then k | k;

for all i € [n]. Therefore, we obtained k > 1 such that k | ged(d, ki, ...,k,). Hence, contradiction # So Y¢ — f(X) is

absolutely irreducible. ]

The most useful special case of Theorem 4.1.2 is when ged(deg f,d) = 1, which is the criterion used in the first

proof of Stepanov’s Theorem.

Corollary 4.1.3 Absolute Irreducibility from Coprime Degree
Suppose f € Fy[X] with deg(f) = m. Then Y9 — £(X) is absolutely irreducible if gcd(m,d) = 1.

4.1.2 Proof of Stepanov’s Theorem

The proof reduces the solution count Z(Y? = f(X)) to the count of @ € IF, for which f(a) is a perfect d-th power; the

following lemma makes this reduction explicit.
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Lemma 4.1.4 Solution Count for Y¥¢ = f(X)

Letd | q—1 and f € IF4[X] be a polynomial. Let F(X) = FV(X) where d’ = ged(q — 1,d). Then the number of
solutions of Y¢ = f(X) in IF(ZI is given by

ZY=fX) =Zy+d - Z4

where Zy = |[{a € Fy: f(a) =0}| and Z; = |{a € [Fy: F(a) = 1}|.
Furthermore, if Z, = |[{a € IFy: FEYa)+---+F(a)+1=0} thenZy+ Zy + Z, = q.

Proof: Now for any solution (X,Y) = (a, ) such that % = f(«) either f— 0 or f # 0. So we consider these two cases

separately.

CaseI: f =0 In this case the notice that the set of all & € IF; such that f(e) = 0 is exactly the set of solutions such that
B = 0. Therefore, the number of solutions for which § = 0 is Z,.
CaseII: § # 0 If for any solution («, ) if § # 0 then f(a) € IF;(d). Therefore, for all such a’s we have

FOI (q) = F(a) =1, where d’ = ged(q—1,d).

Now if Z; is the number of & € IF; such that F(X)' V) (@) = 1. This is exactly the set Z;. Now for each such a € F,
there are d’ solutions for § in IF; such that B¢ = f(a). Hence, there are d’ - Z; such solutions.

Thus, we get the total number of solutions is Zy + d’ - Z;. Hence, Z(Y? = f(X)) = Zy + d’ - Z;. So we have the first
part

Now for every a € IF;, f(a) € IF,. Therefore, f9(ar) = f(a). Now we get the following factorization.

HX) = f1X) = £(X) = £ - (£ =1) (FOOT™ 4o+ FOX) + 1))

SodegH = gand for all « € IFy, H(a) = 0. Now if H(a) = 0 then either f(a) = 0 or F(a) =0orFi Y (a)+---+F(a)+1=

0. The number of zeros in these three cases are Zy, Z; and Z, respectively. Therefore, we get Zy + Z; + Z; = q. [ |

4.1.2.1 Stepanov’s Theorem with Restricted Conditions

To prove Stepanov’s Theorem we will assume d | ¢ — 1 and ged(d, m) = 1, so Y¢ — f(X) is absolutely irreducible over IF,,.
We also temporarily assume that g = p or g = p? where p is a prime. The key linear-independence property below ensures
that a vanishing relation among hy, . . ., hq_; forces each coefficient h;; to vanish — it is what makes the polynomial method

work.

Lemma 4.1.5

Let m,d € IN such that ged(d, m) = 1. Suppose ho, hy, .. ., hq—1(X) € F4[X] are polynomials of the type

t
hi(X) =Zhij(><).xqf, Vo<i<d-1

=0
where h;; € Fg[X] with deg(h;;) < g— m. If
h(X) = ho(X) + by (X) - F(X) + - - - + hg_1 (X) - F(X)* 1 =0

then foralli € {0,1,...,d -1} and j € {0,...,t} we have h;; = 0.
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Proof: A summand of h(X) is of the form h;;(X) - X% - F(X)'.
Want: We want to show that for any i € {0,1,...,d — 1} and j € {0,...,t} the degree of term q; ; = h;;(X) - X% - F(X)'
are distinct. Then h(X) = 0 directly implies h;; = 0 foralli € {0,1,...,d — 1} and j € {0,...,t}.

Now for any i € {0,1,...,d—1} and j € {0,...,t} we have

deg(qi)) = qj+i qd m + deg(hi;) =%(dj+im)—ém+deg(hij)

Therefore,

g(df”m)—m < deg(gij) < g(dj+im) + % -m

Enough to Show: For pairs (i, j) # (i’,j’) we havedj+im #dj +i'm

Suppose there exists (i, j) # (i’, j*) such that dj + im = dj’ + i’m. Then we have

im=immodd = i=i modd

where the implication comes from ged(m,d) = 1. But i,i’ € {0,1,...,d — 1} so we have i = i’. So now we have j = j’.
Hence, contradiction ¢ So the degrees of each summand in h(X) are distinct. Therefore, h;; = 0 foralli € {0,1,...,d -1}
and j € {0,...,t}. [

The heart of the proof is the construction of a nonzero polynomial Q of controlled degree that vanishes with high

multiplicity on the zero set of f and on the preimage of g under F.

Lemma 4.1.6 Existence of Auxiliary Polynomial Q

Let1 <r <d-1andletg € F;[X] be a polynomial of degreer. Let M € IN be a positive integer satisfying M > m + 1
and (M +3)? < 2q/d. Then there exists a non-zero polynomial Q(X) € IF,[X] with deg(Q) < /d - gM + 4mq such that
foreverya € IFy:

(i) ifg(F(a)) =0, then Q(«) = 0 with multiplicity at least M; and

(ii) if f(«) =0, then Q(«) = 0 with multiplicity at least M.

Proof: We will construct Q of the form
d-1 )
QX) = FOOM " hy(X) - F(X)'
i=0

where h;(X) = X_o hij(X) - X% with deg(h;;) < I _mforalli€{0,1,....,d—1}and j € {0,...,t} like Lemma 4.1.5.
Take t = [(M+m+ 1)r/d].

Computing the Hasse Derivatives. We will calculate H™ (Q) for 0 < n < M — 1 for the multiplicity condition. Now
for every term fM - h;; - F' we have H™W (fM - h;; - F') = fM~"h;; , - F! where

deg(hijn) < deg(hij) +n(k —1) < g —mantk-1) <L vnk-1-1 (4.1)
m
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Condition for Multiplicity at zeros of g(F()). Now we can write Q(X) = Q(X, X9) for some Q € IF4[X, Y] where

d-1 1t
OX,Y) = FOOM " hi;(X) - Y/ - F(X)'
i=0 j=0
Since M < g we have
d-1 1t
H™(Q(X)) = f*7"(X) D > hijn(X) - FX)' - XV
i=0 j=0

Let g(X) =go+9g1- X +---gr - X" where g; € IF; Then from these g;’s we get s;;’s such that for all « € IF, with g(a) =0
we have
r-1
sij - o
i=0

forall 0 < i,j < r. Soif for any a € IF; we have g(F(a)) = 0 we get Fi(a) = Y2} sij - F(a)’. So now replacing with s; ;’s
we get forany n € {0,1,..., M — 1} we get for any a € [F, such that g(F(a)) = 0:

d-1 t
(H™Q)(@) = (@) ) ) hijn(@) - F'(a) - ¥
i=0 j=0
d-1 t
= M) >  hipn(@) - Fl(a) o [@9 =aVaecF,]
i=0 j=0
d-1 t r-1 .
= @) ) hijn(@) - F(a) -5 - o
i=0 j=0 [=0
r—1 ) d-1 t )
= fM1"@) Y qiala) - Fi(a) where g;n(X) = " > hijn(X) - X
=0 i=0 j=0

Counting Number of Equations. From the degree bound of h;; , in (4.1) we have deg(q;,) < 9/d+n(k—1) -1+t We
want (H™Q)(a) =0foralln € {0,...,M—1} foralla € IF, such that g(F(a)) = 0. So it suffices to have the polynomials

qi.n be identically zero. So if s is the total number of equations s then we have

M
s < Zr(%+n(k—l)+t) :rM(g+t) —r(m—l)M(M—l)<ng+rM (M+m+1)+—r(m—l)M2

1
< %M+ Eer(m +1)+rM(m+1) (4.2)

Here the last inequality follows from the fact that r < d.
Counting Number of Variables. Since we want a non-zero solution for the polynomials k; which satisfies the above

equations, the coefficients of h;; are the variables. Let v be the total number of possible coefficients of h;;, forall 0 < i <
d—1and 0 < j < t. Then we have

02(3 )d(t+1)>(q md) M+m+1) = —M+—(m+1)—rm(M+k+1)>7M+ (m+1)—2rmM (4.3)
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Existence of non-zero solution. So now if number of variables is more than the number of equations then we get a

non-zero solution for the polynomials h; ; and henceforth for h;. So we want v > s. From (4.2) and (4.3) it suffices to have

1
%M+ ErMZ(m+ 1)+rM(m+1) < %M+ %(m+ 1) — 2rmM

1

— Eer(m+ D+rM(m+1) < %(m+ 1) = 2rmM
1

= EMZ(m+1)+M(m+ 1) < 3(m+1)—2mM
1

— EMZ(m+ 1)+3M(m+1) < %(m+ 1)

1.5 q
— -M"+3M < =
2 d

The last inequality holds from the assumption that (M + 3)% < %q. So we get a non-zero solution for the polynomials h;;
forall0 <i<d-1and0 < j < t. Therefore, Q is a non-zero polynomial otherwise Lemma 4.1.5 will show every h;; is a
zero polynomial. So Q vanishes with multiplicity at least M for all « € IF; such that g(F(a)) = 0.

Multiplicity at Zeros of f. Since Q has a factor fM(X), every a € IF, with f(a) = 0 is a zero of Q with multiplicity at
least M.

Degree Bound. Since deg(h;;) < 2 — m we have deg(h;) < 4 —m + tq. Therefore,

-1
deg(Q) < mM +g—m+qt+(d—l) q_m

d M | S 2 S —
(™) deg(h;) deg(F%)

<mM+%+qm+%(M+m+1)

<mql/2+£qM+q(l+2m+1) < LqM+4mq
d d d

So we have the required degree bound for Q. Hence, we have the lemma. ]

Combining Lemma 4.1.4, Lemma 4.1.5, and Lemma 4.1.6, we now prove Stepanov’s Theorem under the temporary

assumptions gcd(d, m) = 1 and g = p or q = p?; these are removed in the following subsubsection.
Theorem 4.1.7 Stepanov’s Theorem under Simplifying Assumptions
Letd | g—1 and f € IF4[X] be a polynomial of degree m. Assume that

(i) ged(d,m) =1,

(ii) q > 100dm?

then
1Z(Y? = £(X)) - q| < 4md"*q".

Proof: For any g € IF4[X] of degree r in Lemma 4.1.6 we constructed a polynomial Q € IF,[X] where for all « € IF,
such that g(F(a)) = 0 or f(a) = 0, « is a zero of Q with multiplicity at least M. Let T, be the set of all « € IF; such that
g(F(a)) =0 or f(a) = 0. Therefore,

IT,| - M < deg(Q) < r/a-qM + dgm = |Tg|sg+4q%
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So now we choose M = [y/zq/d] — 3. Since g > 100dm? we have M > +/24/d — 4 > 1/9/d > m + 1. Therefore, we get

Tyl < 2q +4md "¢

Now take g(X) = X — 1. Then r— = 1. Observe that in this case T is the set of all & € IF; such that either F(a) =1
or f(a) =0. Then |T;| = Z, + Z; where Z; and Z; are defined in Lemma 4.1.4. Thus,

Tyl =Zo+Zy < g +4md1/2ql/2
Therefore,
ZOY' = f(X)) = Zo+ Z1 <d-|T| < q+4md"*q"* = Z(Y? = (X)) - q < 4md”*q"

Now we have to show the lower bound.
Now select g(X) = X4~ '+ ...+ X + 1. Then r = d — 1. Notice that in this case Ty = Zy + Z,. Therefore, in this case
we have
Tyl = Zo+ Z; < %q +4md?qV? = Zy=q-Zy- 7, > 3 — 4md'*q'V?

Therefore we have
Z(Y = f(X)) 2d 2y = g 4md"*q""

Thus, we have the theorem. [}

4.1.2.2 Removal of the assumption gcd(m,d) =1

In this part we will remove the assumption that gecd(m,d) = 1. So now we can not draw conclusion from ged(d, m) =1
that Y — f(X) is absolutely irreducible. We have to prove Theorem 4.1.7 just using the assumption that Y¢ — f(X) is
absolutely irreducible.

Now observe that this condition was only required in the proof of Lemma 4.1.5.

Reduction to f(0) # 0. We can assume f(0) # 0 without loss of generality. Since f is a non-zero polynomial there
exists ¢ € IF; such that f(c) # 0. Then we can replace f by f(X + c) and the number of solutions of Y4 = £(X) will not
change as well as the polynomials h;(X + C) in Lemma 4.1.5 and Lemma 4.1.6 doesn’t change. So from now on we will
assume that f(0) # 0.

Constructing Auxiliary polynomials. Let {3,...,{y € E be the roots of X% — 1,50 X =1 = (X =) --- (X = &y).
Working in ]F_q[TO, ..., Ty_1, Y] with formal variables Ty, . .., T;_1, Y, consider the polynomial

HY,Ty,...,Tyo) =Ty +TiY + -+ Ty_ Y*!
and define

d
G= ]_[H(giy, Ty,....Ta1) € Fy[Ty,..., Ty1, Y1.
i=1

Since permuting the {;’s only permutes the factors of the product, G is symmetricin {;Y,...,{;Y. By Theorem A.5.2, G is
a polynomial in elementary symmetric polynomials in (1Y, ..., ;Y. Since X4 —1 = (X — ;) - - - (X — {4) we have

ESym;({i,...,0q) =0forall je [d—1], and ESym,({i,...,da) == —yd+,
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Therefore, every monomial of G with non-zero Y-degree as Y-degree multiples of d. Hence, there exists Ge E[To, oo Ty, Y]
such that G = é(Yd, To, ..., Ty_1) where degy(é) =d—-1landforallj € {0,...,d -1}, degTj (5) =d. So now we construct
the polynomial P € IFy[Y1,Y,, Ty, ..., Ty_1] as

P(YI’YZ’T()’” Td 1)_Yd1 G(_ TOa"'aT—l)

then deg(Y;)P =d — 1 and degy (P) =d —1and degTj =dforall j€{0,...,d-1}.
Want: We want to show that Lemma 4.1.5 holds even with the only assumption that Y¢ — f(X) is absolutely irreducible.
After that we can apply Lemma 4.1.6 and therefore we have Theorem 4.1.7 without the assumption gcd(m,d) = 1.

Getting to the Case of P applied on hj’s. Suppose ho,...,hq—1 € Fy[X] with h;y(X) = X hij(X) - X% for all
0 < i <d -1 with degree bounds as defined in Lemma 4.1.5 such that

ho(X) + hy(X) - F(X) +-+-+hg_1(X) - F(X)¥ ' =0

Therefore, we have ﬁ(F, ho,...,hq—1) = 0. Hence, by construction we have E(Fd,ho,...,hd_l) = 0. Now F(X) =
FUV(X). So F(X)4 = f471(X) = f1X)/f(x). Therefore,

~(f9(X ~
P(f9, f.ho,....ha-1) = f471(X)G J;((X)),ho,...,hd_l = fY9DG(F by, ... ha-1) =0
Gathering all terms with no factor of X7 gives
P(f(o)’f(x)’ h00> Y hd—l,O) +Xq . P,(X) =0 (44)

Now deg(P(f(0), f(X), hoo, - - - , ha—10)) < (d—1)m +d (9/d —m) < q. Hence, P(f(0), f(X), hoo, - - - , ha—10) = 0 by (4.4).
Enough to Show: It suffices to show that h, ..., hy_1 are identically zero. If that happens then we can divide every
thing by X7 and run the same argument to show that h;; = 0 foralli € {0,...,d — 1} and j € {0,...,t}.

Concluding h;o = 0. Lety € F;(X) such that y¢ = X Since Y4 - f(X) is absolutely irreducible by Theorem 4.1.2

FON
y4 f(o)f(X) is also absolutely irreducible. Now we already have P(f(0), f(X), hoo,- -+ , ha—1,0) = 0. And
_ pd-1 f) _
P(f(o)sf(x)sho()".' shd—l,o) _f (X) G hOO»"~’h’d—1,0 =0
Xy
Since f is a non-zero polynomial we have G (]j:(X) ,hoos - - -, hd—1,0) = 0. Since y? = f(X)/f(0) we have
(0) ~(1
0=G (]{(X) hoo, ..., ha—10] =G Y_d’ hoos - - - ha-10] =G (Vv hoo, - -, ha-10) (4.5)

Therefore, there exists i € [d] such that 2] (%/y, hoos - - - hd—l,()) = 0. Expanding it out we obtain

d-1
hOO(X)+%h10(X)+“'+(%) hi—10(X) =0 &= hoo-yd71+h10-yd’2-§ o+ hg_10- §l =0

Let R(Y) = hoo - Y 1t hyg- Y42 G+ -+ haoip - {471 € (X)[Y]. Now since Y¢ — f(X) is absolutely irreducible,
[IF_'q(X ) E(X )] = d. But we obtained a polynomial R(Y) of degree d — 1 over ]F_q(X) such that R(y) = 0. Therefore,

R(Y) is a zero polynomial. So h;p = 0 for all i € {0,...,d — 1}. Hence, we are done.

So now we have finally proved the Stepanov’s Theorem.
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4.1.3 Connection between the Bound and Genus of Curve

The constant 4md”? in Stepanov’s Theorem, while explicit, is not tight as a function of the curve’s geometry. For the
hyperelliptic case d = 2, the correct geometric measure of complexity is the genus g, and H. M. Stark [Sta73] showed that

the Stepanov argument can be refined to replace 4md”? with a constant of size 2¢, recovering the sharp Weil bound.

Genus of a Hyperelliptic Curve. Let f € [F,[X] have degree m with m distinct roots, so Y? — f(X) is absolutely
irreducible. The smooth projective model C of the affine curve Y2 = f(X) has genus

——  if mis odd,
9= 9 (4.6)
—— if miseven.

Equivalently, g = [(m-1)/2]. The difference between the two cases has a geometric explanation: when m is odd the

m-1. when m is even there is a

projective closure of Y = f(X) is already smooth at the point at infinity, so the genus is Z-1;

singularity at infinity, and resolving it lowers the genus by 3, giving 2-%. In both cases
2g <m-—1, with equality iff m is odd.

The genus is a birational invariant that captures the arithmetic complexity of C more faithfully than the raw degree m: it
counts the number of independent holomorphic differentials on C, and it governs both the structure of the Jacobian and

the growth rate of the number of rational points.

Weil’s Theorem in Terms of Genus. For any smooth projective absolutely irreducible curve of genus g over IF, Weil’s

theorem gives
IN=(g+1)] < 294"

where N is the number of Fg-rational points (including those at infinity). For the hyperelliptic curve C: Y? = f(X) with
N = Z(Y? = f(X)), writing this out using (4.6) yields

IN—-q| <29 ql/2 (m odd), IN-g+1|<2g ql/2 (m even). (4.7)

The constant 2g is sharp: it cannot be replaced by any smaller constant independent of q. Comparing with the Stepanov

bound |N — q| < 4m - 2%2 ¢"* ~ 11.3m ¢"*, the Weil constant 2g < m — 1 is smaller by roughly a factor of 5.6.

Stark’s Sharpening. For q = p prime and f with m distinct roots, Stark [Sta73] proved the sharper bound
IN =gl < (m=-1)q"

Translating via (4.6):
IN — gl < 2¢4" (m odd), IN —g| < (2g + 1) ¢"* (m even). (4.8)

For odd m this matches the Weil bound (4.7) exactly. For even m it falls short by ¢”2, which is explained by the same
infinity-point singularity that reduces the genus by 3.

4.1.4 Bound for Multiplicative Character Sum of f(X)

To bound }; ackF, ¥(f (a)) via Stepanov’s Theorem, we first need to understand when f(X) is a d-th power in IF4[X], since
that case must be handled separately.
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Lemma 4.1.8 Characterisation of d-th Powers in IF, [X]
Let f(X) € F4[X] and letd | g — 1. Then the following are equivalent:

(i) f(X) = ak?(X) with a € F, and k(X) € F,[X].
(ii) f(X) = h%(X) with h(X) € F,[X].

(iii) f(X) =a(X —a)k - (X — ap)*m with a; € ]F_q andd | k; foralli € [m].

Proof: We will prove this in three steps.
(i) = (ii): Letye Ebe such that y? = a. Then take h(X) =y - k(X). Then we have f(X) = h%(X).
(ii) = (iii): This direction comes directly.

(iif) = (i): Consider the polynomial k(X) = [17, (X — )i)*/™. Then f(X) = a - k%(X).
Enough to Show: k(X) € Fy[X].

Since a € IF; we have k(X)) e Fq[X]. Letk(X) = X"+ ¢, X* '+ +¢, wherec; € Efor alli € [u]. Now we look at the
coefficients of k% (X). We will prove via induction that each ¢; € IF,. The coefficient of X% isd-c;. Asd # 0andd € IFy,

we have ¢; € IF;. So suppose cy,...,c;-1 € IF;. Now the coefficient of X941 is dc;+ some polynomial over cy,...,ci_1.
Since ¢y, ..., ci—1 € IF; and coefficient of X941 ig in F, we have dc; € Fy; = ¢; € IF;. Therefore, k(X) € IF;[X]. Hence,
we have the lemma. [ |

When Y9 — f(X) is absolutely irreducible, the Stepanov solution-count bound translates directly into a Weil-type
bound on the character sum }, ¥ (f(«)).

Theorem 4.1.9 Bound for W (¢; f): Absolutely Irreducible Case

Supposed | g—1 and let y € M;d) be a non-trivial multiplicative character of exponent d. Let f(X) € Fy[X] be a
polynomial of degree m such that Y¢ — f(X) is absolutely irreducible. Suppose g > 100dm?>. Then

Z Y (f(a)| < 5md”q"".

acl,

Proof:  Let g be a primitive element of IF;. Let N be the number of a € IF; such that f(a) is in the coset g<- ]F;(d).in
the group IF; / IFZ(d). Then we have

d-1
W (s f) = D Ne-9(g")
k=0

Let Zi be the number of (a, f) € lFf] such that % = f(a) - g~*. Since Y? — f(X) is absolutely irreducible, by Theorem 4.1.2
we have Y¢ — f(X) - g7% is also absolutely irreducible. So by Stepanov’s Theorem we get

|Z — q| < 4md”*q""
Let Z;. be the number of solutions (a, ) € ]Ff] such that % = f(a) - g~ and § # 0. Then |Z; — Zi| < m. So we have

|Zi — gl < 5md”*q"?
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Now notice that Ny = Zx/d. We can write Z; = 4/d + Ry.. Therefore, we have

|R¢| < 5md"*q"?

So now d-1 d-1 d-1
W) = ) N6 = ) (4R psite) = ) Re - v4(9)
k=0 k=0 k=0

So we get the bound on the absolute value of W (¢/; f) as

d-1
W ()1 < ) IRl < 5mdq"
k=0

Thus, we have the theorem. ]

The absolute irreducibility hypothesis in Theorem 4.1.9 can be weakened to the condition that f is not a d-th power,

which covers all remaining non-trivial cases.

Theorem 4.1.10 Bound for W (¢/; f): Non-d-th-Power Case

Supposed | q— 1 and let ) € M((;D be a non-trivial multiplicative character with ord(y/) = d > 1. Let f(X) € F4[X]
be a polynomial of degree m which is not a d-th power. Suppose q > 100dm>. Then

D v (@)| < smd”q".

aclFy

Proof: Let f(X) factorsas f(X) = a(X —a;)* - - - (X — a;)** where ;’s are distinct elements ofE. Lete = ged(d, k1, ..., ks).

Suppose e is a proper divisor of d. Then consider the polynomial
t
kOO = [ = a)e
i=1

then by Lemma 4.1.8 f(X) = a - k(X)¢. Now in k(X), gcd(d/e, ki/e, ..., ki/e) = 1. So by Theorem 4.1.2 we have Y% — k(X)

is absolutely irreducible. Now the character 1/° is also of exponent d/e. So for any « € [F, we have

y(f(@) =y (a) - y*(k(a))

So by Theorem 4.1.9 we have

d 3/2 1 3 1
W@W:Nl=] >, ¥@ -y (k@] =] D, v (k@) <5(§) (;) q" < smd"*q"

aclF, aclF,

Thus, we have the theorem. ]

§ 4.2 Bombieri Method: Y/ -Y — f(X)

A curve of the form Y? - Y = f(X) over [Fy, where f € IF,[X], is called an Artin-Schreier curve. Let E be the finite

extension of IF, with [E: IF;] = k. The main result of this section is:
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Theorem 4.2.1 Bombieri’s Theorem

Let f € Fgq[X] with (q,deg f) =1 and deg f < q. Then

Zp(Y1-Y = f(X)) - ¢*| < gl

The bound is meaningful when k is large. For small k like k = 2 it gives |ZE(Yq -Y=f(X)) - qk| < ¢, whereas the

solution space E? = ]F;2 has size only g*.

4.2.1 Proof of Bombieri’s Theorem via the Polynomial Method

The proof mirrors the Stepanov method: reduce the solution count to a count by trace value, then construct an auxiliary

univariate polynomial Q that vanishes with high multiplicity at each point with a given trace value, and bound its degree.

Lemma 4.2.2 Trace Decomposition of Solutions

Let for any a € Fy, Z, denote the number of y € E such that Trgr,(y) = a.

D Zy=q" and Zp(YI-Y=f(X)=q-Z

aclFg,

Proof: 'The first statement is obvious and the later follows from Theorem 1.3.9 [

Set r = [K/2]; we may assume k > 3 so r > 1. Split Trg/p, (f(X)) = go(X) + g-(X) by defining

9:(X) = FOOT + FOOT 44 FOOT
Go(X) = fFOX) +FO)T 4+ F(X)T .

The key lemma constructs a polynomial Q that vanishes with high multiplicity on every y € E such that Trg/, (f(y)) = a.

Lemma 4.2.3 Existence of Auxiliary Polynomial Q
Leta € Fy and let M € N satisfy q | M and0 < M < ¢*~"~' where r = [k/2]. Then there exists a non-zero

polynomial Q € IF[X] with deg(Q) < M - q“=' + ¢**! such that everyy € E with Tre/r, (f(y)) = a is a zero of Q
with multiplicity at least M.

Proof: We follow the same approach as Stepanov’s Theorem. Construct polynomials hy,...,hq—1 Where h;(X) =
Ximo hij(X) - X9"J with deg(h;;) < ¢*7!, and set

q-1
Q(X) = Y hi(X) - g-(X)".
i=0

The goal is to choose the h;; so that Q vanishes at every y € E with Trg/p, (f(y)) = a with multiplicity at least M. Take
t = |M/q]. Since k < 2r + 1 we have M < ¢q".

Computing the Hasse Derivatives. Since g,(X) = Y<! f7'(X) = 3k f (er)ql, define g, € Fy[Y] by g-(Y) =
KT A(Y) s0 G (X9) = g,(X). Then Q(X) = 0 (X,X9") where

q-1

0X.Y) =)

t
hiy(X) - G (V) YT
i=0 j=0
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Since M < ¢’, for any n < M the Hasse derivative satisfies

q-1

HWQX) =)

t
1
i=0 j=0

n) i T
hAj (X) g,(X)"- X7
where hgl)(X) =H™h;(X).

Imposing the Multiplicity Condition. Since Trg/p, (f(X)) = go(X) + g-(X), for any y € E with Trg/p_(f(y)) = a we
have g,(y) = @ — go(y) and qu = y. Substituting, the condition H™ (Q)(y) = 0 for all such y and all 0 < n < M reduces

to requiring that the polynomials
q-1 ¢
Qn(X) = X" > A (X) - (@ = go (X)) - X

i=0 j=0

be identically zero for all 0 < n < M.

Counting Equations. From the degree bound of h;; we have deg(Q,) < ¢ ' + (¢—1)%¢" '+t < ¢F" 1 + ¢’ -2 for
all 0 < n < M. Hence the total number of linear equations s on the coefficients of h;; satisfies

M-1
s< ) deg(Qn) +1< M(¢" " +q™*) < M-+ ¢k, (4.9)

n=0

Counting Variables. The unknowns are the coefficients of h;; for all 0 < i < g—1and 0 < j < ¢t. Their total count is

-1 ¢t

0= Z(deg(hij) +1) =q(t+ 1) =M g + ¢~ (4.10)

1

_Q

I
=1

Jj=0

Existence of a Non-Zero Solution. Comparing (4.9) and (4.10) gives v > s, so there exists a non-zero solution for the

hij, and hence a non-zero Q vanishing with multiplicity at least M at every y € E with Trg/p, (f(y)) = a. Now

deg(Q) < qkfl b+ (q_ l)qufl +qk71 < M.qkfl +qk+1

Non-Vanishing of Q. Each summand of Q has the form h;;(X) - g, (X)? 'qu'j, of degree qk_1 (qj+i-degf) +deg(hy;).
By the same degree-separation argument as in Lemma 4.1.5, distinct pairs (i, j) give summands of distinct degree. Hence,

Q # 0, so we have the lemma. ]

We now deduce Bombieri’s Theorem from Lemma 4.2.3 and Lemma 4.2.2. Fix a € IF;. Applying Lemma 4.2.3 with
parameter M gives a polynomial Q of degree at most M - ¢! + ¢g**! that vanishes with multiplicity > M at every y € E

with Trgp, (f(y)) = a. Counting zeros gives

qk+1

TR

Choose M = ¢*~7~1; then q | M for k > 3, and the hypothesis M < ¢! is satisfied, giving Z, < ¢! + ¢"*2. Since
ek, Za = ¢ by Lemma 4.2.2, we also obtain a lower bound:

Zy-M<degQ<M-¢- ' 4+¢ = Z,<q 1+

Za :qk _ Zzﬁ > qk _ (q_ 1)(qk71 +qr+2) > qkfl _qk+3'
P#a

Hence |Z, — ¢*7'| < ¢"*3 for every a € IF4, and in particular [Zy — g1 < ¢"*3. Since Zg(Y?I - Y = f(X)) = q-Zy by
Lemma 4.2.2,
‘ZE(Yq —Y=f(X)~ q"‘ =q-120- ¢ < ¢"** = g1,

which is Bombieri’s Theorem.
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4.2.2 Alternate Proof via Bézout’s Theorem

We now give an alternate approach, following [Kop13] and [Kum24]. The argument is more direct but yields a weaker
bound. Let E be the finite extension field of IF, with [E: IF;] = k.

Theorem 4.2.4 Bombieri’s Bound via Bezout

Let [E: [F4] =k so |E| = qF. Letf € IF4[X] be a polynomial of degree d such thatd < q. Then

Ze(YI-Y = f(X)) < ¢ +0(q-d- 4.

The final bound on Zg(Y? — Y = f(X)) comes from bounding the number of common zeros of P and the auxiliary
polynomial Q we will construct. The standard Bézout theorem counts common zeros by the product of degrees, but
P = Y9-Y - f(X) has a very unbalanced structure (high Y-degree, low X-degree). The following weighted version
exploits this imbalance by assigning different weights to the two variables, producing a bound of the form D + gd rather
than Dgq.

Lemma 4.2.5 Weighted Bézout’s Theorem

For integers a,b > 0, the (a,b)-degree of a monomial XY/ is ai + bj and of a polynomial is the maximum over its
monomials. Let P(X,Y) = u(Y) — f(X) € E[X,Y] withdegy P = dx and deg, P =dy. If Q(X,Y) is relatively prime
to P and has (dy, dx)-degree at most D, then

Z(P,Q) <D +dx-dy.

Proof:  Since P is monic in Y, reduce Q modulo P to get Qy with deg, Qy < dy — 1, without increasing the (dy, dx)-
degree. Then Q, has X-degree < D/dy and Y-degree < dy — 1. By the resultant bound, Z(P, Q) = Z(P, Qo) < dx(dy — 1) +
dy - Dldy = D +dxdy —dx < D +dxdy. | |

The dimension argument that produces the auxiliary polynomial Q rests on comparing the number of free coeffi-
cient variables against the number of linear constraints forced by the vanishing condition. Both counts are expressed in
terms of |Sx/|, the number of monomials M; ; = X'Y’ whose (g, d)-degree does not exceed a threshold N. The following

lemma gives the precise asymptotic.

Lemma 4.2.6 Size of Sy for (q,d)-Degrees
Let Sy ={(i,j):i>0, j€{0,...,q—1}, gi+dj < N}. For N > (q — 1)d we have |Sx| = N — (g-1d/2 + O(q).

Proof: We count |Sy| by summing over the g possible values of j. Fix j € {0,...,q — 1}. The condition qi +dj < N
with i > 0 is equivalent to 0 < i < (N=dj)/q. Since N > (q — 1)d > d}j, this range is non-empty for every j, and the number

of valid non-negative integers i is
N —-dj

LIN-dj)/q]+1= +0(1),

where the O(1) accounts for the fractional part discarded by the floor. Summing over all j € {0,...,q—1}:

g-1 q-1 —di
Svl = 3 (LN =difg) +1) = ), =+ 0()
J=0 =

q-1
(qN—de)+O(q):é(qN—d-M)+O(q)=N—

j=0 2

@ + 0(q).

| =
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Once Q is constructed, we must show it is not a multiple of P — otherwise the Bézout bound is vacuous. The argu-
ment reduces to showing that the reduced monomials appearing in Q all have distinct (g, d)-degrees, so no cancellation
can occur. This distinctness follows from the injectivity of the map (i, j)) — qi + dj, which in turn relies on q 1 d, a

consequence of f being g-free.

Lemma 4.2.7 Injectivity of (gq,d)-Degrees
Since f is q-free, q 1 d, and the map (i, j) > qi + dj is injective on {(i,j) : i >0, j € {0,...,q—1}}.

Proof: 1Ifqi+dj=qi’+dj sete =gecd(q,d); then (q/e)(i—i") = (d/e)(j’ —j) and gcd(g/e,d/e) = 1force gq/e | (j — j)-
Since q 1 d we have g/e > 2, so |j' — j| < q/e forces j = j* and then i = i’. [

Let M; ;(X,Y) =X'Y/ fori > 0and j € {0,...,q— 1}. Setdy = g and dx =d.

Reduction Modulo P and Degree Preservation. Since P is monic of degree g in Y, every R(X, Y) reduces mod P to R
of Y-degree < g — 1 by replacing Y7 — Y + f(X). A single step on X*Y? (b > q) gives
XY — xayb-atl 4 f(X) - xaybTa,

The first term has (g, d)-degree ga + db — d(q — 1) < qa + db, and each monomial X**Y?~9 (0 < ¢ < d) in the second
has degree q(a + ¢) + d(b — q) < qa + db. By induction, reduction preserves (g, d)-degree, and if R has degree < N then
R € E-span{M; ; : (i, j) € Sy}. By Lemma 4.2.7 the monomials in Sy have distinct (g, d)-degrees.

Irreducibility of P. Since f is g-free, f ¢ p(E(X)) where p(h) = h? — h, so P is irreducible over E[X] by Artin-Schreier
theory.

Constructing O: Dimension Argument. Set r = [¥/2]. Let A, B > 0 with B < ¢*". Define

OX,Y) = D @i Mij(OGY) - Moo (X, 1)

(i.j)€Sa
(S,f) eSp

with formal variables a; j) (s.1)- Its (¢, d)-degree is at most A + "B, so Q € E-span{M,,, : (u,0) € SA+q B} By Lemma 4.2.6
the condition
-1)d -1)d -1)d
(A_(qzl) )(B_(qzl) )>A+qu—<q21) (4.11)

ensures |Sa| - |Sg| > |Sa+q7Bl, giving a nonzero tuple with P | 0. Fixsucha 0.

Constructing Q and the Frobenius Identity. Define

k-r k-r
QUXY)i= D1 af ) (o My(X T Moy (X,Y),

(i.j)€Sa
(s,t)€Sp

Lemma 4.2.8

0(X,Y) = O(X,Y)? mod (X7 - X, YT - Y)

Proof:  Taking the ¢~ power distributes over the sums:

~ k-1 k—r k—r v, k-r k—r k—r k
q*" _ q T g d T q T
07" = Y ali oy ML ML = Al MY MY
(i,j)€Sa (i.j)€Sa
(s,t)€SB (s,t)€Sp
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For a, B € E we have a? = a and p7° = B, so M4 (a, BT = o7 pIt = g3t = M; (@, p), giving the identity. |

Verifying the Three Properties.

(i) Vanishing on Zg(Y?-Y = f(X)): For (a, B) € V C E%: P | Q gives O(a, B) = 0, hence Q(a, f) = O(a, ﬁ)qk_r =0by
Lemma 4.2.8.

(if) Relative primality to P.
Lemma 4.2.9 Distinct (q, d)-Degrees

All monomials of Q have distinct (g, d)-degrees; hence Q # 0 and gcd(P, Q) = 1.

Proof: The degree ofMZ;H - M, is ¢* " (qi + dj) + (gs + dt). If two pairs give the same value then ¢* =" [ (qi + dj) — (qi’ +
dj’)] = (gs’ +dt") — (gs +dt). Since |(gs +dt) — (g’ +dt’)| < gB+d(q—1) < q-¢*" (using B < ¢* " and d < ¢*™"),
the left side (a multiple of g*~") must equal zero. By Lemma 4.2.7 applied twice, both pairs are equal. Hence, degrees are
distinct, Q # 0, and since P is irreducible, gcd(P, Q) = 1. [ ]

(iii) Applying Lemma 4.2.5 with D = g~ A + B:

Zg(YI-Y = f(X)) <D+dx -dy =¢"A+ B +qd.

Choosing Parameters and the Final Bound. Set B = ¢*" —1and A = ¢ + (¢-1)d+2/2. One verifies (4.11) holds.
Substituting:

Ze(YT=Y = f(X)) < ¢ (¢ + 92 ) 4 (¢ - 1) 4 gd = gF o+ LR T g 1 g
Since r = [k/2], ¢* " < qy/¢¥, so all error terms are O(qd+/gk):

ZE(Yq—Y=f(X))qu+o(q.d.\/q7),

which is the required bound. So we have Theorem 4.2.4.

§ 4.3 Special L-functions

In this section we will construct special L-functions which will help us study polynomials like Y — f(X) or Y9 - Y —
f(X) where they are absolutely irreducible and character sums related to such polynomials. Remember the notions we
introduced in section 2.5.
Let G be the group of all rational functions r(X) € IF;(X) such that for any r(X) = #1(X)/n(x) where hy, h; € ®.
Let f(X) € IF4[X] be a monic polynomial in IF,[X]. Let f(X) factors into

fX) =X=-y)* - (X =ym)™
in the field Fq [X] i.e., f has m distinct roots. Then define the subgroup G such that r = hi/, € G then

hi(y:) - ha(y)) #0 Vie [m]
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Then G has the property that if r, -, € G then ry,r; € G.
Now we define a multiplicative function ¢ : G — Fy. Letr =hi/n, € G factors into

dy d,
rX) =[ [x-a)- ] [x-8)"
i=1 j=1

in E(X ). Then define

dl dz m
sy =[]r@ [ren" =] ]ran™
i=1 j=1 t=1

Take ¢(r) = 1if f(X) = 1. Then ¢(r) € IFy. Then we have the following observation
Observation 4.1. For allry,r; € G we have ¢(ry - r3) = ¢(r1) - ¢(r2).

If y € M, is a multiplicative character of IF, then for any ry,r; € G we have

Y(s(ri-r2)) =9 (s(r1)) - ¥(s(r2))

Therefore 1 o ¢ is a character on G. Now we extend i/ o ¢ to G by setting ¢y o¢c(r) = 0 forallr € G\ G. So yo¢isa
character on G.

Let H be a subgroup of G consisting only r = hi/h, with hy (y;) = hy(y;) # 0 for all i € [m]. Therefore, by definition
of ¢ we have the following lemma

Lemma 4.3.1

Forallr € H,yog(r) = 1.

Now let g € IF4[X] be any fixed polynomial of degree n and constant term is 0. Again for any r = m/n, € G let r

factors like above. Then define a function ¢ : G — IF,,.

d; d,
o(r) = Y glar) = Y g(B))
i=1 j=1

Take o(r) = 0if r(X) = 1. Then for all r € [F, therefore o(r) € [F,. Then we have the following observation
Observation 4.2. Forallr;,r, € G we havep(ry-r;) = o(r1) +o0(r2).

Now if X € X is an additive character of IF, then for all r1,r; € G we have

X(o(ry-r2)) = X(e(r1) +o(rz)) = X(e(r1)) - X(e(r2))

Therefore X o p is a character on G.

Let H be a subset of G consisting of rational functions r = #1/h, where

d d,
hi(X) = X% + Z(—ni cap XD hy(X) = X%+ Z(-l)i by XET
i=1 i=1
such that a; = b; for all i € [n]. Therefore, H is a subgroup of G. Now notice that suppose h(X) is a monic polynomial
and r = /n, € G be a rational function. Now we will show another way of writing this condition which is more algebraic

to work with.

d,
hi(X) =X (1+Z(—1)i~ai'%), hy(X) = X%

ds 1
1+ Z(—l)l . bj . )Z)
j=1

So take the polynomials 7; (Y) = 1+ Z?:ll(—l)i ca;-Yiand hy(Y) = 1+ Z?il(—l)i -bj - Y. Now since a; = b; foralli € [n]

we have iz\l = hy mod (X)"*! So we have the following observations
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Observation 4.3. Ifr = Z—: € G wherehy = X4 + Z?;l(—l)i ca;- X4 Uandhy = X% + 2?2:1(—1)] -a; - X%~ then consider
the polynomial hy(Y) = Z?;l(—l)i ca; Y and hy(Y) = Z;Iil(—l)j -a; - Y/ that is we have

By =Y%h (YY), and hy = Y2h(1/y)
Thenr € H & h; = h, mod (X)r*1,

Lemma 4.3.2

Letr = /n, € G be a rational function with hy, hy € ® with degrees dy, d, respectively and let h be a monic polynomial
of degree d. Suppose h/r € H. Then
h = # mod (X)"*!

Proof: From hy, hy, h we construct the corresponding polynomials hy (Y), EZ(Y), E(Y). Since % = hh—}l’z we have (hh2)/n, €
H. Now we construct the polynomial k- h,(Y) from h - hy. Then we have
Beha(Y) = Y& (h(f) - (/) = (YORO)) - (YR =R By

Since "/r € H we have E = ﬁz -k mod (X)"*1. Now we compute 7. Now r = hi/h, so hy - r = hy and therefore hy - r = ﬁz -7

Hence,
hz'?Ehl Ehg'h
Since Ez is a non-zero polynomial we have ¥ = h mod (X)yn+1, [ ]
Lemma 4.3.3

Forallr e H, Xop(r) =1

Proof: Letr € H and r = i/, where hy, h, € ® and

di dy
hi(X) = X% + Z(—l)i cap XL h(X) = X%+ Z(—ni by - X
i=1

i=1

such that a; = b; for all i € [n]. The polynomial Zle g(Y;) is a symmetric polynomial for any k € IN of degree N in
variables Y1,..., Y. Hence, it is a polynomial in the first n elementary symmetric polynomials ESym(Y1,.. ., Yi) for all
Jj € [n]. Hence, there exists a polynomial P € IF,[Xj,...,X,] such that for any k € N,

k
Z g(Y;) =P (ESym,,...,ESym,)
i=1
Now if we take k = d; and plugin a1, ..., a4 in Y;,...,Ys we obtain
d
Zg(ai) =P (ESym,(a1,...,aq4,), ..., ESym, (a1,...,aq,)) = P(ay,...,an)
i=1
And similarly for k = d; and assign fi, ..., B4, for Y1, ..., Y, we obtain
dy
D" 9(By) =P (ESymy (B, fa,), . ESym, (B, fa,)) = P(by...., bn)
j=1

Since r € H we have a; = b; for all i € [n]. Therefore, Zfil g(a;) = 2?2:1 9(B;). Therefore, for all r € H we have o(r) =0
and hence X o p(r) =1 forall r € H. [
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So now we define the multiplicative function ¢ : G — C where

£(r) =(Yog)(r)-(Xop)(r)

Recall the proof of Davenport-Hasse Theorem. We defined similar multiplicative function in the proof. There the

corresponding f and g was f(X) = g(X) = X.

Let H = HN H. Then from Lemma 4.3.1 and Lemma 4.3.3 we have the following:

Corollary 4.3.4
For all r € H we have &r)y=1.

Lemma 4.3.5

Suppose t € Z,. Then every coset of H in G in the group G | H contains precisely q' polynomials of degree n + m + t.

Proof:  Suppose r(X) = m/n, € G. Then it suffices to show that there are precisely ¢* polynomials h(X) = X"+ +
mmH(_q)i. b, - X"l with by € H. By Lemma 4.3.2 this means there are ¢ polynomials h(X) € ® with deg(h) =
n+ m+t such that

h =7 mod (X)"*! (4.12)
k(yi) =r(y)) Vie[m] (4.13)
Now the coefficients by, .. ., b, are already determined by the condition (4.12). Now the equations in (4.13) gives m linear
equations. The matrix of this equation is an m X m Vandermonde matrix over yij foralli € [m]and j € {0,1,...,m—1}.
Hence, by the system of linear equations m coefficients {bp+¢+1s - - - bnsr+m ) gets uniquely determined. Hence, we can
pick b4, - - ., bpyy arbitrarily. Therefore, there are ¢' many choices for h(X). ]

§ 4.4 Characters sums of ¢/ (f(X))X(g(X))

In this section we will use the multiplicative function & : G — C in the previous section and prove bounds on character
sums like ¥ ,ep | YR (F(X)XH) (g(X)) where X € Xg and ¥ € Mg, and they are lifted to X and ) for the field
F,. ’

So suppose we have an additive character X € X, and a multiplicative character iy € M, of IF,. Let f(X) € IF;[X]

be a monic polynomial in IF;[X]. Let f(X) factors into
FX) =X=-y) - (X =ym)

in the field Fq [X] ie., f has m distinct roots. And let g € IF;[X] be any fixed polynomial of degree n and constant term
is 0. Define the G, G, H, H and H like previous section. Then we define the maps ¢ : G — F, and o : G — [, and the

corresponding multiplicative map ¢ : G — C.

4.4.1 L-function on ¢

We want to create the L-function on ¢ and use it to calculate the character sums and get bounds on absolute value of the

character sum. We will show that the L-function L(z, &) is of finite degree. First we will show £ is indeed non-trivial.
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Theorem 4.4.1 Non-triviality of £

Suppose either y € Mg is a nontrivial multiplicative character of exponent d and Y9 — £(X) is absolutely irreducible.
If the map & is non-trivial i.e. 3r € G such that X(r) # 1.

Proof: Suppose £(r) = 1forallr € G. Then (/o ¢)(r) - (X 0 @)(r) = 1. Since ¥ o ¢(r) is a d*" root of unity and X o o(r)
is a p*" roots of unity with ged(d, p) = 1 we have

Yog(r)=Xop(r)=1

Therefore it suffices to find a k € G such that § o (k) # 1 in the first case and in the second case it will suffice to find a
k € G such that X o o(k) # 1.

i is non-trivial: Suppose ord(1)) = e where e | d. Since Y — f(X) is absolutely irreducible not all a; are multiplies

of e by Theorem 4.1.2. Without loss of generality suppose e t a;. For any cs,...,c,m € IFy we can pick ¢; € Fj such

(e)
that ¢ - - - cp" ¢ (IF;) and hence ¢ (¢ - - cp") # 1. Now by the arguments of Lemma 4.3.5 there exists a polynomial
k(X) € G such that k(y;) = c; for all i € [m]. Therefore ¢(k) = i’ -+ cp and hence ¢ o g(k) # 1.

X is non-trivial:

(i) Suppose first that ged(n, q) = 1. Then suppose g(X) = aX" + ¢g;(X) where deg(g;) < nand ¢g;(0) = 0. If k(X) =
X" +a =[]}, (X — aj) where a; € E. Then g1 (1) + - - - gn(an) = 0 since g; is a polynomial with constant term 0

and it is a polynomial in the first n — 1 elementary symmetric polynomials in a3, . .., a,. Therefore
n n
Zg(aj) =aZa}’ =a-n-(-1)"1.¢q
=1 =1

Therefore o(k) = a-n-(-1)"*"' - @ and thus X o p(k) = X (a-n-(-1)"*!- ). So for a proper choice of a we get
X oo(k) # 1 since n is not divisible by the char(IF,).

(ii) Suppose Y7 —Y — f(X) is absolutely irreducible. Now for any a € IF; we have
@ YT—a-Y=g(X) = (@ V)= (a-Y) - f(X)

therefore o - Y7 — a - Y — g(X) is absolutely irreducible. Hence Y? — Y — a - g(X) is also absolutely irreducible where
p = char(IF,). Let a is such that X(y) = X,(y) for all y € [F, as defined in Theorem 2.2.1. Let Z,(Y? - Y —a- g(X)) is
the number of solutions of Y7 — Y — a - g(X) over [F,-. Now by Weil Bound Theorem we have Z,.(Y? - Y = g(X)) =
q" +0(q"). Hence if r is large Z,(Y? - Y = g(X)) < p-¢". Let E denote the field Fgr. Now suppose ¢ € Fyr. If
Trg(a- g(c)) = 0 then there are p values of b € such that b7 —b —a - g(c) = 0. If Trg(a - g(c)) # 0 there are no such
b € IFyr. Since Z,(Y?-Y = g(X)) < p-q" thereis a b € [Fyr with Trg(a- g(c)) # 0. So take k(X) = M= (X - cqi).
Then
o(k) =g(0) +g(c?) +--g(c” ) = Trz(g(c))

So Xop(k) # 1.

Therefore we have the theorem. [ ]

We eventually want to construct the L-function using the multiplicative function £. The above theorem helps us to invoke
Theorem 2.5.7.
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Lemma 4.4.2 Vanishing of Character Sum on &

Suppose either y € Mg is a nontrivial multiplicative character of exponent d and Y9 — £(X) is absolutely irreducible.

Or, X € Xq is a non-trivial additive character and
(i) either, gcd(n, q) =1

(ii) or, more generally Y —Y — g(X) is absolutely irreducible.

>, EHg=o0

hed
deg(h)=n+m+t

Supposet > 0. Then

Proof: By Corollary 4.3.4 and Theorem 4.4.1, ¢ induces a non-trivial character on the finite group G / H. As h runs
through all polynomials of G of degree n + m + t then by Lemma 4.3.5 it will lie precisely land ¢’ times in every coset of
G / H. So by Theorem 2.2.2(i) and Theorem 2.2.5(i) we have the lemma. [

As we mentioned in the previous section. We can extend & to G by setting £(h) = 0 if h is a polynomial not in G.

So now we form the L-functions, L(s, &) and L(Z, £) on &. And using the above lemma we have the following theorem:

Theorem 4.4.3 Finite Degree of L(z, &)
Suppose either y € My is a nontrivial multiplicative character of exponent d and Y4 — £(X) is absolutely irreducible.

Or, X € X is a non-trivial additive character and
(i) either, gcd(n,q) =1

(ii) or, more generally Y9 — Y — g(X) is absolutely irreducible.

Then
L(z, E =1+ciz+ - +cCpam12™™ Y, L(s,&) =1+ciu+---+cpygmru™™!
whereu = q°.
So we can use Theorem 2.5.7 and factorize f(z, &) and get complex numbers wy, ..., Wyim—1 such that
n+m-—1
L(z,¢) = 1_[ (1-w;iz).
j=1

We can say a lot about the coeflicients, specifically c;.

Theorem 4.4.4 Leading Coefficient ¢; of L(z, £)
If Y is nontrivial or if y is trivial and f(X) =1 then

= ) YEOIXY)).

yeF,
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Proof: We have

a= ), &b

hed+1
deg(g)=t

> Hx-a)

acelF,
a#y; Vie[m]

> Yos(X-a)-Xoo(X-a)

aclF,
a#y; Vie[m]

D (@) X(g(a)

aclF

fla)#o
= > ¥(f(@) - X(g(@)

aclF,

So we have the theorem. ™

4.4.2 Field Extensions

Suppose we aer given a finite field extension E of IF; where [E: [F;] = r. So like subsection 2.2.3 we can lift 1 and X
to (") and X) for E. And using these two characters we can define the lifted multiplicative function £ on the group

G,, G, with rational functions defined similarly as G, G but on E. So for any r € G, we define

& =y og(ry- X op(r)

We define I:Ir,H,,ﬁ, for G,,E, similarly as H,H,H. Now using f(’) we also create the L-functions, L") (s, §(’)) and
Z(r) (z,&7)). The norm of a polynomial h € &) over E is n'") (h) := qr'deg(h) = |E|%e(") the analog of 11(h) = g8 for
the base field. So we have

L) (s, 60 = Z Oy ), TV () = Z () (h) - Z0e8(h)

hed() hed(™)

where @) is the set of all monic polynomials over E. We similarly define ®, for any d € Z,. We also use the Weil sum

notation from section 3.2:

WX f.9) = Y Y(F(@)-X(g(@), WO, x5 f,9) = O (f(@) - ¥ (g(a))

aclF, a€cE

where the superscript (r) indicates the sum is over the extension field E = IF ;- using the lifted characters.

Lemma 4.4.5 Splitting of Irreducible Polynomials over IF jx
LetK =Fgx and E = Fyr. Suppose h(X) = X% —a; X9+ ...+ (=1)%ay be an irreducible polynomial in Fy[X]. Then
in I [X], h splits into r = ged(k, d) many irreducible polynomials of degree d/r:

h(X) = hi(X) - - - by (X)
If we normalize h;(X) such that h; is monic then h;(X) € Fgr [X] foralli € [r]. Then
(i) 1O (h;) =n(h)"

(i) E9 (h) = £ (h)

Proof:
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(i) Now by definition n®) (h;) = ¢*(/) = n(h)"'. So we get the first result.

(i) Since h = hy --- h, we have ¢(h) = [1}_; ¢(h;). Now by Theorem A.1.1 we have ¢(h;) € E for all i € [r] and they are
conjugates of each other over IF;. Therefore ¢(h) = Ng/p,(5(h;)) for any i € [r]. Therefore

K/r
Nicre, (s(h) = (Nejs, (h)) = (b Vie[r]
On the other hand we have o(h) = Xi_; ¢(h;) for any i € [r]. Therefore o(h) = Trg/F,. Thus

k k
T/, (s(hi)) = ;TrE/]Fq(Q(hi)) = ;Q(V)

So together we have

£0) (hi) = 9 0 6 () - XM 0 0 () = ¥ (Nicpr, (6 (hi))) - X (T, (0() ) = 9 ((h)) - X (g () = £ (B

So we have the theorem.

Now we can write L®*) (s, #K)) and f(k) (z,&%)) in terms of L-functions on the field IF, using ¢ and factorize the lifted

L-function as product of L-function on the base field.

Theorem 4.4.6 Factorisation of the Lifted L-function

Let K = [F i be a finite extension of g and let { = e?mi/% be a primitive k-th root of unity. Then

1O (5,60) = 1. (s _ ﬂ,g) _
t:l klogq

Proof: By Euler Product for L(s, X) we have

L(k)(sﬁg(lo): n (l—g(k)n‘s(k)(l))_l

1(X)elrr (oK)

Since h is an irreducible monic polynomial in IF, [X] of degree d it splits intro r polynomials over K where r = ged(d, k)
ie. h = hy - h,. Now by Lemma 4.4.5

ER (s (k) (hy) = (E(hm=5 (k)"

On the other hand, every monic irreducible polynomial [(X) € k[X] is the factor of an unique monic irreducible h(X) €
IF4[X]. Therefore

L9 (5.60) = T (1 @~ (ayysenct )=

helrr (@)
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Then by Lemma A.4.1 we have

L (s,60) = heg@ (1- (»:(h)n-S(h))wa)’g“(k’deg“”)
= |1 ﬁ (1-e )
helrr(®)
k

l_[ (1 : qzm t»dcg(h) log, e§(h)n‘5(h))_1

t=1 helrr(d)

k
l_l [ (1—§<h) - 2’”kl°gq)<h>)

1

=1 helrr(®)
k-1 .
2mit
-[1t(+~ feea!)
=0 0gq
So we have the theorem. [

Now by Theorem 4.4.3, L (s, £) is a polynomial. So there exist complex numbers wy,...,w; € C such that L (s,&) =
(1 -wqu) - - (1 —wyu) for some I € N where u = g~°. By Theorem 4.4.6, Z(k) (z, rf(k)) or LK) (s, rf(k)) is also a polynomial
(a product of finitely many polynomials). We will prove that the reciprocal roots of L*) (s, .f(k)) are wlk foralli € [I].

Corollary 4.4.7 Reciprocal Roots of the Lifted L-function
IfL(s,&) = (1 —wqu) -+ - (1 — wju) withu = q~° then

L0 (S, sz(k)) =(1-wkow) (1 -wFw)

where g = g~*s.

Proof: By Theorem 4.4.6 we have
k
2mit
iG] (S, Sz<k>) -1z (s_ _,g)
1:1[ kloggq
Now for any ¢ € [k] we have q—(s—zmm) = 2k . g5 = e2™ik - u. So we get

L(s— 27rit ,§)

L% (s, §<k)) - klogq

I I
—- 1 -

it
(1 - wjez’”ku)

~
~ Il

L
(1 - wjez’”ku)

~.
-
~
I
—

1
—_—
—_
|
S

ko
<

o

N —

~.

I
—_
—
|
\.sa-
<

b
~—~—

So we have the result. [ |
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So now we can give an analog of Theorem 4.4.4 for the lifted sum and give a relation with W *) (tﬁ(k), xR f, 9)
with the coefficients of L) (s, f(k)).

Corollary 4.4.8 Character Sum via Reciprocal Roots
Suppose either yy € My is a nontrivial multiplicative character of exponent d and Y94 — £(X) is absolutely irreducible.
If X € Xq is a additive character either non-trivial or trivial and f(X) = 1 then

n+m-1

w® (¢<k>’ x®), f,g>=_ Z wk.

i=1

Proof:  If we apply Theorem 4.4.4 to IF « instead of [, then using Corollary 4.4.7 we have

n+m-—1
L® (s, §(k)) =1+cpg Uk ++ Chpamer - up " = l_[ (1- w}c - Uk)
j=1
—w) (yk) yk). _ _yn+m-1_ k
Thereore cx,; = W (), X, f,g). And on the other hand we have that ¢ ; = — X7 wi. m

§ 4.5 Weil Bounds via the Lifting Method

In this section we will try to give bounds on the absolute value of deviation of number of zeros from the average
number of zeros. And then we will give upper bounds on the absolute values of W) (y®); f), w®) (x(%); g) and
w k) (l//(k), XK f, g). But here we will count the solutions or give the bounds on absolute value on lifted characters
in a finite extension field E = F « of [F4. For any polynomial P(X,Y) € Fy[X, Y] we denote the number of solutions of
P(X,Y) =0 in the field E by Zg(P(X,Y) = 0).

4.5.1 Bound for Multiplicative Character Sums

Let ¥ € M, be a non-trivial multiplicative character. And let X, € X, be the trivial additive character. Let f(X) €
IF4[X] is a monic polynomial with precisely m distinct roots. Let g(X) = 0. Then W (¢, X,;f,0) = W (;f) and
w k) (r//(k),)((()k);f, 0) = wh (l//(k);f). So by Corollary 4.4.7 there exists complex numbers wy, ..., wp_1 € C such
that
m-1 m-1
W)= Y pf@) == wn WO (pBf) = 3 O (@) == 3w (4.14)
=1 j=1

acly, acE

Suppose ¥ € Méd) where d > 1. Then there are d characters of exponent d. For each such non-trivial character y we
define complex numbers wy, ; € C for all j € [m — 1] such that

m-1

m—1
W (s f) :_ZWI//J, wk (I//(k);f) =—wa/j’j
=1

=
So taking the sum over all non-trivial i € M((]d) we get
m—1
k) (4. £) = _ k
> WO =- 3 3w,
ye MG y#yo yeMGD Yy I

On the other hand if ¢ is trivial then we have W (%) <1ﬁ()(k); f ) = ¢*. Then we have the following lemma
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Lemma 4.5.1 Counting Solutions of % = a via Additive Characters

For a given a € E the number of p € E with % = « equals

D vP@= D y(Ngm, (@)

yemyd yemyd

Proof:  Since @ — Ngjp,(a) is a group homomorphism from E* — IF; which is an onto homomorphism. Now for
any y € I the number of § € E* such that Ng/g, (f) =y is exactly 1+q+---+ g1 = E'/|F;|. Then restriction

e E*@) IF;(d) is also onto. So for any a € E, Ng/F, (@) € ]Fz(d) e qeED,
Now by Theorem 2.2.4 we have }; @ Y9 (a) € {0,1,d}. If @ = 0 then the sum is 1 and otherwise if Ng/E, €
q

Ng/r,

yeM
IF“) then the sum is d and if N, ¢ IF;(*) then the sum is 0.

(i) Ifa =0 and a ¢ E*@ then there is single solution for f = 0 such that f = a.
(ii) If @ # 0 and @ ¢ E*@ then there are no solution for § such that ¢ = a.
(iii) If @ € E*? then there are d solutions for B € E such that f? = a.

So the sum in the lemma statement exactly gives the number of solutions. [ ]

Now we apply the above lemma for the solutions of Y¢ — f(X) and count the number of solutions using multiplicative

character sums. So we take the above sum over all possible « € E, and we get the following lemma:

Lemma 4.5.2 Solutions of Y¢ = f(X) via Character Sums

Suppose f(X) € IF4[X] has precisely m distinct roots. Then

Ze(vi-f00)= 3 Y yPF@) = Y w® (y®sg).

yem{d acky yem?

We prove the Weil bound for polynomials like Y¢ — f(X) in three steps below. And we also show bound of the

absolute value of the complex numbers wy, ; for all non-trivial € M((Id) and j € [m—1].

Lemma 4.5.3 Reciprocal Roots of W () ((ﬁ(k);f) have Modulus < g'/2

Let f(X) € Fy[X] be a polynomial with precisely m distinct roots, and let y € My be a non-trivial multiplicative
character of exponent d. If Y¢ — f(X) is absolutely irreducible or f(X) is not a d*" power, then for every j € [m — 1]
we have |wy, ;| < q"%.

Proof: We can assume f to be monic since ¥ (a- f(a)) = ¢(a) - ¥ (f () and hence ¢ evaluated on the leading coefficient
gets out of the sum which doesn’t change the absolute value. So we will assume f is monic. Now by Stepanov’s Theorem,
1Zp(Y? = £(X)) - ¢*| = O(¢""*). Since W®) (¢gk>; f) = ¢*, Lemma 4.5.2 gives

>, wh (yig) = o).

yeMy? y#io
Therefore, |W ) (lﬁ(k);f) | = 0(g"?) for each non-trivial y. Since W) ((ﬁ(k);f) = —-Y™ 'wk  Lemma B.1 gives

J=1 Ty
lwy il < q"* for all j. [

Now by Lemma 4.5.3, |wy ;| < " for all j € [m—1]. Hence, |W (¢;f)| < (m—1)q"* and [W® (y®); £) | <

(m —1)¢"*. So we have the following theorem.
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Theorem 4.5.4 Weil Bound for W) ((ﬁ(k);f): Absolutely Irreducible Case

Lety € My be a non-trivial multiplicative character of exponent d. Suppose f(X) € IF4[X] has precisely m distinct
roots and Y — f(X) is absolutely irreducible. Then

W@l < m=1g" and |[W® (y®sf)| < (m-1)g".

We can give the same bound for the case where f is not a d’" power instead of the absolute irreducibility of
Y4 — f(X).

Theorem 4.5.5 Weil Bound for W) (¢(k);f): Non-d-th-Power Case

Lety € Mg be a non-trivial multiplicative character of exponent d. Suppose f(X) € IF4[X] has precisely m distinct
roots and f(X) is not a d-th power in IF;[X]. Then

W@l < (m=1g" and |[W® (y®:f)| < (m-1g*

Proof: Let f(X) =a(X- a)k - (X —ap)km where ay, ..., am € Eare the m distinctroots of f. Lete = ged(d, ky, - . ., km)-
Since f is not a d-th power in IF4[X], by Lemma 4.1.8 we have e < d, i.e., e is a proper divisor of d.

Define the polynomial h(X) = [T, (X — a;)"/*, so that f(X) = a-h(X)®. In h(X) we have ged (/e, kife, . .., kmfe) =
1, so by Theorem 4.1.2 the polynomial Y¥¢ — h(X) is absolutely irreducible. The polynomial h(X) has precisely the same
m distinct roots a1, . .., oy, as f.

Since f(a) = a- h(a)® for every a € IF,, the character ¢ satisfies YO (f(a) = ¢v*(a) - (tﬁ(k))e (h(a)). The
character () has exponent d/e, and |y/(a)| = 1. Applying Theorem 4.5.4 to (¢*)) and h(X) (which has m distinct
roots and Y¥/* — h(X) is absolutely irreducible) gives

W (p9:£)| = | 3 9@ - (v9) htan| =[w® (%) sh)| < (m-1)g”

aclF,

Corollary 4.5.6 Bound on the Number of Solutions of Y = f(X) over E

Lety € Mg be a non-trivial multiplicative character of exponent d. Suppose f(X) € IF4[X] has precisely m distinct
roots and either Y¢ — f(X) is absolutely irreducible, or f(X) is not a d-th power. Then

’zE (Yd = f(X)) - qk‘ < (d-1)(m-1)q", )Z (Yd = f(X)) - q’ < (d-1)(m-1)q"

Proof: By Lemma 4.5.2, Zg(Y? = f(X)) = ¢ + Xy, WO (y0); f). Since there are d — 1 non-trivial characters in
Méd) and Lemma 4.5.3 gives |W (%) (lﬁ(k); fll<(m- 1)¢"/* for each, the triangle inequality yields the bound. Similarly,
we get |Z (Y4 = f(X)) —q| < (d—1)(m - 1)g"* L

4.5.2 Bound for Additive Character Sums

Let X € X, be a non-trivial additive character. Let iy € M, be the trivial multiplicative character. Let g € IF, be a
polynomial of degree n. Take f(X) = 1. Then W (¢, X;1,g9) = W (X;g) and W) (%(k), Xk, l,g) =wh ((ﬁ(k);f). So by



§4.5 Weil Bounds via the Lifting Method Page 130

Corollary 4.4.7 there exists complex numbers wy, ..., w,_1 such that
n—1
Wg) = Y Xgl@) ==y w, WO (x®sg) = 3 ¥ B g(a)) = Z wh (4.15)
aclFy j=1 acE

There are q additive characters X € X, of IF;. For each non-trivial character X we define complex numbers w, ; € C for

all j € [n— 1] such that
n-1
W (Xig) == wy), W(k)( X0 ) ZW)]?J
j=1

So if we take the sum over all non-trivial additive character we get
n—
(k) [y (k). k
S wilhig) - 3 S
xeXq.x#x0 x€&Xgx#xo J=1

On the other hand if X = X, i.e. if X is trivial then W) (X(*); g) = g¥. Then we have the following lemma

Lemma 4.5.7 Counting Solutions of 7 — f = a via Additive Characters

For a given a € E the number of f € E with f7 — f = a equals

S 0@ = Y X(TrE/]Fq(a)).

xeXq xeXq

Proof: Now we know if Trg/f, (a) = 0 then we have g solutions for € E such that 7 — § = a and by Theorem 2.2.2(i)

we have
> B (@) =q
xeXy

If Trg/p, (a) # 0 then there is not § € E such that f7 - f = a. And by Theorem 2.2.2(i) we get Z)(exq X®) (@) = 0. So we

have the lemma. [ ]

Now we apply the above lemma for the solutions of Y7 — Y — g(X) and count the number of solutions using

multiplicative character sums. So we take the above sum over all possible « € E, and we get the following lemma:

Lemma 4.5.8 Solutions of f7 — f = g(«) via Character Sums
Let X € Xy be a non-trivial additive character and g(X) € Fy[X] of degree n. The number of (a, ) € E* with

p1-p = g(a) equals
> 2 gy = Y, wh (x®;g).

xeXq ackq x€&q

Now we will prove the Weil bound for the polynomial Y7 — Y — g(X) below. We will also show bound on the

absolute value of the complex numbers w),; for all non-trivial X € X4 and j € [n—1].

Lemma 4.5.9 Reciprocal Roots of W) (x(¥); g) have Modulus < ¢'/2
Let X € X4 be a non-trivial additive character and g(X) € IF4[X] of degree n. Suppose that

(i) eithern < q and gcd(n, q) =1,
(ii) or Y9 —Y — g(X) is absolutely irreducible.

Then for every j € [n— 1] we have |w, ;| < q"*
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Proof: We can assume ¢(X) has constant term to be 0 since X(g(a) + a) = X(g(a)) - chi(a) and so X evaluated on the
constant term gets out of the sum, and it doesn’t change the absolute value. So we will assume g has constant term to be
0. Now suppose we have

|2yt -y - gx)) - | = 0(g") (16)

Since W) (Xék);g) = ¢F, by Lemma 4.5.8 we get

Z w® (X(k);g) = 0(¢")

X€Xq:x#x0
So Lemma B.1 gives |w, ;| < ¢"*.
(i) By Bombieri’s Theorem we have the bound in (4.16). So the lemma is true for this case.
(ii) By Weil Bound Theorem the bound in (4.16) is true. So the lemma holds.

Therefore, we have the lemma. [}

Now by the above lemma we have |w, ;| < q'* for all non-trivial XX g and for all j € [n—1]. Therefore |[W (X;g)| <
(n—1)q"* and |W(k) ()((k);g)l < (n-1)q"*. So we have the following theorem.

Theorem 4.5.10 Weil Bound for W <) (X(k);g)

Let X € X4 be a non-trivial additive character and g(X) € IF4[X] of degree n. Suppose that
(i) eithern < q and ged(n,q) =1,
(ii) or Y9 —Y — g(X) is absolutely irreducible.

Then
W (X;9) < (n=1)g" and )W(k) (X<">;9)| < (n—-1)q".

Corollary 4.5.11 Bound on the Number of Solutions of Y7 —Y = g(X) over E
Let X € X4 be a non-trivial additive character and g(X) € IF4[X] of degree n. Suppose that

(i) eithern < q and ged(n,q) =1,
(ii) or Y9 —Y — g(X) is absolutely irreducible.

Then

Ze (Y1 -Y = g(X)) - q"| <(@-D(n-1g"  |1Z(YT-Y=g(X))-q| < (g-1)(n-1)q"

Proof: Now by Lemma 4.5.9 we have Zz(Y9 —Y = g(X)) = ¢* + 2t x0 w ) (X(k);g). Since there are g — 1 non-trivial
characters in X, and Theorem 4.5.10 we have |ZE(Y‘1 -Y=9(X)) - qk| <(g-1)(d-1)g"and |Z(YI-Y = g(X)) — q| <
(¢—1)(d~-1)g". n

4.5.3 Bound for Mixed Character Sums

Suppose f,g € IF4[X] such that f is monic and f has precisely m distinct roots in ]F_q and g has degree n with constant

term 0. Let ¢y € Méd) be non-trivial multiplicative character of exponent f and X € X, be a non-trivial additive character
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of IF4. So by Corollary 4.4.7 there exists complex numbers wi, ..., Wyym—1 such that
n+m-—1 n+m-—1
W@ .0 = Y v(@)Xg@) == Y w, WE (x5 fg) = 3y (f@) 1P (gla) == Y wh
aclF, j=1 acE j=1

Now for every non-trivial multiplicative character ¢ € Méq) or exponent d and every non-trivial additive character

X € Xq we define the complex numbers wy, , ; € C for all j € [n + m — 1] such that

n+m-—1 n+m-—1

WXL == D wi WO (O x®ifg) == 3wk
j=1

On the other hand if at least one of ¢, X becomes trivial then we have

(i) If ¢ is trivial i.e. ¥ = 1) but X is non-trivial then W %) (%(k), XK. f, g) =w) (X(k);g) since for all a, o (f(a)) = 1.
and so by the equation (4.15) in subsection 4.5.2 we have

n—1
k
w® (% PONS g) = > xP(gla)) == > wk,
=

a€E

and similarly we have W (Y, X; f,g) = w ) (X(k);g) =— Z;’;ll Wy j-
(ii) If X is triviali.e. X = X, but  is non-trivial then w k) (lﬁ(k),)((()k);f, g) =w (t//(k);f) since for all a, X (g(a)) = 1.

and so by the equation (4.14) in subsection 4.5.1 we have

WO (49,20 £.9) = 3O =~ 3 o,
j=1

acE

and similarly we have W (, Xy; f.g) = W® (y®); f) = = 30wy, ;.

(ii)) Now if both y, X are trivial i. § = o and X = X, then WX (4, x{; £.9) = ¢*.
So now we will count for any a;, &z, € E the number of (f,y) € E? such that both
ﬂd =a;, and yI-y=a
is satisfied

Lemma 4.5.12 Joint Counting via Multiplicative and Additive Characters
For ay, & € E the number of (B,y) € E? with p% = ay and y? — y = a; equals

DT Y P (a) X0 (ap).

yemi® xeXq

Proof: Now
HBy) e lar=p o=y =y} =€ Elar = p} - {y €E | az =y — v}
So therefore by Lemma 4.5.1 and Lemma 4.5.7 we have
{BeElar=pY= >, yP(a)
yeml?

{yeEla=yT-y}= > x®(ax)
xeXq
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Therefore we have

HB e B lar = =y -y} =| D, ¥¥(@) (Z X<k><az>)= > 2 v @™ (@)

yemi® xe&q ye M xeXq

So we have the lemma. [ |

Now we apply the above lemma for the solutions of Y¢ — f(X) and Z9 — Z — g(X) and count the number of common
solutions using multiplicative and additive character sums. So we take the sum over all possible @ € E for f and g and we
get the following lemma:

Lemma 4.5.13 Solutions of % = f(a), y? —y = g(«) via Character Sums
The number of (a, B, y) € E> with f% = f(a) and y? -y = g(a) is

Z Z w® (I/NC), X(k);f,g)

werld’ xeXq

So now we give a general Weil Bound for the number of common solutions of Y¢ — f(X) and Z7 — Z — g(X). We
will have to use a very non-trivial theorem Theorem 4.5.15 from algebraic geometry. We will assume that theorem. And

then give a bound on the absolute value of mixed weil sum.

Theorem 4.5.14 Weil Bound for Mixed Character Sums

Lety € My and X € Xy be non-trivial multiplicative and additive characters with ord(y) = d, d | q—1. Let
f(X) € F4[X] have precisely m distinct roots and g(X) € IF;[X] with deg(g) = n. Suppose that

(i) either gcd(d, deg(f)) = ged(n, q) =1,
(ii) or both Y? — £(X) and Z9 — Z — g(X) are absolutely irreducible.

Then

> (f@)(g(@)] < (m+n-1)g".

aclF,

Proof: Like in the previous two sections we can assume f to be monic and g has constant term zero since ¢ (af(a)) =
Y(a) - ¥(f(a)) and X(b + g(a)) = X(b) - X(g(@)) and so , X evaluated a and b respectively gets out of the sum and it
doesn’t change the absolute value. So we will assume f monic and g has constant term zero. Now suppose we already

have
|26 (v? = 0,21 -2 = (0] - ¢*] = 0(¢"*)

We have W (%) (l//éM, Xék);f, g) = ¢* by Lemma 4.5.13 we have

SN wReainge Y whig)e 3w (o) -0

lpeM;d)"/,;t% XEX g X#E X0 WGMf,d)»¢¢¢o xeXqx#Ex0

Now by Lemma 4.5.9 and Lemma 4.5.3, [wy, ;| < ¢"% |w, ;| < ¢/*foralli € [m—1],¢ € M[(]d) where ) # pand j € [n—1],
X € Xq where X # X. Therefore by Lemma B.1 we have |wy,, ;| < g/ forall je [n+m—1]and ¢ € M((;D with ¢ # )
and X € X, with X # X . Therefore we get |W(k) (lﬁ(k),)((k);f,g” <(n+m-1)g"and W (Y, X; f,g9) | < (n+m—1)q"".
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Now all we need to prove |Z (Y¢ = f(X),Z9-Z = g(X)) - ¢| = 0(q¥*2). Now under the conditions of the
theorem Y? = f(X) and Z7 — Z = g(X) defines a special curve called absolute variety. So by a theorem from algebraic
geometry Theorem 4.5.15 we get the bound. [ ]

The following theorem helps us to count number of solutions in something called absolute variety in algebraic geometry.

The proof of this theorem is beyond our scope so we ommit the proof of the theorem.

Theorem 4.5.15
Let A be an absolute variety of dimension d defined over IF;. Let Zi(A) be the number of points (a4, ...,a,) € A

with each coordinate in ]Fqk. Then as k — oo we have

Zi(A) = ¢ +0(¢" ™)

4.5.4 General Weil Bounds

André Weil (1940) generalized the above bounds for any absolutely irreducible polynomial over a finite field and showed
that the deviation of number of solutions from average number of solution in any finite extended field is in the order of
square root of the size of the extended field. This estimate follows from the Riemann Hypothesis for curves over finite
fields.

Theorem 4.5.16 Weil Bound Theorem
Let f(X,Y) € Fq[X, Y] is an absolutely irreducible polynomial and of total degree d > 0. If g > 250d° then

IZ(f(X,Y)=0)—q| < \/§d5/2ql/z

The proof of this theorem use non-trivial amount of algebraic geometry and is covered in the Chapter 3 of [Sch76].

In fact Riemann Hypothesis gives a stronger estimate
1Z(F(X.Y) =0) ~g| < (d=1)(d - 2)g" +c(d)

for some constant ¢(d) which depends on d = deg(f).



CHAPTER 5 -

Decoding from Character Evaluations

Character sums of polynomials over finite fields carry deep arithmetic information, and one of the most striking mani-
festations of this is that they give rise to good error-correcting codes. The mechanism is simple: two polynomials whose
character evaluations are close must be nearly indistinguishable by the character, and the Weil bounds make this precise.
For a multiplicative character i of IF; and two polynomials f, g € IF;[X] of small degree, the Weil bound controls gives
a lower bound on the Hamming distance between the codewords (¢ (f()))aer, and (¥(g()))ack,- The resulting codes

turn out to have distance approaching ¢/2 while the message length grows polynomially in g.

Two families are of particular interest. For ¢ odd, applying the quadratic residue character /(f) = "/ to
squarefree monic polynomials g(X) of degree d = 0(+/q) defines a nonlinear code over {0, +1} of length q. For g = 2b,
taking g(X) with only odd-degree monomials and forming Tr og : IF; — IF, gives the classical dual BCH codes, introduced
independently by Bose-Ray-Chaudhuri [BRC60] and Hocquenghem [Hoc59]. These codes are linear over [F,, have length
q and dimension % log, g, and their distance analysis relies entirely on the Weil bound for additive character sums. Dual
BCH codes are remarkable: for small d they are unmatched codes in the sense that, without the Weil bounds, there is no

known proof that binary codes of their parameters even exist.

Despite this theoretical richness, decoding these codes from a constant fraction of errors was a long-standing open
problem. The essential difficulty is that each evaluation ¥/(g(@)) carries very little information about g. The quadratic
character discards the magnitude and retains only whether g(«) is a quadratic residue. So the system of equations one
must solve is both under determined and nonlinear. Even the zero-error interpolation problem, of recovering g exactly
from the values i/(g(a)) for all & € [Fg, had no polynomial-time solution for non-constant d prior to the work presented
here. Recently Swastik Kopparty in [Kop26] gave polynomial time algorithm to decode from 1/s" of minimum distance

fraction of errors.

The goal of this chapter is to present the first polynomial-time algorithms for decoding both code families from
a constant fraction of errors, following Kopparty. The algorithms combine two classical ideas: the Berlekamp—Welch
framework, which uses a high-multiplicity error-locator polynomial to zero out error positions and reduces decoding
to a linear system, and the Stepanov polynomial method, the elementary approach to the Weil bounds that works by
interpolating auxiliary polynomials vanishing with high multiplicity at points of interest. The fusion of these two ideas
gives rise to what we call pseudopolynomials: high-degree polynomials all of whose Hasse derivatives, when evaluated
on IF;, agree with polynomials of much smaller degree. These objects turn out to be the correct algebraic framework for

capturing the special structure of character evaluations of polynomials.
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§ 5.1 Theory of Pseudopolynomials

5.1.1 Pseudopolynomials

Definition 5.1.1: Pseudoderivative

Let F(X) € IF4[X]. Define the £-th pseudoderivative of F, denoted F(y)(X), to be the unique polynomial of degree at
most q — 1 whose evaluations on I, agree with the evaluations of F\) (X). Explicitly:

Fiy(X) = (F“’) (X) mod A(X)),

where A(X) = X1 -X.
Abusing notation, we will sometimes use F(;y to denote the function F,y : IFg — By, defined by Fpy (o) = FO (a).

Definition 5.1.2: Pseudodegree )

Let F(X) € IF4[X]. We define the pseudodegree of F, denoted pdeg(F), to be:

max deg(Fr))-

We say F(X) is a k-pseudopolynomial if pdeg(F) < k. When deg(F) = d we refer to F as a k-pseudopolynomial of
degree d.

By definition, we have same basic observations on how pdeg behaves on addition and multiplication of polynomials.

Observation 5.1. Like normal degree of polynomials pdeg behave the similar way, but we have inequality instead of equality.
Forany F,G € Fy[X]

« pdeg(F + G) < max(pdeg(F), pdeg(G)).

« pdeg(F - G) < pdeg(F) + pdeg(G).

5.1.1.1 Algebraic Characterization

Lemma 5.1.1 Algebraic Characterization of Pseudodegree
Let F(X) € Fq[X], and let F(X) = Y50 Fi(X) A(X)', with each deg(F;) < g, be the base-A(X) expansion of F(X).
Then pdeg(F) = max;>o deg(F;).

Proof: We expand F(*) by applying the product rule for Hasse derivatives to each term of the base-A expansion:

FOX) = Y (E-A)T00 =31 F,~<"°)<X>-1L[A“f>(x> .
j=1

i>0 >0\ &.01,....0;
b=t

When we reduce mod A(X), recall that A®) = A = 0, and AY) = 0 for j ¢ {0,1,4}. So the only terms surviving mod A
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are those with #;,...,¢ € {1,q}, which forces ¢ > iand {, = ¢ — (£, +-- - + £;) € [0, £ — i]. Collecting these terms:

F(X) mod A(X) = Z[: [Z_i FEYx)-| ﬁ A (x)

i=0 fo=0 Ot € {1g) J=1
O+ =0

= C['g’(o,q e”Z

~

Ml\

-1 ¢-i
F(X) - Cirtygo

= (-1)'F(X) +
i 0

1

Il
o

4

where the leading term isolates i = ¢, £, = 0, the unique case with #; = - -- = £ = 1, which contributes the factor (-1

Forward direction. When deg(F;) < k for all i, each Fi([[’) has degree at most k, so the entire expression F(©) mod A(X) =
F(y(X) has degree at most k. Since ¢ was arbitrary, pdeg(F) < k.

Reverse direction. Rearranging the identity above gives

=1 {-i

(- Fe(X) = Fipy () = D D T F 2 (X) - Cig

i=0 £=0

We argue by induction on ¢. The base case = 0 gives Fy = F(g) directly, so deg(F;) < pdeg(F). In the inductive step,
assuming deg(F;) < pdeg(F) for all i < ¢, every term Fl.([") on the right has degree at most pdeg(F), so deg(F;) < pdeg(F)
as well. Hence, max;»( deg(F;) < pdeg(F). The two directions together give pdeg(F) = max;>o deg(F;). [

5.1.1.2 Multiplicities

Now the pseudopolynomials are special because even though we may have a very large degree pseudopolynomials the

multiplicities of an irreducible factor is small. The following lemma gives a bound on the multiplicity modulo g.

Lemma 5.1.2 Multiplicity Bound for Pseudopolynomials

Letk < q, and let F(X) be a nonzero k-pseudopolynomial of degree D over IF,. For an irreducible polynomial H(X) €
F4[X], let i be the highest power of H(X) that divides F(X). Then:

g mod q € [0, k+{%)”

Proof: Pickaroota e E of H(X), so that g = mult(F, «) and F*) (a) # 0. By Lemma 5.1.1, the base-A expansion of F
has the form F(X) = 3! F:(X)A(X)! with t = |[D/q| + 1 and deg(F;) < k.

It suffices to show F(*)(X) = 0 for every ¢ with £ mod q € [k + t,q — 1], since this would confine ; mod g to
[0,k+t—-1] =[0,k+ |D/ql].

Expanding via the product rule:

F<">(X)=Z Z F,.<"°>(X)~ﬁA<"f>(X).
A .

j=1

A summand vanishes if £ > k, since deg(F;) < k forces Fl.(fo) = 0. It vanishes if some ¢; ¢ {0,1, g}, since A =0 for such
¢;. It also vanishes mod A if some ¢; = 0, since that contributes a factor A = A Thus, every nonzero summand must
have ) € [0,k] and ¢1,...,4 € {1,q}.
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When £ mod g € [k +t,q — 1], no such decomposition is possible: a sum of one integer from [0, k] and at most
t — 1 integers from {1, ¢} has residue mod g at most k + (t — 1) < k + t. So every summand vanishes, giving F(*) (X) = 0.
[

From this lemma we can get a relation of size of a set of zero and the degree of then interpolated pseudopolynomials

which becomes zero at the set. For any S C IFy, and any c, k, M satisfying
IS| < < -k,
M

there exists a nonzero k-pseudopolynomial F(X) of degree D < cq such that for all & € S, mult(F, «) > M. This follows
from dimension and constraint counting.
In the reverse direction, the following theorem shows that when q is prime, every nonzero k-pseudopolynomial of

degree D < cq has at most 27k roots of multiplicity at least M.

Theorem 5.1.3 High Multiplicity Zeroes Bound, [Kop26]

Let q be prime, and let F(X) be a nonzero k-pseudopolynomial of degree D < cq overIF,. Suppose M satisfiesc < M < q.
Then:

|{a€]Fq | mult(F, ) 2M}|$min( -k+ec, k).

c
M-c+1

We will not prove this theorem. The proof uses some arguments from [GK14] on wronskian ranks. The full proof

of this theorem is in [Kop26, Section 5.7].

5.1.1.3 Codes From Pseudopolynomials

Now using Pseudopolynomials we can create codes similar to univariate multiplicity codes. Let ¥ = IFQ” . The codewords

lie in =Fa: for each k-pseudopolynomial F(X) of degree D < cq, the codeword Enc(F) : F, — »Fa is defined:
Enc(F)(a) = (F(a), FY(a), ..., FMD(a)).
This code has cardinality |Z|Ck/ M block length g, rate R = < - §, and minimum distance at least

M

( ,(k c k ¢ c))
1-min|-, ——-—+-, —|]-q,
q M-c+1 q q M

which is always at least (1 - 2R) - q.

5.1.2 Twisted Pseudopolynomials

Definition 5.1.3: r-Twisted Pseudopolynomial

Supposer : [Fy — Ty is a function. Letk < q. We say F(X) € F4[X] is an r-twisted (h, M)-pseudopolynomial if
forallt < M, there is some Up(X) € Fy[X] of degree at most h such that:

F([) =r- U[.

\. .

The following lemma shows that any two r-twisted (h, M)-pseudopolynomials with degree at most cq are very

closely related, provided A and c are small enough.
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Lemma 5.1.4

Let ¢, h, M be parameters, with c < M/2. Letr : IFy — Fy. Suppose F(X), G(X) € F4[X] with deg(F),deg(G) < cq

M

are both r-twisted (h, M)-pseudopolynomials and k > =5

A(X), B(X), with deg(A), deg(B) < Mg, such that:

- (h+ 1). Then there exist nonzero k-pseudopolynomials

A(X) - F(X) = B(X) - G(X).

Proof: Nowifk > qthen theresultisimmediate. So assume k < g. Since F, G both are r-twisted (h, M)-pseudopolynomial
for each £ < M, we have:
Foy =r-Up, Gy =r-Vi,

where U;(X), V;(X) € F;[X] have degrees at most h.
The goal is to find A and B in the base-A form

M—-c-1 M—-c-1
AX) = ) AOAX),  BX)= ) BX)AX),
=0 i=0

with deg(A4;),deg(B;) < k, so that AF = BG. Treating the coefficients of the A; and B; as unknowns, their total count
exceeds 2(M —c¢) - k.
The condition AF = BG is captured by requiring (A - F)(;y = (B - G)) for each £ < M. Expanding each pseudo-

derivative using the twisted conditions on F and G, these equalities can be packaged into a single identity in IF,[X, T]:

> U (X) .T‘"Z) = (Z Bey) (X) - T

b<M <M

D Vi (x) - T

b <M

Z Ay (X) - T (mod TM).

H<M

Each of the M coeflicient equalities (in IF; [ X], of degree at most h + k) is a homogeneous linear condition on the unknowns,

giving at most (h + k + 1) - M constraints in total. Since by assumption
(h+k+1)-M<2k-(M-c),

the number of constraints is strictly less than the number of unknowns, guaranteeing a nonzero solution.

It remains to verify that any such solution satisfies AF = BG as a polynomial identity, not merely on IF;. The
construction ensures (A - F — B - G)(, = 0 for every £ < M, so every point of IF, is a root of AF — BG of multiplicity at
least M. But

deg(A-F-B-G) <cq+ (M-c)q =Mqg,

so the polynomial AF — BG has more roots (counting multiplicity) than its degree, forcing AF — BG = 0. [

The next lemma shows that if we have many r-twisted (h, M)-pseudopolynomials with degree at most c¢q and ¢, h

small, then they are nontrivially related. The smallness requirement on ¢ is weaker, but the deduced relation is also weaker.

Lemma 5.1.5

Let m,c,h, M be parameters, with ¢ < m=1 M. Letr : F, — . Suppose Fi(X),...,Fn(X) € Fq[X] with

deg(F;) < cq are all r-twisted (h, M)-pseudopolynomials. Let

M

k> —
” (m—-1)M-mc

-(h+1).

Then there exist k-pseudopolynomials A;(X),...,An(X) with deg(A;) < Mq and not all zero, such that,
2iAi(X) Fi(X) =o.
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The proof is exactly like that of Lemma 5.1.4, which is the m = 2 case. The exact same argument also gives robust

version.

Theorem 5.1.6 Robust Version for Two
Letm,c, h,y, M be parameters, withc < %(1 —2y)M. Letry,r; : Fq — g, with: A(ry,72) < yq. Suppose F(X),G(X) €
F4[X] with deg(F), deg(G) < cq are ry-twisted and r;-twisted (h, M)-pseudopolynomials respectively. Let

M

k>m(}l+l)

Then there exist k-pseudopolynomials A(X), B(X), with deg(A), deg(B) < Mgq, not all zero, such that, A(X) - F(X) =
B(X) - G(X).

Theorem 5.1.7 Robust Version for Many

Let m,c, h,y, M be parameters, with ¢ < %((m —1) —my)M. Letry,...,1m : By — Ty, with:
|{a €F, | ri(a) # rj(a) for some i,j}| <ygq.

Suppose F1(X), ..., Fp(X) € Fg[X] with deg(F;) < cq are r;-twisted (h, M)-pseudopolynomials. Let

M

k >
(m—-1-my)M —mc

-(h+1).

Then there exist k-pseudopolynomials A;(X),...,An(X), with deg(A;) < Mgq, not all zero, such that,
2 Ai(X) Fi(X) = 0.

§ 5.2 Decoding Multiplicative Character Evaluations

Let ¢ € X is a non-trivial multiplicative character of IF, where ord(i/) = d. Then the polynomial based code we can

construct is ( o f(a)) 4, Where f € Fq[X]. Now suppose g is another polynomial. Then for any a € Iy,

Y((f -9 (@) = ¥(f(@) -y (g(a) = ¥ (f(@)

So we assume f doesn’t have a power d factor. Similarly, for any «, f where  # 0

Y- @) =y (B) -y (f(@) = ¥ (f(@)

Since different leading coefficient can lead to same character evaluation we assume f to be monic.

5.2.1 Quadratic Character

Now we take the quadratic character € M. Hence, we assume the polynomials are monic and squarefree. Then by
Theorem 4.5.5 we have

> 091+ 92) (@)

a

< 0(dv/q)

Therefore the vectors 1 o g; and 7 o g, differs in at least (g — O(dv/q)) = (% - \/%) q many locations. So their hamming

distance is at least (% - %) q which gives the distance of the code.

Below we give an algorithm to decode these codes from 1/4th of the minimum distance of the code. The decoding
algorithm follows the Berlekamp-Welch of Reed-Solomon codes to some extent. Let g is the closest codeword. So suppose
G(X) =g (X).
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If there had been zero error in the received word then we know the polynomial G is o g-twisted (O(dM), M))-
pseudopolynomial. But we have the received word very close to the original codeword ¢ o g. So we will try to find a
r-twisted pseudopolynomial F with good parameters such that we can use Lemma 5.1.4 or Theorem 5.1.6 to relate them.

So first we have to show such F exists.

5.2.1.1 Constructing r-twisted Pseudopolynomial

Let S = {a € Fy: yog(a) # r(a)} be the error set. Then consider the error locator polynomial Zs(X) = [[ges(X —
a)M. Then all elements of S are roots of Zs with multiplicity at M. So we take any multiple of Zs, E(X) which is a h-
pseudopolynomial of degree < cq where h, ¢, M are parameters to be chosen later. So by construction E(X) = Y52 E;(X) -
A'(X) by Lemma 5.1.1. So deg(E;) < h. Therefore the number of coefficients is c(h + 1). But number of constraints is
e - M. Hence we want c¢(h + 1) > e - M. So it is enough to have ch = eM.

So now we have a nonzero multiple of Zs(X) such that for all @ € S, mult(E,a) > M. Therefore we take the
polynomial G(X) - E(X) where G(X) = g%uM (X). We will show that this F is a r-twisted (h + dM, M)-pseudopolynomial.

First we will calculate E(,) for all 0 < ¢ < M. By Lemma D.2 we have

e c—1
EY(X) = Z(_l)iEi(t’—i) (X) mod A(X) = E(»(X) = Z(_l)iEi(f—i)(X)
=0 i=0

Therefore, for any a € IF, we have

(E~G)([)(a)= Z E(l’l)(a),G(fz)(a)

b+b=t

= D Ee)(@) g (@) -¢" ) - (Y 0 g(a0)) [By Theorem D.4]
bt +6=t

= l// ° g(a) Z E<[1>(a) : Gg,w,{’z ((X) : gM_[Z (6!)

b+t=t
So define
VeX) = D Er)(X) - Ggang, (X) - g4 (X).

f+G=t

Then we have (E - G)¥) (a) = r(a) - V;(a). Since at error locations we have E!) (@) for all 0 < i < M we have V;(«) = 0.
So this equality holds. Now deg(V;) < d (qT_l + M) cq = D and deg(V;) < h+dM. So we have F to be a r-twisted
(h + dM, M)-pseudopolynomial of degree D. So if we find any r-twisted (h + dM, M)-pseudopolynomial F of degree
D via interpolation then the E - G and F, are both r-twisted. So by Lemma 5.1.4 there exists A,B € IF4[X] such that
A - (EG) = B+ F. We can rewrite and say there exists A, B € IF4[X] such that A- G = B F(X). So we have the following
algorithm:

Algorithm 1: Decoding from 1/s—th of distance of Quadratic Character Evaluation

Input: Noisy received word, r : IF; — {0, 1, -1}, with degree d < O(e+/q) and error bound e < (1/s —¢€) g
Output: Find the closest vector n o f where f € IF,[X] of degree at most d

1 begin

2 Set M =16/e-d,c=M[2,h=2-e,D =d((a-D/2+ M) + cq

3 Use system of linear equations to find r-twisted (h + dM, M)-pseudopolynomial F(X) of degree at most D.

4 Complete factorization of F(X) into distinct monic irreducible factors {hy, ..., hi} with mult(h;, F) = k;.

5 Compute the set J = {j € [t]: k; € [349/s,74/s] mod q}. Then compute f(X) = [];e; hj-

6 return f(X)
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5.2.1.2 Relating F, G and Factor Multiplicities

To make sense of the last step of separating out the high multiplicity factors we first have to look into A, B.

Step 1: Relating F and G We now show that any polynomial F(X) obtained in the algorithm must satisfy a nontrivial
algebraic relation with G(X). Let Uy, ..., Uy_; be the polynomials such that F(*) (a) = r(a) - Uy(a) for all 0 < £ < M,
a € IFy. So now we set parameters t = 3/sM and k = e + 4dM. We claim that there exist nonzero polynomials A(X) and
B(X) of the form

t—1 t+c—1
AX) = ) AN, BX) = ) BN (X),
i=0 i=0

with deg(A;) < k, deg(B;) < k + 2e, such that A(X)F(X) = B(X)G(X). We again argue by dimension counting. The total
number of coefficients of the A; and B; equals N = t(k + 1) + (t + ¢)(k + 2e + 1). Substituting the values of t and k, we get

3 7
N > gM(e +4dM) + gM(se +4dM) = 3Me + 5dM>. (5.1)

We regard these coefficients as variables and impose homogeneous linear conditions so that for every 0 < £ < M and

every a € [Fg\ S,
(A-F)Y(a) = (B-G)" (a). (5.2)

Consequently, the polynomial A(X)F(X) — B(X)G(X) vanishes to multiplicity at least M at every point of IF, \ S. Hence

it has at least

7
M-|F \S| > M(q—e) > (§+£)Mq
roots counted with multiplicity. On the other hand,
7
deg(A-F —B-G) < max{deg(A-F),deg(B-G)} < (g + g) Mg.

Thus, A(X)F(X) = B(X)G(X). It remains to show that Equation (5.2) can indeed be enforced using fewer than N linear
constraints. For each ¢, define A, (X) = Zf;ol(—l)iAE(_i) (X), By (X) = Zf:g_l(—l)iBf[_i) (X). By Lemma D.2 we get
A (q) = Ay (a) and BO(a) = Bpy () for every a € IF,. Now recall that F(a) = r(a)Uy (). Hence,

AP @)= Y AD)F (@) = (A-HV (@ =r@): > Aw)(@Us(a). (53)

b+t=t b+b=t

Similarly, we get

GY(@) = (¥ 0 9)(a) Hyre (@) ¢~ (@), = (B-G) (@) = (o 9)(@) - D Bityy(@)Gyos(@)g" (). (5.4)
b+b=t

We therefore impose, for each 0 < ¢ < M, the polynomial identity

DT Ay OULX) = > By () Ggans, (X)g" % (X). (5.5)

b+b=t b +b=t

Both sides have degree at most 3e + dM. Hence, the total number of linear conditions arising from all these identities is
at most M(3e + dM + 1), which is strictly smaller than N by Equation (5.1). Therefore there exists a nontrivial choice of
A(X), B(X) satisfying Equation (5.5). Finally, combining Equations (5.3), (5.4), and (5.5), and using the fact that r(a) =
(Y og)(a) for all « € [F, \ S, we obtain Equation (5.2), and hence A(X)F(X) = B(X)G(X).
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Step 2: Recovering the factors of g(X) We now use the identity A(X)F(X) = B(X)G(X) to compare the irreducible
factors of F(X) and G(X). The essential point is that the special form of A(X) and B(X) forces all their irreducible factors
to occur with multiplicity very close to a multiple of ¢ by Lemma 5.1.2. In contrast, the factors arising from g(X) occur
inside G(X) with multiplicity approximately g/2 modulo q. Since g(X) is squarefree, this allows us to identify precisely
the irreducible factors of g(X).

Now let H(X) be an irreducible polynomial in IF;[X]. Denote by pur, ia, s, G, iy the multiplicities of H(X) in
F(X),A(X), B(X),G(X),g(X) respectively. Since g(X) is squarefree, y; € {0, 1}. From the identity AF = BG, we obtain
HF = jic + jiB — pia. Applying the lemma to A and B, we have

up € qZ + [0,3e + 4dM + %M] and s € qZ + [0,e +4dM + %M].

Therefore pr € ug + qZ + [—e — 5dM, 3e + 5dM]. Now g = (qT_l + M) Hg-
If yig = 1, then pg = 4 + =1 ‘and hence yp € gZ + % + [—e — 5dM, 3e + 6dM]. Using e < (1 — ¢) g and 6dM < eq,
we obtain pr € gZ + (3q/8,7q/8). On the other hand, if iy = 0, then yg = 0, and thus

Ur € qZ + [—e —5dM, 3e + 5dM] C qZ + (—q/8,3q/8).

Hence, the set J selected in Step 5 of the algorithm consists precisely of those irreducible factors which divide g(X).
Therefore, the polynomial produced in Step 5 is exactly f(X) = g(X).

5.2.2 General Multiplicative Character of order m

Now we take the multiplicative character y € Mgor order m > 1. Hence, we assume the polynomials are monic and
don’t have a factor of power m. Then by Theorem 4.5.5 we have |3, ¥/((g1 - g2) (@))| < O(m+/q). Therefore the hamming
distance is at least (1 — =) g which gives the distance of the code. So the unique decoding radius is 3 (1 - =) g.

(q-1)/m

(4-1)/m . .
Now we can also think of the character as ¢ : IF; — {0} U ]F;( UM yhere a > a . So here we will consider

((g=1)/m)

the multiplicative as an map from IF; — {0} UIF} . Like for the case of quadratic character we will not prove the

correctness of the algorithm instead we just give the pseudocode of the algorithm below. The details of the correctness of

the algorithm is given in [Kop26].

5.2.3 Alternate Proof Weil Bound on Multiplicative Character using Pseudopolynomials

The pseudopolynomial framework developed in §5.1 yields clean alternative proofs of the Weil bounds for multiplicative
character sums. The key input is Lemma 5.1.2, which constrains the multiplicity of any irreducible factor of a pseudopoly-

nomial modulo gq.

Weil bound for the quadratic residue character. We prove Theorem 4.5.5 for 7. Let f(X), g(X) € IF4[X] be distinct
monic squarefree polynomials of degree at most d < O(e+/g). We claim

Anof.nog) = (3-eq.

Set M = %d and ¢ = d, and define
F(X) = fOOT™M, G(X) =g(X) T M.

Since f9V/2(a) = n(f(a)) for every a € IFy, F is an (7 o f)-twisted (dM, M)-pseudopolynomial and G is an (7 o g)-
twisted (dM, M)-pseudopolynomial, both with A = dM.
Suppose for contradiction that A(y o f,nog) < yq fory = 1 —e. With

2

1 d q
k=--(h+1) < Ol -,
e(+)_ (62)<4
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Algorithm 2: Decoding from 1/12—th of distance of m*"-order Character Evaluation

Input: Noisy received word, r : IF; — {0, 1, -1}, with degree d < O(;+/q) and error bound e < (1/12-€) q
Output: Find the closest vector ¢ o f where f € IF,[X] of degree at most d

1 begin

2 Set M =16/e-dm,c =M/2, h=2-¢,D =d((q—1) - (m=D/m+ M) + cq

3 fork € [m—-1] do

4 Use system of linear equations to find r*-twisted (h + (m — 1)dM, M)-pseudopolynomial Fi (X) of degree
at most D.
5 Complete factorization of F(X) into distinct monic irreducible factors {h;, ..., s} with

mult(hj,k, Fp) = dj,k.

6 Let the irreducible factors are Hy, ..., H; with mult(H;, F) = d«.
7 for j € [t] do

8 Let yj € {0,1,...,m — 1} be the unique number such the for all k € [m — 1]
k'/lj 1 3
dy,j — - -(q—l)e(—(E—E)q,(ﬁ—e)q)modq

9 Compute f(X) =[], h/;j (X).
10 return f(X)

Theorem 5.1.6 produces nonzero k-pseudopolynomials A(X), B(X) of degree less than Mg satisfying A(X) - F(X) = B(X) -
G(X).

Let H(X) be an irreducible polynomial that appears with distinct factor multiplicity in f(X) and g(X). Such H
exists since f # g are squarefree. Without loss of generality H | f but H 1 g, so mult(H, F) = qT_l + M (mod q) while
mult(H, G) = 0. From AF = BG:

-1
mult(H, A) + qT +M = mult(H,B) (mod gq).

By Lemma 5.1.2, both mult(H, A) mod g and mult(H, B) mod q lie in [0,k + O(d)] € [0,q/4 + O(d)]. But the identity

forces mult(H, B) to sit ~ q/2 away from mult(H, A) modulo g, which is outside this range — a contradiction.

Weil bound for the m-th power residue character. We prove the Weil bound for ¢ with ord(y) = m, m prime.
Suppose f,g € IFy[X] are distinct monic polynomials of degree d < O,,(e+/q), each irreducible factor appearing with
multiplicity in {1,2,...,m — 1}. We claim

Agof.yog) = (1-4-¢)g
Set M = Op,(d/€), ¢ = Op(d), F(X) = f(X) " D/mM G(X) = g(X)@D/mM For i € [m] let

ri(@ =" o f(a) (Y Tog(@),  E(X)=FX)T-GRO™

Each F; is an r;-twisted (O,,(dM), M)-pseudopolynomial.
Suppose A(Y o f,yog) <yqfory=1- # —¢€,50 |[{a | ri(a) # rj(a) for some i, j}| < yq. With h = O,,(dM) and
1 d?
k:—-(h+1)s0(—2) <4
€ € 2m

Theorem 5.1.7 gives k-pseudopolynomials A; (X), ..., A, (X), not all zero, with deg(A;) < Mg and

ZAi(X) CF(X)TL 6™ = 0.
i=1
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Let H(X) be an irreducible polynomial that appears with distinct factor multiplicity in f(X) and g(X). By Lemma 5.1.2,
all the nonzero terms in the above sum have distinct factor multiplicity of H(X) modulo g (because the contribution
(i —1) mult(H, F) + (m — i) mult(H, G) takes m pairwise distinct values mod q as i varies, and k < q/(2m) prevents the

A; terms from closing the gap). Therefore the sum cannot be zero, which is a contradiction.

§ 5.3 Decoding Dual BCH Codes (Additive Character Evaluations)

In this section we basically decode the famous Dual BCH codes. We first discuss the code construction. Let g be a power
of 2, say ¢ = 2°. Let Tr be the absolute trace function from F; — IF;. Let Tr(X) be the polynomial Tr(X) = Zi»’:_ol X%,

Now suppose deg(g) = d. Then we can write g as
9(X) = a+g(X) + h(X) + h*(X)
where a € IFy, §,h € IF4[X] which satisfies the following:
(i) g has only odd degree monomials
(ii) h(X) has 0 constant term

Now for any a € IFy, we have Trog(a) = Tr(a) + Trog(a). Therefore, either Trog = Trog or Trog = 1+ Trog. So we
assume g only has odd degree monomials. So now take the X, € X, canonical additive character of IF,. Then for any «,
X (a) = (-1)T(@  So for a polynomial g € F4[X] of degree at most d, the encoding of the dual BCH code is

Enc(g) = (X1 og(a))aequ

by Theorem 4.5.10 we have

D Xiogla)| < (d-1)vg

acl,

Therefore for any two distinct polynomials g1, g, € IF4[X] of degree d we have

> X0 (91 - g2)(@)] < O(dV)

aclF,

So if d = o(+/q) then we have A(Tr ogy, Tr og,) € (% +0 (%)) g This gives the distance of the dual BCH code. Since we

are taking power of (—1) we will assume the codeword is Tr og(e) instead of (—1)T°9(%) since taking the power is just
mapping it to the IF, field. Below we give the algorithm of decoding from 1/sth of the distance of dual BCH codes from
[Kop26]

5.3.1 Algorithm

Like in the case of decoding from multiplicative character evaluations we proceed with Berlekamp-Welch like arguments.
The approach is very similar to that of previous section but because we are working with additive characters there will
be some differences.

If we were in a zero error setting then we know the polynomial G = Tr og is the original codeword. But we have
the received word r : IF; — {0, 1} very close to the original codeword. Let S = {a € IF;: Trog(a) # r(a)}. So |S| = e. Let
Zs(X) = [Tyes(X —a)M. Hence Zs has zero at every point of S with multiplicity M. Again we take a non-zero multiple
of Zs(X), E(X) which is a h-pseudopolynomial of degree < cq. So it suffices to have ch = em to get such polynomial. But
the degree of E(X) is of the form iq + j for some i € {0,...,c} and j € {0,...,h}. We multiply E(X) with A°~" so that the
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degree become cq + j. So let h* = j. Like the case of multiplicative characters for all 0 < ¢ < M — 1, deg(E(,)) < h. So we
take the polynomial E(X) - G(X). So now we compute derivatives of E - G. For any a € IF; and 0 < ¢ < M we have

(EG)([)(Q’) — Z E(f])(a) .G(t’g)(a)

O +b=t
=E9@)-G@+ )Y E%@)- 6% (a)
b+b=00 <t
=E<f>(a)-c;(a)+( Z Em)(a)-cg,fz(a)) [By Corollary D.3]
b+l=t <t

— E([)(a) -Tr og(a) + ( Z E<[1>(a) . Gg,(z(a))

b+b=t0<t

So define Vp(X) = 34 1p=r.0,<¢ E¢5) (X) + Ggp, (X). Then we have

(E-G)(a) =r(a) - EV(a) + Vi(a)

where deg(V;) < h + dM. The change to r(e) from Tr og(a) is valid because E“) (a) = 0 for all 0 < £ < M — 1 at all error
points i.e., for all @ € S. The degree bound for E - G we get is deg(E - G) = (¢cq + h*) +d - %. Sowe get E-G,Vp, ..., V-1
which satisfies the above equations with proper degree bounds. So we have the algorithm:

Algorithm 3: Decoding from 1/ of distance of Dual BCH Codes

Input: Noisy received word r : IF; — {0, 1} with parameters degree d < O(e+/q), error-bound e < (1/s —€) q.
Output: Find the closest codeword Tr og where g € IF4[X] of degree at most d.

1 begin

2

3

4

10

11

12

13

14

15

P=0

while d > 0 do

Set M = 16/ed, ¢ = M[2, h = 2e

for h* € {0,...,h} do

Solve linear system to find F(X), E(X), V,...,Vm-1 € F4[X] with deg(F) = (4/2+c)q + h" and
deg(E) = cq + h* where E is a h-pseudopolynomial, deg(V;) < h +dM for all 0 < i < M such that

FO(a) =r(a) - E¥(a) + Vi(a)

foralla € IFyand 0 < £ < M.

if no such h* exists then
L Continue

Let aX%€(F) and bX9e(E) are leading monomials of F, E respectively
aqg «— afb
P P+qgyzX?
for « € IF; do
L r(a) «— r(a) — Tr(aga®)

de—d-2

return P
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5.3.2 Relating F,E and G and Their Leading Coefficients

Suppose the algorithm was able to find the polynomials F, E, Vy, ..., Vy—1 such that for all « € IF; and 0 < ¢ < M,
FO(@) = (@) B (@) + Vil

Here we will anlayze the last few steps of the algorithm correctly determines the monomials of G and their coefficients.

Step 1: Relating F,E and G: Like in the case of Multiplicative characters we want pseudopolynomials A, B € IF,[X]
such that
AX)(FX) - E(X) - G(X)) = B(X) (5.6)

So we set the parameters ¢,k € IN such that t = 3/s- M and k = e + 4dM. We claim there exists pseudopolynomials
A,B € Fy[X] of the form

d
t+c+5 -1

t-1
AX) = ) AONX),  BX)= Y Bi(X)N(X)
i=0

i=0
where deg(A;) < k and deg(B;) <k+h+dMforalli € {0,...,t-1}and j € {0,...,t+c+ % — 1} such that (5.6) holds.
The total number of coefficients of A,Bis N = t(k+ 1) + (t + ¢+ 4/2) - (k + h+ dM + 1). Now Substituting the values of
t,k we get
N > %M(e +4dM) + gM(3e +5dM) > 3eM + 5dM? (5.7)

Using the (5.6) we impose the linear constraints using the coefficients that for all 0 < # < M and for & € IF; \ S
(A-(F-E-G) " (a) =B (a) (5.8)

So this says the polynomial equation A(X) - (F(X) — E(X) - G(X)) — B(X) vanishes at every a € IF; \ S with multiplicity
at least M. So this has at least
7
M- g\ S|gegM(q —e) > (§+6)M (5.9)

many roots with counting multiplicity. On the other hand the degree bounds of A(X) - (F(X) — E(X) - G(X)) — B(X) gives

7
deg(A - (F-E-G) - B) < max(deg(A) + deg(F — EG), deg(B)) < (g + g) MQ (5.10)
So comparing (5.10) with (5.9) we get A(X) - (F(X) — E(X) - G(X)) = B(X). Now it remains to show that from (5.8) can
be enforced using fewer than N linear equations. Now for each ¢ € {0,..., M — 1} we have
-1 t+c+%—1 c

ApX) =Y (DA X)), B = > DBV, En(0) =) (-1)'ET(X)
i=0 i=0

i=0

such that for all a € IF, we have A¥)(a) = Ay (a), BY)(a) = B(sy (@) and E) (@) = E(¢ (). Thus, for any a € Fy \ S we
have

(F=E-0) (@) = (r@E @+ V(@) - Y. E(@ 6 (@)

b+bh=t

= (r(@)Eq () + Ve(a) - (E<z>(0!)G(0f) + Z Ege)(a) - Gg,t’z(a))

b+b=tb<t

= (r(a) = G(a))E((a) +

{GOEDY E<f1><a>Gg,[2<a))

b+bh=tb<t

=0+ W (a) = W (a)
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where W, (X) is the polynomial of degree at most h + dM given by

We(X) =Ve(X) = Y Es)(X)Ggp, (X)
b+b=t <t

So for any a € IF, \ S we have

(A-(F-E-G) @)= Y AD(@)-(F-E-0)™ (@)= > Auy(@) - Wy ()

f+6=t O+6=t

SO we have the linear constraints for every 0 < £ < M the following polynomial equations

D Ay (X) - We, (X) = Be(X)

b=
Both left and right of the quality degrees are equal, 3e + dM. So the number of constrains imposed is at most M - (3e +
dM + 1) < 3eM + 5dM?. Combining this with (5.7) we get a non-zero solution for A, B such that (5.6) is satisfied.

Step 2: Relating the Leading Coefficients: We now have the identity A(X) (F(X) — E(X) - G(X)) = B(X). So deg(A) +
deg(F — E - G) = deg(B). Since A is a k-pseudopolynomial and B is a k + h + dM-pseudopolynomial we have

03
,Sq

Therefore deg(F — E - G) € gZ + (—3¢, 2q). Now by construction deg(F) = deg(E - G) = (c + 4/2)q + h*. So we get

deg(A) € gZ + [0,k] C qZ +

1
0,§q), deg(B) € ¢Z + [0,k + h+dM] C qZ +

4

deg(F) = deg(E - G) € qZ + [2,g+2e] CqZ+

1 3

2139

Since (—1g, 2q) and [1g, 2¢) are disjoint sets modulo g. So deg(F — E - G) # max{deg(F), deg(E - G)}. Therefore, many
monomials of high degree in F and E - G got canceled in F — E - G. So F and E - G have the same leading monomial. Let
the leading coefficients of F, E are a,b. Then the leading coefficient of G which must equal ¢/6. So the algorithm in each

iteration of the while loop correctly computes the leading coefficient of the rest of the polynomial. Hence, the algorithm

correctly outputs Tr oG.
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CHAPTER A -

Algebraic and Analytic Background

This appendix collects several results from algebra and analysis that are used at various points throughout the report. The
topics are diverse: field theory, complex analysis, elementary number theory, roots of unity, and symmetric polynomials,

but each result is self-contained and included for ease of reference.

§ A.1 Fields

For any algebraic extension E/IFy, the Galois group Gal(E/IF,) is the group of all field automorphisms ¢ : E — E that fix
every element of IF,. For the extension IFy /IFy, this group is cyclic of order r, generated by the Frobenius automorphism
¢ : a — af. Recall from the chapter on finite fields that, one of the key fact connecting automorphisms to irreducible
polynomials and it’s roots is the Isomorphism Extension Theorem from the subsection 1.1.4: any isomorphism between
two subfields of an algebraic closure extends to an automorphism of the whole closure, and in particular, any two roots
of an irreducible polynomial over IF, are conjugates under the action of Gal(IFy- /IF).

The following theorem makes this concrete for irreducible polynomials over IF,. It describes precisely how an
irreducible polynomial h € [Fy[X] of degree d behaves when viewed over a larger field IF: it breaks into ged(k,d)
irreducible factors, all of the same degree, and the Galois group of IF; /IF; (where r = gcd(k, d)) acts transitively on these

factors, exactly the statement of the Isomorphism Extension Theorem applied in this finite-field setting.

Theorem A.1.1
LetK =Fgx and E = [Fyr. Suppose h(X) = X% —a; X1 4.+ (=1)%ay be an irreducible polynomial in F4[X]. Then
in [F g« [X], h splits into r = ged(k, d) many irreducible polynomials of degree d/r:

h(X) = hi(X) - - - b (X)

If we normalize h;(X) such that h; is monic then h;(X) € Fy[X] for alli € [r]. Then for anyi,j € [r] withi # j
there exists o € Gal(IFy- /IFy) such that o(h;) = h;.

§ A.2 Meromorphic and Analytic Continuation

The analytic continuation of the Riemann zeta function, and more generally of Dirichlet L-functions, requires the notion

of a meromorphic function. We record the relevant definitions and a motivating example here.
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Definition A.2.1: Zero, Pole, Order, Residue

Assume f has a convergent Laurent series expansion about z,:

00

F(2) = an(z=20)" + ans1(z=20)"™ + - = > am(z—20)™,

m=n

with a, # 0. If n > 0 we say f has a zero of order n at zy; if n < 0 we say f has a pole of order —n at zy. Ifn = -1
we say f has a simple pole with residue a_;. We denote the order of f at zy by ords(z) = n.

Definition A.2.2: Meromorphic Function

We say f is meromorphic at z, if there exists a disk about zy of radius r and an integer ny such that for all z with
|z —zo| <r,

f@ =) anz—z)"

nxng

If f is meromorphic at each point in a region, we say f is meromorphic on that region. If ny > 0, we say f is analytic.

A canonical example illustrates the notion of continuation. Consider the geometric series G(r) = X, r", which
converges for |r| < 1 and equals ﬁ there. Define H(r) = ﬁ; then H is well-defined for all r # 1 and agrees with G
wherever G converges. Since H is defined on a strictly larger domain and has a simple pole at r = 1 (with residue —1), we
call H a meromorphic continuation of G. Had H no poles, we would call it an analytic continuation. A function that
is analytic at every point of C, equivalently one whose Taylor expansion converges everywhere so that it has no poles

anywhere, is said to be entire.

§ A.3 Fermat’s Little Theorem

Fermat’s Little Theorem is one of the oldest results in elementary number theory, recorded in a 1640 letter from Pierre
de Fermat to Frénicle de Bessy. It underlies essentially every computation we perform in the multiplicative group IFj,
- from the very existence of the canonical additive character of IF, (where g = p"), through the character congruence
(1) = If mod P used in the arithmetic proof of the Davenport-Hasse relation, down to the mod-q reduction of Gauss

sums appearing in the proof of the Law of Quadratic Reciprocity. We record it here for completeness.

Theorem A.3.1 Fermat’s Little Theorem

Let p be a prime. Then for every integer a we have
a’=a (mod p),

and in particular, if p  a then a?~! =1 (mod p).

Proof:  The non-zero residues modulo p form a group F, = {1,2,...,p — 1} under multiplication of order p — 1. By
Lagrange’s theorem every element of a finite group satisfies g/®! = e, so a?~! = 1 (mod p) for every a € F,, ie. every a
with p 1 a. Multiplying both sides by a gives a” = a (mod p) for such a; and the congruence a” = a (mod p) is trivially

true when p | a, so it holds for every integer a. ]
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§ A.4 A Product Identity for Roots of Unity

The following identity, used in the factorisation of lifted L-functions, expresses a product of linear factors twisted by roots

of unity as a perfect power.

Lemma A.4.1 Roots-of-Unity Product Identity
Letn,m € N and setd = gcd(m, n). Then

n

(1 o X) = (1 —X”/f’)d .

=1
Proof: Let w = e¥™/" be a primitive n-th root of unity, so the factors are 1 — w™ X for t = 1,...,n. Since t = n gives
@™ =1 = ©°, the product is the same as []/ (1 — 0™ X).

Because d = gcd(m, n), the element w™ is a primitive (n/d)-th root of unity. As ¢ ranges over {0, 1,...,n— 1}, the

values 0™ cycle through the (n/d)-th roots of unity exactly d times each. Hence,

d

1 (1-0™X) = (”ﬁl (1 - (a)m)kX)) )

=0 k=0

n—

Since ™ is a primitive (n/d)-th root of unity, the inner product equals 1 — X" by the standard factorisation of 1 — YV =
ﬂlk\]::)l (1 - ¢*Y). Therefore, the whole product equals (1 — X™/4)¢. m [

§ A.5 Elementary Symmetric Polynomials

Waring’s Formula expresses each power-sum symmetric polynomial s; = x{‘ + xf + -+ +xX as an explicit polynomial

in the elementary symmetric polynomials o, . .., 0. It is the source of the closed-form reduction of lifted Kloosterman
sums K(X©);a,b) to the ground-field sum K(X;a, b) in Lemma 2.7.3: applying Waring’s formula to ] + w; with o7 =
w1 + w2 = —K(X;a,b) and 03 = ww; = q produces the binomial-coefficient expansion. We state the general identity here

for reference.

Theorem A.5.1 Waring’s Formula

Let x1, ..., x, be indeterminates, let

oj = Z Xiy Xiy * Xi (G=1,...,n)

1<i;j<iz<---<ij<n
be the elementary symmetric polynomials in x1, . .., x,, and let

se=xF+xk 4 4 xk

be the k™ power-sum. Then for every integer k > 1,

Sk = Z(_l)i2+i4+i(,+--- . (il +ig+ . +ip - 1), -k . O_ilo_iz .

in
- - - * 0,
il gl iyt 1%z "’
where the summation runs over all n-tuples (iy,...,i,) of non-negative integers satisfying iy + 2ip + - - - + ni, = k.

Each coefficient of 0}' 0, - - - 0, is an integer.
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Theorem A.5.2

Suppose f € Fy[Xi,...,X,] is a symmetric polynomial. Let X = (Xi,...,X,). Then there exists a polynomial
g € Fy[Yy,...,Y,] such that
fXi, ..., Xn) =9(ESym, (X),...,ESym, (X)).

Moreover,
(i) ifdegy. (f) =d foralli € [n] thendegG =d.

(ii) ifdeg f = D then for every monomial Yld1 o Yin of g with non-zero coefficient thend; +2-dy +---+n-d, = D.
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Modulus Bounds from Power Sum

Estimates

A recurring step in the proof of the Weil bounds is the following: one shows that the power sums a)f +o 4+ a);‘ grow
at most like B, and then concludes that each reciprocal root w ; of the associated L-function satisfies |w;| < B = q'/?
This appendix collects the analytic and number-theoretic lemmas that make this deduction rigorous. The logical order
is: simultaneous Diophantine approximation (Lemma B.3) feeds into a lower bound on the real parts of power sums
(Lemma B.4), which in turn implies the modulus bounds (Lemma B.1 and Lemma B.2).

The first lemma deduces modulus bounds directly from a growth hypothesis on the absolute value of the power

sum, using an analytic function argument.

Lemma B.1

Let wy, . .., w; be complex numbers, and let B > 0. If
|a){C + W) kI = 0(B") forallk e N

then |w;| < B forall j=1,...,1

Proof: For |z| < 1 we have the following series for log(1 — z):

1 [o9]
—log(l—z)—z+22 + = z + - kZ“E

So for |z| < — we have —log(1 - wz) = X} %a)kzk

_Zlog(l—w}z) Z l( ’f+...+wf)zk.

k=1

, and therefore

By hypothesis, |a>f +---+ a)f| = O(B), so this series is convergent for |z| < B~!. Hence the function on the left is analytic
for |z| < B™!, which means 1 — w;z # 0 Whenever |z| < B~
Now if |wj| > B for some j, take z = —. Then |z| = < B Lbutl-ow- —- =0, a contradiction #. Hence
J

|wj| < Bforall j € [I]. [ ]

The second lemma is a strengthening: it suffices to bound only the real part of the power sum rather than its absolute value.
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This is the form that actually appears in the Weil bound argument, where the power sums are shown to be dominated by

B after taking real parts via a suitable averaging.

Lemma B.2

Let wy, ..., w; be complex numbers, and let B > 0. If
%(wf+~-+w;‘) < Bk fork=1,2,...,

then |w;| < B forall j=1,...,1

Proof: The proof follows the same argument as Lemma B.1. Since ?%(a)’f +- 4 w;‘) < |a)’1c +- 4 w;‘l, the series

1 o0
—Z log(1-wjz) = Z
k=1

Jj=1

(o +-+af)

EST

has real part bounded by 77 | %Bk|z|k < oo for |z| < B™!. Hence the left side is analytic for |z| < B™!, s0 1 - w;z # 0 for
such z. If |w;| > B, taking z = 1/w; gives |z| < B! but 1 — w;z = 0, a contradiction #. Hence |w;| < Bforallj€ [I]. m

The next lemma is Dirichlet’s theorem on simultaneous Diophantine approximation. It is the number-theoretic
engine behind the final lemma: it produces integers k for which e7*% is simultaneously close to 1 for each j, making the

real parts of a)f large.

Lemma B.3

Let 01, ...,0; be real numbers. Then there exist (I + 1)-tuples of integers (k,my1, ..., m;) with arbitrarily large k > 0
such that
|ei - mﬂ <k OB (=10,

Proof: Forany x € R, write x = [x] + {x} where [x] is the integer part and {x} € [0, 1) is the fractional part. Let N > 0
be an integer. Consider the N’ + 1 points

({161}, ..., {u6}), u=0,1,...,N.

These are N’ + 1 points in the half-open unit cube 0 < x;j < 1. This unit cube can be decomposed into N ! half-open small
cubes of side N~1. Hence, there will be two points lying in the same small cube. Let these two points have parameters u’
and u with v’ < u. Then

ub)) - (W6} <N Vel

or equivalently [u0; —u’0; — m;| < N1 for certain integers my,...,m;. Let k =u—u’. Then k < N'!and
|k9j—mj| <J\]_1 V]E [l]
Since k < N!, we have N > k!/!, and so kN > k!*!/!_ Therefore,

. 1 111 ]
|9j_7 <m§k11/ V]G[l]

If any 0, is irrational, as N — oo the inequality |kf; — m;| < N™! cannot hold for bounded k, so there exist tuples with
arbitrarily large k. If all 0; = a;/b are rational (with b > 0), set k = tb, mj = ta; fort =1,2,... ]
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The final lemma is the strongest of the four. It says that for any collection of nonzero complex numbers, there are
infinitely many k at which the real part of their k-th power sum is essentially as large as the sum of the k-th powers of
their moduli. Together with the preceding lemma, this completes the chain of implications used to bound the reciprocal

roots of L-functions.

Lemma B.4

Let @y, ..., w; be non-zero complex numbers. Then there exist infinitely many positive integers k such that
R+ + k) > (1 —an_l/l) (|w1|k bt |w1|k).
Hence, for any given ¢ > 0, there exist infinitely many k such that

Rk 4+ 0f) > (1-2) (onl +- -+ e ]¥).

Proof: Write 0; = |wj|e(6;) for real §;, where e(6) := e?"®. By Lemma B.3 applied to 6, ..., 0, there are infinitely
many positive integers k and integers my, ..., m; such that

k0, —m;| < k™Y1 Ve[l
For any such k, using |e(a) — e(f)| < 27|a — | for real a, B:
le(k0;) — 1] = |e(k6;) — e(m;)| < 27|k0; — m;| < 27k /",
Hence, R (e(k6;)) > 1 - 27k~ V!, and so
R(wf) = |oj* R(e(k6))) > (1- 272k~ )w;[* Ve [1].

Summing over j gives the stated inequality. The e-version follows by taking k large enough that 27k~/! < . ]
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Continued Fractions over Polynomial
Rings

Just as every real number has a continued fraction expansion obtained by iterating the floor function, every rational
function ry/r; € IF4(X) has an analogous expansion obtained by iterating polynomial division. The role of the floor

function is played by the leading term of the quotient in the Euclidean algorithm, and the resulting partial quotients

A, Ay, ..., A, are polynomials over IF,.
Concretely, we write
ro 1
LA+ ———— = [Ap, AL Ay, . Al
r1 1
1+
Ay +
The convergents of this expansion are the rational functions [Ag, Ay, ..., A;] = P;/Q;, where (P;) and (Q;) are sequences

of polynomials defined by the recurrences
Pi = AiPi—1 + Pi—3, Qi = AiQi-1+ Qi-2,
starting from P_; =1, Py = Ag, Q-1 =0, Qp = 1.
Let ry,r; € IF4[X] with r; # 0. Applying the Euclidean algorithm yields a sequence
ri =Airiz1 +rige, 1=0,1,...,5,

where 0 < deg(r;11) < deg(r;) fori =1,...,s and rg;; = 0. Here Ag, Ay, ..., Ay € Fy[X], with Ay,..., Ay of positive

degree. This gives the continued fraction expansion
ro 1

— :A0+
r1

1 = [AO,AI’A2’~"9AS]‘

A2+...

Al +
Define polynomials P;, Q; € IF, [X] fori=-1,0,1,...,s by the recurrences

P_1=1, Py=Ay, Pi=AiPi_1+Pi_, (l =1,... ,S),
0-1=0, Qo=1, Q;i=A;Qi1+Qi» (i=1,...,s).

It is clear that deg(P;_1) < deg(P;) and deg(Q;—1) < deg(Q;) fori = 1,...,s. We extend the definition of degree by
deg(f/g) = deg(f) — deg(g) for a rational function f/g.
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Lemma C.1 Rational Approximants via Convergents

For any rational function p of nonnegative degree,

pPi—1+Pi_p .
Ag, Aty LA, pl = —m——— =1,...,s+1.
[Ao, Ar i-1,P] 201+ 012 fori s
Proof: We prove by induction on i. For i = 1:
1 Py + P_ Ap + 1 1
[Ao,p]=A0+— and L ! =p 0 =Ay+—.
p pQo + Q-1 p p

So the base case holds. Now suppose the identity holds for some i with 1 < i < s. Since A; + p~! is of positive degree, we

can apply the inductive hypothesis with A; + p~! in place of p:

[Ao, ..., A1 p] = [Ao,..., Ail1, Ai+p 1]
_ (Ai+p HPiy+Pi,y
S (Ai+p ) Qi1 +Qis
_ p 'Piy+ AP+ P,
Cp710i1 + AiQii1 + Qicz

_ P P+ Py

_ P+ pP;

Qi1 +pQi°
where we used the recurrences P; = A;P;_1 + P;_; and Q; = A;Q;_1 + Q;_». This is precisely the formula for index i + 1,
completing the induction. n

Corollary C.2 Convergents Formula

Fori=0,1,...,s we have [Ag, A4, ...,A;] =P;/0Q;.

Prooﬁ Apply Lemma C.1 with p= A; (and index l) [A(), . :Ai—l,Ai] = (A,'Pi_l + Pi—Z)/(AiQi—l + Qi—Z) = P,/Ql |

Lemma C.3 Representation of ro/r; via Convergents

Fori=0,1,...,s we have
ro _ Pi+fiPi

o Qi+ piQisy

where B; = riy2/riv1 is a rational function of negative degree.

Proof: We proceed by induction on i. For i = 0:

Po+ poP-1 Ao+ fo _A
= =Ap+ .
Qo + foQ-1 1 ry ry r

Now suppose the identity holds for some 0 < i < s. We show it for i + 1. Using the recurrences Pi+1 = A;41P; + Pi—; and

Qi1 =Ai1Qi + Qi1

o A0r1+rz ro

Piy1 + Bis1P; _ (Aig1 + Biv1) P+ Piy
Qiv1 + Pir1Qi (Aip1 + fir1) Qi + Qi1
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Now observe that N
Ti+3 i+1Ti+2 T Tie3  Tig1 -1
A+ i = A+ —=——""—"=—-=
Ti+2 Ti+2 Ti+2

where we used the Euclidean division ;41 = A;j41ris2 + Ii+3. Substituting:

i

_B7'PitPioi P+ BiPiy _Th

- BilQi+Qig Qi+ BiQiot

where the last equality is the induction hypothesis.

|
Lemma C.4 Determinant ldentity for Convergents
Fori=0,1,...,s we have P;Q;_1 — Pi_1Q; = (—=1)7L.
Proof: We prove by induction. For i = 0:
PoQ_1—P_1Qg=A¢-0-1-1=-1=(-1)"".
Suppose the identity holds for some i. Then:
Pi+1Qi = PiQiv1 = (Ai1Pi + Pio1) Qi — Pi (Ai+1Qi + Qi-1)
= Air1PiQi + Pi-1Qi — Aix1PiQ;i — PiQi—1
=P;i-1Q; — PiQin1
= —(PiQi-1 — Pi-1Q:)
=-(-D)"" = (-D".
|

Corollary C.5 Coprimality of Convergents
Fori=0,1,...,s we have gcd(P;, Q;) = 1.

Proof: Letd; = gcd(P;, Q;). By Lemma C.4, d; divides P;Q;—; — P;_1Q; = (-1)""1,s0d; = 1. ]
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Hasse Derivatives

Definition D.1: Hasse Derivative

LetF be any field. LetP € F[Xy,...,Xy,]. Theni € Z.; Hasse derivative of P is denoted byPG) X1,...,X,) orH® (P)
which is the coefficient of Z1* - - - Zi» = Z' in the polynomial P(Xy + Z1, ..., Xy + Zp,). Thus
PO+ 2. X+ Za) = ) PO, %) 2

1

. J

For univariate polynomials we immediately get a closed form formula of k! hasse derivative. Let f € IF[X] where

f(X) = Y%, a;X". Then
d
P =3] (’:) CaX'k

i=0
From the definition we have the following observation

Observation D.1. Forany f, fi, f> € ]Fq[Xl, ..., Xn] and a € FF and for any% € Z" we have
Q) +H) P, X)) = £ X, X)) + S0 (X0, X)

(i) (a- (X1, ... X)) = FO(X, ..., Xp).

Since throughout this report we only use hasse derivatives in the context of univariate polynomials we will only

focus on univariate polynomials and see some properties of hasse derivatives. Here we take IF to be any field.

Lemma D.1

(i) For fi,..., f; € F[X] then we have

t
H-Hmo= > ]

ni,....,ny >0 i=1
ny+---n;=n

(ii) For any a € F we have
xony® = ) x-or
n
(iii) For0 < n < and f,g € F[X]we have

(af)™ () =g- fF7(X)
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where § € [F[X] with deg(g) < deg(g) + n(deg(f) —1).

Proof:

(i) Since the hasse derivative operator is linear it is enough to show this property for monomials. So suppose f;(X) =
X*i forall j € [t]. Then f; --- f; = XZjr ki Therefore,

i i)™ (x) = (Zj=t1 kj)’ nfjnj(x) = 1_[ (:’) foralln; € Zy,j € [t]
J=1 j=t Y

So it is enough to show that

25:1 kj _ : kj
( t B Z 1_[ n;j
ni,...,n; 20 j=1
ny+---ng=n
But this is true by comparing the coefficients of X™ in (X + 1)25:1 ki = ]_[j.:1 (X + 1)%. So we have the result.
(i) Now take fj(X) = X —cforall j € [t]. Then fj(") (X) =1ifn =1 and 0 if n > 1. Therefore, if we use the first part
on fi,..., f; in the sum on right-hand side the only terms which survives are when each n; are either 0 or 1. The

number of such terms are (fl) and each term is (X —¢)'™".
(iii) Again by using the first part we get
t
@M= > ¢l
j=1

no,ny,....,ny >0
no+ni+---+ny=n

Now each summand is divisible by f*~". Hence, there exists some § € IF[X] such that (gf*) ™ (X) = §(X) - f©="(X).

Furthermore,
deg(9) = deg ((9/")™ ) = (t = n) deg(f) < deg(g) + ¢t deg(f) — n — (¢ ) deg(f) = deg(g) + (deg(f) ~ 1)

So we have the Lemma. [}

Now for our use-case in chapter 5 we use the polynomial A(X) = X9 — X and its powers. And we compute its

derivatives to do polynomial arithmetic.

Observation D.2. For A(X) and for any ¢ € Z,

AX) =0

-1 =1
A (X) =

1 t=q

0 otherwise

Lemma D.2

Suppose U(X),V(X) € Fq[X], deg(V) < q,i >0, and U(X) = V(X) - A'(X). Then for0 < ¢ < g,

U9 X)) = (1) vED(X) (mod A(X)).
Proof: Now using the Lemma D.1(i) we get

UO(x) = Z V) (x) HA([j)(X)
j=1

l,...,£; >0
b+ +i=t
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Now if £ < i then in every summand one of £, ..., must equal 0. Therefore, all the terms are multiples of A(X). So
U (X) is a multiple of A(X).

Now from the above observation if £ > i then all but at most one of these terms is a multiple of A(X). Since ¢ < q
every term has all the ¢; < g. Therefore, #,...,¢ € {0,1}. If at least one of 4, ..., equals to 0 then A(X) survives as a
factor of the term. So the only remaining term is ¢ = --- = ¢ = 1. In this case # = ¢ — i and therefore this term equals
V=D (X) . (-1)". Hence we have the Lemma. [

As a corollary of the Lemma D.1(j,iii) and the above Lemma we get the following result which is very usefull to us in

chapter 5.

Corollary D.3
Let f € IF4[X] (q odd) be a polynomial with deg(g) < d. Then the ¢t" derivative of g/ (X) is of the form

(¢) (X) = Gyje(X) - g(X)~*

where Gy j o(X) € Fy[X] and deg(Gy ;) < dt —¢.
Moreover, for q even case if we take the polynomial Tr og(X) where Tr is the absolute trace function fromFy, — IF,

then for any ¢,
GX) =0
Gg’f(X) >0

GV (x) =

where Gy, € Fy[X] with deg(Gy,) < de.

Theorem D.4

Suppose char(IF) = p where p is a prime. Let Q(X,Y) € F[X, Y] be a polynomial and define h(X) = Q (X, X?") for
some s € IN. Then for all0 < n < p°
K™ (X) = 00 (X, XpS)

where Q%) is the i*" partial derivative of Q with respect to X where we consider Q as a polynomial of F[Y][X].

Proof:  Since hasse derivative is a linear operator it suffices to prove the above for monomials of the form X'Y/. So

suppose Q(X,Y) = XY/, Then h(X) = Q(X,X?") = X' (XPS)J. Now take fi(X) = X' and f5 = --- = fiy; = X?". Then

h=fi fis1. So by Lemma D.1(i)
k+1

h(n) (X) — Z l_lfi(ni) (X)

Ny, Njey1 20 i=1
ny+--Ngy1=n

Since p | (’::) for all 0 < n < p* we have

s\p*-n
o) "=

Therefore the only term which survives is when n; = - - - ngy; = 0 and ny = n. That means hm = Q(n0) (x xP°). [ |
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Artin-Schreier curve, 113
auxiliary polynomial, 106

average number of solutions, 85

base-A expansion, 136
BCH code
dual, 135
Berlekamp-Welch algorithm, 135
Bombieri method, 114
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additive, 34
canonical additive, 35
conjugate, 31
exponent, 36
lifting, 37
multiplicative, 36
order, 36
principal, 36
quadratic, 36
trivial, 31
character sum
additive, 78
quadratic character, 82
Chevalley, Claude, 73
Chevalley-Warning theorem, 72, 73

circle method, 58

circulant matrix, 72

coefficient matrix, 86

conjugate character, 31
continued fraction algorithm, 82
critical line, 53

critical strip, 52

Davenport, Harold, 56
Davenport-Hasse theorem, 56-58
product formula, 47
relation over IF, 48
decoding

from character evaluations, 135

multiplicative character evaluations, 140

diagonal equation, 97
at zero, 97, 98
Dirichlet character, 31
Dirichlet series, 51
Dirichlet, Peter, 51, 54
Dirichlet, Peter Gustav Lejeune, 31
dual BCH code, 135
dual group, 31

entire function, 152
error locator polynomial, 141
error set, 141
error-correcting code
from character sums, 135
quadratic character code, 140
Euler product
classical, 52
for L-functions over IFy, 54
function-field, 52
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Fermat’s two-square theorem, 50
Fourier expansion

multiplicative, 40

of multiplicative characters, 40
functional equation, 52

for the zeta function, 52

Gauss, Carl Friedrich, 38
Gaussian sum, 38
absolute value formula, 38
connection to Weil sum, 80
genus

hyperelliptic curve, 111

Hadamard product, 53

Hasse derivative, 106

Hasse, Helmut, 56
homogeneous polynomial, 77

hyperelliptic curve, 103
inversion map, 58

Jacobi sum, 42, 98
application to diagonal equations, 98
connection to quadratic forms, 91
degenerate, 43
evaluation, 46
lifting formula, 57

Jacobi, Carl Gustav Jacob, 42

Jacobsthal sum, 65

Kloosterman sum, 58
degenerate, 58
real-valued, 58

Kloosterman, Hendrik, 58

Konig-Rados theorem, 72

Konig, Denis, 72

L-function, 51
Dirichlet, 54
factorisation, 55
finite degree, 55, 123
root factorisation, 55, 57
special, 118

Legendre symbol, 36

lifting
of characters, 37

lifting of characters, 56

meromorphic continuation, 152
meromorphic function, 152
multiplicative character

exponent d, 36

multiplicative function on rational functions, 119

multiplicity
bound for pseudopolynomials, 137

norm
of a field extension, 37
of a polynomial, 54
of field extension, 57
polynomial, 74

norm function, 37

orthogonality relations
additive characters, 33
for characters, 33

multiplicative characters, 33

pole, 152

polynomial
homogeneous, 77
univariate, 71

power sum, 72

prime polynomial, 53

primitive element
of a finite field, 72

principal character, 36

pseudodegree, 136
algebraic characterization, 136

pseudoderivative, 136

pseudopolynomial, 135
k-pseudopolynomial, 136
k-pseudopolynomial of degree d, 136
high multiplicity zeroes bound, 138
multiplicity bound, 137
pseudodegree, 136
pseudoderivative, 136
twisted, 138

quadratic character, 36, 82
Gaussian sum evaluation, 62
quadratic form, 86
determinant, 89
diagonal, 88
equivalent, 87

even characteristic, 93
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solution count, 90

quadratic residue, 36

Rados, Gusztav, 72

reciprocal roots, 55, 126

residue, 152

Riemann Hypothesis
classical, 53
function fields, 53

Riemann hypothesis, 53

Riemann, Bernhard, 51

Salie sum, 69
Schwartz-Zippel lemma, 76
Schwartz-Zippel lemma, 76
solution count, 71
diagonal equations, 98
variance, 85
solution count formula, 90
Stepanov method, 103
Stickelberger’s theorem, 41

superelliptic curve, 103

f-function, 87
trace
of a field extension, 35
of field extension, 57
trace decomposition, 114

trace function, 35

triangle inequality bound, 38
twisted pseudopolynomial, 138

Vandermonde matrix, 72

von Mangoldt function, 53

Waring’s formula, 153

Warning’s bound, 75

Warning, Ewald, 73

Weil bound, 129
additive character sum, 131
hyperelliptic, 103
Kloosterman, 59

mixed character sum, 133

multiplicative character sum, 129

Weil sum, 78
continued fraction method, 82
of affine p-polynomial, 80
quadratic, 80
shifted monomial, 79

Wronskian criterion, 138

zero
of a function, 152

zeta function
completed, 52
function-field, 53
over IF,[X], 53
Riemann, 51

trivial zeros, 52
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